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PREFACE. 

fTlHE following work will, I hope, be found to be a 
fairly complete elementary text-book on Plane Trigo- 
nometry, suitable for Schools and the Pass and Junior 
Honour classes of Universities. In the higher portion of 
the book I have endeavoured to present to the student, 
as simply as possible, the modem treatment of complex 
quantities, and I hope it will be found that he will have 
little to unlearn when he commences to read treatises of 
a more difficult character. 

As Trigonometry consists largely of formulae and the 
applications thereof, I have prefixed a list of the principal 
formulae which the student should commit to memory. 
These more important formute are distinguished in the 
text by the use of thick type. Other formulae are sub- 
sidiary and of less importance. 

The number of examples is very large. A selection 
only should be solved by the student on a first reading. 



VI PREFACE. 

On a first reading also the articles marked with an 
asterisk should be omitted. 

Coiisiderable attention has been paid to the printing 
of the book and I am under great obligation to the 
Syndics of the Press for their liberality in this matter, 
and to the officers and workmen of the Press for the 
trouble they have taken. 

I am indebted to Mr W. J. Dobbs, B.A., late Scholar 
of St John's College, for his kindness in reading and 
correcting the proof-sheets and for many valuable sug- 
gestions. 

For any corrections and suggestions for improvement 
I shall be thankful. 



S. L. LONEY. 



BOYAL HOLLOWAY CoLLBOE, 
EOHAM, SUBBEY. 

September 12, 1893. 



PREFACE TO THE SECOND EDITION. 

The Second Edition has been carefully revised, and it 
is hoped that few serious mistakes remain either in the 
text or the answers. 

Some changes have been made in the chapters on 
logarithms and logarithmic tables, and an additional 
chapter has been added on Projections, 

April 25, 1895. 
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THE PRINCIPAL FORMULiE IN 
TRIGONOMETRY. 

PART L 

I. Circumference of a circle = 2irr. (Art. 12.) 

IT = 3*14159... Approximations are -=- and -ry^ . (Art. 13.) 

A Radian = 57' 17' 44-8" nearly. (Art 16.) 

Two right angles = 180' = 200< = ir radians. (Art. 1 9.) 

Angle = — p— X Radian. (Art. 21.) 

n. sin*tf + C08*tf = l; 

8ec*tf=l + tan"tf; 
cosec* tf = 1 + cot» 0. (Art. 27. ) 

nZ. sin 0' = ; cos 0' := 1. (Art. 36.) 

sin 30; =^ ; cos 30' = ^ . (Art. 34.) 

sin 45'' = cos 45' = -^ . (Art 33. ) 

sin 60' = ^ ; cos 60' = i . (Art. 35.) 

sin 90' = 1 ; cos 90' = 0. (Art 37.) 

sinl5' = ^S cos 15' = ^^^ (Art. 106.) 

sin 18' = '^^l^^ ; cos 36' = '^^^ . (Arts. 120, 121.) 
4 4 



X THE PRINCIPAL FORMUL-ffl IN TRIGONOMETRY. 

IV. sin (- d) = - sin d ; cob (- d) = cos 6. (Art. 68.) 
sin (90* -6)^0086; cos (90* - ^) = sin 6. (Art. 69.) 
sin(90' + ^) = cosd; cos (90* + d) = - sin ft (Art. 70.) 

sin (180' - #) = sin ^ ; cos (180' - d) = - cos ft (Art. 72.) 

8in(180' + d)=-sind ; cos(180' + d) = -cosft (Art. 73.) 

V. If sin ^ = sin a, then ^ = nir + (- 1 )"a. (Art. 82.) 
If cos 6 = cos a, then = 2mr ^ a. (Art. S3,) 
If tan0 = tana, then ^ = n7r4-a. { (Art. 84.) 

VI. y sin {A'\- B)-%mA cos B + cos A sin B, 

cos (A-\'B)- cos il cos ^ ~ sin il sin ^. (Aft. 88.) 
^ sin (il - ^) = sin il cos ^ — cos i4 sin ^. 

cos (il — ^) = cos il cos ^ + sin il sin ^. (Art. 90.) 



sin C7 + sin x/ = 2 sin — ^ — cos — ^— . 
sin C7 - sin Z? = 2 cos — jr — sm — ^ — • 

cos C + cos i/ = 2 cos — 5 — cos 5 — . 

COS Z> - cos C = 2 sin — ^ — sin — ^ — . (Art. 94.) 



2sinil cos J9=:8in (-4 + 5) + 8in(il — -B). 
2cosil sin^ = sin(il + ^) - sin(il -^). 
2 cos il cos -B = cos (il + ^) + cos (-4 - -B). 
2sinilsin^=:cos(il-^)-cos(il + ^). (Art. 97.) 



THE PBINCIPAL FORHULiE IN TBIGONOMETBT. XI 

tan (^ - i?) = ,**°/ -**° ^„ . (Art. 98.) 

sin 2A = 2 sin il cos A. 

cos2ii = co8*il-sin»ii = l-.2smM = 2cosM-l. (Art 105). 

I . ^. 2tani! ^ . l-tan*i! , .^ ,^^. 

/^^•'2^=rTw2'~'24 = j-^-^j^^. (Art. 109.) 

*«»2^ = l4^- (^-105.) 

sin 3il = 3 sin il - i:i^' ii. 
cos 3il = 4 cos*^ - 3 cos il. 



. j1 /I - cos il 4 . /l + COS il /._.,,« 

jnng" V 2 5*^2" V — 3 (Art. 110. 

2 sin -5 =s A ^1 + sin il * -s/l — sin A. 

A 

2 COS -5 = * -s/l + sin il T >/l - sin il. (Art. 113.) 

tan (^1 + ilj + ... + il^) = ^i"^«"^ *»-••' . (Art. 125.) 

VII. loga ran = log^ m + log« w. 

I0ga^ = l0ga»»-l0gan. 

loga m* = n log;- w. (Art. 136.) 

loga»» = log„m|*)ga6. (Art. 147.) 
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xii THE PBINCIPAL FORMULfi IN TBIOONOMETRT. 

^^j^ «n^ ^ sin^ ^ Sine 

a c ^ ' 

cobA= — 5^ ,... (Art. 164.) 

^A^^^Z^^ (Art. 165.) 

-4-^/^^ (^-^«^-) 

2 

sin A - r- J8{8 -a) {8-b)(8-c),,., (Art. 169.) 

a = b cos C + c cos -6, (Art. 170.) 

tan — jr — =7 cotjr, (Art. 171.) 

/S = J 8 (« - a) (« - 6) (« — c) = s ^^J si^ -^ =9 <^^ sin-B=^ a5 sin^ 

"^'^''^'(Art. 198.) 

:. R = --?^^^-^-—^-±-^^^, (Arts. 200, 201.) 
2 sin ii 2 sin ^ 2 sin C/ 4/S^ ^ 

S A 

r = - = («-a)tan 5^ = . .. = ... (Arts. 202, 203.) 

r, = — ^ = « tan -jr . (Arts. 205, 206. ) 

8-a 2 ^ 

Area of a quadrilateral inscribable in a circle 

= J(8-a){8-b){8-c){8-d). (Art. 219.) 

. /\ 
—5— = 1, when $ is very small. (Art. 228.) 

Area of a circle = irr*. (Art 233.) 
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sin a + sin (a + )3) + sin (a + 2)3) + . . . to n terms 

= ^ ^ . (Art. 241.) 

sing 

cos a + COB (a + )3) + cos (a + 2)3) + ... to n terms 

n-1 



cosja + -Y-^Uin-^ 

i ^—r^ =i- . (Art. 242.) 
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CHAPTER L 

MEASUBEMENT OF ANGLES, SEXAGESIMAL, CENTESIMAL, 

AND CIRCULAR MEASURE. 

1. In geometiy angles are measured in terms of a 
right angle. This, however, is an inconvenient unit of 
measurement on account of its size. 

2. In the Sexagesimal system of measurement a 
right angle is divided into 90 equal parts called Degrees. 
Each degree is divided into 60 equal parts called 
Minutes, and each minute into 60 equal parts called 
Seconds. 

The symbols V, 1\ and 1" are used to denote a degree, 
a minute, and a second respectively. 

Thus 60 Seconds (60^0 make One Minute (l'), 
60 Minutes (600 » » Degree (1**), 
and 90 Degrees (90**) „ „ Eight Angle. 

This system is well established and is always used in 
the practical applications of Trigonometry. It is not 
however very convenient on account of the multipliers 60 
and 90. 

L. T. 1 
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2 TRIGONOMETRY. 

3. On this account another system of measurement 
called the Centesimal, or French, system has been 
proposed. In this system the right angle is divided into 
100 equal parts, called Grades ; each grade is subdivided 
into 100 Minutes, and each minute into 100 Seconds. 

The symbols 1*, V, and T' are used to denote a Grade, 
a Minute, and a Second respectively. 

Thus 100 Seconds (100'') make One Minute (1'), 
100 Minutes (100') „ „ Grade, (P), 
100 Grades (100«) „ „ Eight angle. 

4. This system would be much more convenient to 
use than the ordinary Sexagesimal System. 

As a preliminary, however, to its practical adoption, a 
large number of tables would have to be recalculated. 
For this reason the system has in practice never been used. 

6. To convert Sexagesimal into Centesivtal Measure, 

and vice versa. 

Since a right angle is equal to 90° and also to 100*, we 

have 

90° = 100« 

.-. 1 =-g-, and 1'= jQ. 

Hence, to change degrees into grades, add on one- 
ninth ; to change grades into degrees, subtract one-tenth. . 

Ex. 36°= (36 +i X 36Y=408, 

and 648= ^64-^x64y=(64-6-4)°=67-6°. 

If the angle do not contain an integral number of 
degrees, we may reduce it to a fraction of a degree and 
then change to grades. 
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We have 



And 



In practice it is generally found more convenient to 
reduce any angle to a fraction of a right angle. The 
method will be seen in the following examples ; 

1. Reduce 63° 14' 51" to Centesimal Mecuure, 

It 

14' 61" = 14 -85' = =^^ = •2476®, 

.-. 63*>14'61"=63-2476«=^^^^^rt. angle 

= *70276 rt. angle 
=70-276»=:70«27-6'=70827*6a . 

a. Reduce 94* 23' 87"" to Sexagenmal Measure, 
94s 23' 87'' =s -942387 right angle 

90 

84-81483 degrees 

60 

48-8898 minutes 

60 

53*3880 seconds. 

.•. 94« 23* ST' = 84° 48' 63-388". 

6. Angles of any size. 

Suppose AOA' and BOB' to be two fixed lines meeting 
at right angles in 0, and suppose 
a revolving line OP (turning about 
a fixed point at 0) to start from 
OA and revolve in a direction 
opposite to that of the hands of a a' 
watcL 

For any position of the re- 
volving line between OA and OB, 
such as OPi, it will have turned 
through an angle AOPi, which is less than a right angle. 

1—2 
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4 TRIGONOMETRY. 

For any position between OB and OA'y such as OP^y 
the angle AOP^ through which it has turned is greater 
than a right angle. 

For any position OPt, between OA' and 0B\ the 
angle traced out is AOP^, i.e. AOB + BOA' + AVP^, i-e. 
2 right angles 4- A'OPs, so that the angle described is 
greater than two right angles. 

For any position OP4, between OB' and OA, the angle 
turned through is similarly greater than three right angles. 

When the revolving line has made a complete revo- 
lution, so that it coincides once more with OJ., the angle 
through which it has turned is 4 right angles. 

If the line OP still continue to revolve, the angle 
through which it has turned, when it is for the second 
time in the position OP^ is not AOPi but 4 right angles 
+ AOP,. 

Similarly, when the revolving line, having made two 
complete revolutions, is once more in the position OP2, 
the angle it has traced out is 8 right angles + J.OP2. 

7. If the revolving line OP be between OA and OB, 
it is said to be in the first quadrant ; if it be between OB 
and 0A\ it is in the second quadrant; if between OA' and 
0B\ it is in the third quadrant ; if it is between OB' and 
OA, it is in the fourth quadrant. 



What 18 the position of tlie revolving line when it has turned 
through (1) 225% (2) 480°, and (3) 1050° ; 

(1) Since 225°= 180° + 45°, the revoMng line has tamed through 
45° more than two right angles, and it is therefore in the third quadrant 
and halfway between OA' and 0B\ 

(2) Since 480° =860° + 120°, the revolving line has turned through 
120° more than one complete revolution, and is therefore in the second 
quadrant, i.e. between OB and 0A\ and makes an angle of 30° with OB. 



CIRCX7LAR MEASURE. 5 

(3) Since 1050° = 11 x 90° + 60°, the revolving line hai tamed through 
60° more than eleven right angles, and is therefore in the fourth 
quadrant, i,e, between OB' and OA, and makes 60° with 0B\ 

KXAMPT.TO. I 

Express in terms of a right angle the angles 

1. 60°. 2. 76" 15'. 3. 63° 17' 25". 

4. 130° 30'. 5. 210° 30' 30". 6. 370°20'48". 

Express in grades, minutes, and seconds th6 angles 

7. 30°. 8. 81°. 9. 138° 30'. 10. 36° 47' 15". 

11. 236° 12' 36". 12. 475° 13' 48". 

Express in terms of right angles, and also in degrees, minutes, and 
seconds the angles 

13. 1208. 14. 45«35'24^\ 15. 39»46' 36*\ 

16. 255*8^9". 17. 759«0*5". 

Mark the position of the revolving line when it has traced out the 

following angles: 

4 
18. g right angle. 19. 3} right angles. 20. 13) right angles. 

21. 120°. 22. 315°. 23. 745°. 24. 1185°. 25. 160^. 
26. 4208. 27. 875«. 

28. How many degrees, minutes and seconds are respectively passed 
over in 11) minutes by the hour and minute hands of a watch ? 

29. The number of degrees in one acute angle of a right-angled 
triangle is equal to the number of grades in the other; express both the 
angles in degrees. 

30. Prove that the number of Sexagesimal minutes in any angle is 
to the number of Centesimal minutes in the same angle as 27 : 50. 

31. Divide 44° 8' into two parts such that the number of Sexagesimal 
seconds in one part may be equal to the number of Centesimal seconds in 
the other part. 

Circular Measure. 

9. A third system of measurement of angles has 
been devised, and it is this system which is used in all 
the higher branches of Mathematics. 
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The unit used is obtained thus ; 

Take any circle APBR, whose centre is 0, and from 
any point A measure off an arc 
AP whose length is equal to the 
radius of the circle. Join OA and 
OR 

The angle AOP is the angle 
which is taken as the unit of cir- 
cular measurement, i.e. it is the 
angle in terms of which in this 
system we measure all others. 

This angle is called A Radian and is often denoted 
by P. 




10. It is clearly essential to the proper choice of a 
unit that it should be a constant quantity ; hence we must 
shew that the Badian is a constant angle. This we shall 
do in the following articles. 



11. Theorem. The length of the circumference of a 
circle always bears a constant ratio to its diameter. 

Take any two circles whose common centre is 0. In 
the large circle inscribe a regular 
polygon of w sides, ABGD,.,. 

Let OA, OB, OC,... meet the 
smaller circle in the points a, b, 
c,d...andjoina6,6c, cd,.... 

Then, by Euc. vi. 2, abed... is 
a regular polygon of n sides in- 
scribed in the smaller circle. 

Since Oa = 06, and OA = OB, 




THE RADIAN. 7 

the lines ab and AB must be parallel, and hence 

AB OA ,„ 

-ab'-Oi- (Eucvi.4). 

Also the polygon ABCD.., being regular, its perimeter, 
%,e, the sum of its sides, is equal to n . AB, Similarly for 
the inner polygon. 

Hence we have 
Perimeter of the outer polygon __ n.AB __ AB __ OA 
Perimeter of the inner polygon ''^ n.ab ah " Oa 

(1). 

This relation exists whatever be the number of sides 
in the polygons. 

Let then the number of sides be indefinitely increased 
{i,e, let n become inconceivably great) so that finally the 
perimeter of the outer polygon will be the same as the 
circumference of the outer circle, and the perimeter of the 
inner polygon the same as the circumference of the inner 
circle. 

The relation (1) will then become 

Circumference of outer circle __ OA 

Circumference of inner circle "" Oa 

Radius of outer circle 



Hence 



"" Radius of inner circle ' 
Circumference of outer circle 
Radius of outer circle 

Circumference of inner circle 



^ Radius of inner circle 
Since there was no restriction whatever as to the sizes 
of the two circles, it follows that the quantity 

Circumference of a circle 
Radius of the circle 
is the same for all circles. 



8 TRIGONOMETRY. 

Hence the ratio of the circumference of a circle to its 
radius, and therefore also to its diameter, is a constant 
quantity. 

12. In the previous article we have shewn that the 

^. Circumference . ., r n • i m. i 

ratio — TN^^ 7 IS the same for all circles. The value 

Diameter 

of this constant ratio is always denoted by the Greek 

letter tt (pronounced Pi), so that tt is a number. 

Tx Circumference ^, ^ ^ i_ 

Hence — t%^ 7 =the constant number tt. 

Diameter 

We have therefore the following theorem; The cir- 
cumference of a circle is always equal to ir times 
its diameter or 29r times its radius. 

13. Unfortunately the value of tt is not a whole 
number, nor can it be expressed in the form of a vulgar 
fraction, and hence not in the form of a decimal fraction, 
terminating or recurring. 

The number tt is an incommensurable magnitude, i.e. a 
magnitude whose value cannot be exactly expressed as the 
ratio of two whole numbers. 

Its value, correct to 8 places of decimals, is 

3-14159265.... 

22 

The fraction -=- gives the value of tt coiTectly for the 

22 

first two decimal places ; for -=- = 3'14285...« 

365 . 

The fraction ^to is a more accurate value of tt, being 

355 
correct to 6 places of decimals; for ytq = 3'14169203.... 
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[N.B. The fraction =-r^ may be remembered thng; write down Qm 

first three odd numbers repeating each twice, thus 118355; divide the 
nnmber thus obtained into portions and let the first part be divided into 
the second, thus 113) 855(. 

The quotient is the value of t to 6 places of decimals.] 

To sum up. An approximate value of tt, correot 

aa 

to a places of decimals, is the firaction —^;tL more 

accurate value is 3-14159.... 

By division, we can shew that 

i = -3183098862.... 

TT 

14. Bz. 1. The diameter of a trieyeU wheel U 28 inches; through 
what distance does its centre move during one revolution of the wheelP 

The radius r is here 14 inches. 

The circumference therefore =s 2 . t . 14 = 28t inches. 

22 22 

If we take ' = -^-i the circumferences 28 x -=- inches =7 ft. 4 inches 

approximately. 

If we give t the more accurate value 3*14159265..., the drcumference 

=28x8*14159265... inches =7 ft. 3*96459... inches. 



2. What miut be the radius of a circular running path, round 
which an athlete must run 5 times in order to describe one mile f 

The circumference must be ? x 1760, i,e, 352, yards. 

Hence, if r be the radius of the path in yards, we have 2Tr=i352, 

176 , 
t.e. r= — yards. 

Taking t=-=-, we have rs= — 5^ =56 yards nearly. 

Taking the more accurate value - =*31831, we have 

IT 

r = 176 X -31831 = 56*02256 yards. 
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EXAMPLES, n. 

1. If the radins of the earth be 4000 miles, what is the length of its 
circumference? 

2. The wheel of a railway carriage is 8 feet in diameter and makes 
3 revolutions in a second ; how fast is the train going? 

3. A mill sail whose length is 18 feet makes 10 revolutions per 
minute. What distance does its end travel in an hour? 

4. The diameter of a halfpenny is an inch; what is the length of a 
piece of string which would just surround its curved edge? 

5. Assuming that the earth describes in one year a circle, of 
92500000 miles radius, whose centre is the sun, how many miles does the 
earth travel in a year? 

6. The radius of a carriage wheel is 1 ft. 9 ins., and in ^th of a 

second it turns through 80° about its centre, which is fixed; how many 
, miles does a point on the rim of the wheel travel in one hour ? 

16. Theorem. The radian is a constant angle. 

Take the figure of Art. 9. Let the arc AB be a 
quadrant of the circle, i.e. one quarter of the circum- 
ference. 

By Art. 12, the length of AB is therefore -^ , where r 

is the radius of the circle. 

By Euc. VI. 33, we know that angles at the centre of 

any circle are to one another as the arcs on which they 

stand. 

Z.AOF arc^P r 2 



Hence 



Z.AOB arc ^5 ir ir 

— r 
2 



i.e. /. AOF -=^ . /. AOB, 

IT 

But we defined the angle AOP to be a Radian. 
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2 

Hence a Radian = - . Z AOB 

IT 

2 

= - of a right angle. 

TT 

Since a right angle is a constant angle, and since we 
have shewn (Art. 12) that tt is a constant quantity, it 
follows that a Radian is a constant angle, and is therefore 
the same whatever be the circle from which it is derived. 

^^R, Magnitude of a Radian. 

By the previous article, a Radian 

= — X a right angle = 

= 180' X -3183098862... = 57-2957796'' 
= 57' 17' 44-8" nearly. 

17. Since a Radian = I of a right angle. 

therefore a right angle = ^ . radians, 

so that 180° = 2 right angles = ir radians, 
and 360° = 4 right angles = 27r radians. 

Hence, when the revolving line (Art. 6) has made a 
complete revolution, it has described an angle equal to 
27r radians ; when it has made three complete revolutions, 
it has described an angle of Gtt radians; when it has made 
n revolutions, it has described an angle of 2nir radians. 

^-18. In practice the symbol " c " is generally omitted, 
and instead of "an angle tt®" we find written "an 
angle tt." 
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The student must notice this point carefully. If the 
iinit, in terms of which the angle is measured, be not 
mentioned, he must mentally supply the word '' radians." 
Otherwise he will easily fall into the mistake of supposing 
that TT stands for 180"*. It is true that nr radians (tt®) is 
the same as 180°, but ir itself is a number, and a number 
only. 

19. To convert drcvlar measure into sexagesimal 
TThea^sure or centesim4jd msasure and vice versa. 

The student should remember the relations 
Two right angles = 180° = 200 « = tt radians. 
The conversion is then merely Arithmetic. 

Bz. (1) •46ir«=-46xl80®=8P=908. 

(2) 3«=?x»« = - xl80°=?x200». 

(3) 40° 16' 36" = 40° 16f = 40-26° 
=40*26 X -^='2236t radians. 

(4) 408 16* 36**=40-1636«=40-1636 x ^ radians 

= -200768t radians. 

SO. Bz. 1. The angles of a triangle are in ▲. p. and the number of 
grades in the least is to the number of radians in the greatest as 40 : w; 
Jind the angles in degrees. 

Let the angles be («-y)°, «°, and (aj+y)°. 

Since the sum of the Haxee angles of a triangle is 180°, we have 

180=0? -y + x+x+y = 3aE, 

80 that a;=60. 

The required angles are therefore 

(60-y)°, 60°, and (60+y)°. 

Now (60-y)°=^x(60-y)8, 

and (^ + J')*' "■ ilo '^ ^^^ ■*■ ^^ ^^^^^ 
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Hence j (60-y) : i^(60+y) :: 40 : r, 

200 60-y 40 
•• T 60+y*" T * 

ue, 6(60-y)=60+y, 

i,e. y=40. 

The angles are therefore 20°, 60'', and 100°. 

Bz. a. Express in the 3 systems of angular measurement the magni- 
tude of the angle of a regular decagon. 

The corollary to Euc. I. 82 states that all the interior angles of any 
rectilinear figure together with four right angles are equal to twice as 
many right angles as the figure has sides. 

Let the angle of a regular decagon contain x right angles, so that 
all the angles are together equal to lOx right angles. 

The corollary therefore states that 

10a;+4s20, 

so that x=-= right angles. 

But one right angle 

= 90° =100»= I radians. 

Hence the required angle 

= 144° = 1608 = ^ radians. 
5 



EXAMPLES, m. 

Express in degrees, minutes, and seconds the angles, 

1. ~. 2. ^. 3. 10t«. 4. 1«. 5. 8«. 

Express in grades, minutes, and seconds the angles, 
6. ~^. 7. ^. 8. 10ir«. 

Express in radians the following angles : 

9. 60°. 10. 110° 30'. 11. 176° 46'. 12. 47° 26' 36". 

13. 396°. 14. 60». 15. 1108 30\ 16. 846«26*36". 

17. The difference between the two acute angles of a right-angled 

triangle is rir radians; express the angles in degrees, 
o 
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2 8 

18. One angle of a triangle is ^x grades and another is ^x degrees, 

whilst the third is =r radians ; express them all in degrees. 

19. The circular measure of two angles of a triangle are respectively 
rr and ^ ; what is the number of degrees in the third angle? 

20. The angles of a triangle are in a. p. and the number of degrees 
in the least is to the number of radians in the greatest as 60 to r ; find 
the angles in degrees. 

21. The angles of a triangle are in ▲. p. and the number of radians 
in the least angle is to the number of degrees in the mean angle as 1 : 120. 
Find the angles in radians. 

22. Find the magnitude, in radians and degrees, of the interior 
angle of (1) a regular pentagon, (2) a regular heptagon, (3) a regular 
octagon, (4) a regular duodecagon, and (5) a regular polygon of 17 sides. 

23. The angle in one regular polygon is to that in another as 3 : 2 ; 
also the number of sides in the first is twice that in the second; how 
many sides have the polygons? 

24. The number of sides in two regular polygons are as 5 : 4, and 
the difference between their angles is 9°; find the number of sides in 
the polygons. 

25. Find two regular polygons such that the number of their sides 
may be as 3 to 4 and the number of degrees in an angle of the first to the 
number of grades in an angle of the second as 4 to 5. 

26. The angles of a quadrilateral are in ▲. p. and the greatest is 
double the least; express the least angle in radians. 

27^ Find in radians, degrees, and grades the angle between the 
hour-hand and the minute-hand of a clock at (1) half-past three, 
(2) twenty minutes to six, (3) a quarter past eleven. 

28. ^uid the times (1) between four and five o'clock when the angle 
between the minute-hand and the hour-hand is 78°, (2) between seven and 
eight o'clock when this angle is 54°. 

21. Theorem. The number of radians in any angle 
whatever is equal to a fradixm^ whose nwmerator is the arc 
which the angle sfubtends at the centre of any circle, and 
whose denominator is the radius of that circle. 
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Let AOP be the angle which has been described by a 
line starting from OA and revolv- 
ing into the position OP. 

With centre and any radius 
describe a circle cutting OA and 
OP in the points A and P. 

Let the angle AOB be a radian, 
so that the arc AB is equal to the 
radius OA. 

By Eua vi. 33, we have 

ZAOP ^ Z AOP a^Tc AP ^ BTc AP 
A Radian ~ Z AOB " arc AB Radius ' 

so that Z AOP = ,5-^^ — of a Radian. 

Radius 

Hence the theorem is proved. 

22. Bac 1. Find the angle tubtended at the centre of a circle of 
radius 3 feet hy an arc of length 1 foot. 

The number of radians in the angle = —^. — = 7; • 

° radius 3 

Hence the angle 

=5 radian= ^ .1 right angle= f- x 90« = — = 19A®. 

22 

taking V equal to -=- . 

Bz. 2. In a circle of 5 feet radius what is the length of the are which 
subtends an angle of 33° 15' at the centre f 
If X feet be the required length, we have 

X 

•== number of radians in 33° 15' 
o 

= lS^ (Art. 19). 

_133 
~720'* 

133 , ^ 133 22. ^ , 

••• «=i44»-^eet = jgxy feet nearly 

=2^ feet nearly. 
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Bx. 8. Asiuming the average distance of the earth from the stm to he 
92500000 miles, and the angle subtended by the sun at the eye of a person 
on the earth to be S2',Jind the sun's diameter. 

Let D be the diameter of the sun in miles. 

The angle subtended by the sun being very small, its diameter is very 
approximately equal to a small aro of a circle whose centre is the eye of 
the observer. Also the sun subtends an angle of 32' at the centre of this 
circle. 

Hence, by Art. 21, we have 

D 



92500000 



=the number of radians in S2' 

go 

=the number of radians in =-=: 

""15 ^180"" 676* 

^ 186000000 

'• -0 = — ^^ — «" miles 
o7o 

186000000 22 ., ... 

= — ^=^ — X — - miles approzmiately 

=about 862000 miles. 

Bz. 4« Assuming that a person of normal sight can read print at such 
a distance that the letters subtend an angle of 5' at his eye, find what is 
the height of the letters that he can read at a distance (1) of 12 feet, and 
(2) of a quarter of a mile. 

Let X be the required height in feet. 

In the first case, x is very nearly equal to the arc of a circle, of radios 
12 feet, which subtends an angle of 5' at its centre. 

X 

Hence 7^= number of radians in 5' 

"12^180* 

•"• ^=ilo^^*=ilo^T^^*"'*'^y 

= Yk X -=- inches = about ^ inch. 
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In the second case, the height y is given by 

..^ , =niimber of radians in 5' 
440x3 

""12^180' 

so that ^ ~ 18 ^~ 18 ^ T nearly 

= about 23 inches. 

EXAMPLES. IV. 

1. Find the nnmber of degrees snbtended at the centre of a circle by 
an arc whose length is *357 times the radius, taking - = -3183. 

TT 

2. Express in radians and degrees the angle subtended at the centre 
of a circle by an arc whose length is 15 feet, the radius of the circle 
being 25 feet. 

3. The value of the divisions on the outer rim of a graduated circle 
is 5' and the distance between successive graduations is *1 inch. Find 
the radius of the circle. 

4. The diameter of a graduated circle is 6 feet and the graduations 
on its rim are 5' apart; find the distance from one graduation to 
another. 

5. Find the radius of a globe which is such that the distance between 
two places on the same meridian whose latitude differs by 1° 10' may be 
half-an-inch. 

6. Taking the radius of the earth as 4000 miles, find the difference 
in latitude of two places, one of which is 100 miles north of the other. 

• 7. Assuming the earth to be a sphere and the distance between 
two parallels of latitude, which subtends an angle of 1° at the earth's 
centre, to be 69^ miles, find the radius of the earth. 

8. The radius of a certain circle is 3 feet; find approximately the 
length of an arc of this circle, if the length of the chord of the arc be 
3 feet also. 

9. What is the ratio of the radii of two circles at the centre of which 
two arcs of the same length subtend angles of 60° and 75°? 

10. If an arc, of length 10 feet, on a circle of 8 feet diameter 
subtend at the centre an angle of 143® 14' 22''; find the value of r 
to 4 places of decimals. 

L.T. 2 



A 
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11. If the ciroomference of a drole be divided into 5 parts whidh are 
in ▲. p., and if the greatest part be 6 times the least, find in radians 
the magnitudes of the angles that the parts subtend at the centre of the 
circle. 

12. The perimeter of a certain sector of a circle is equal to the length 
of the arc of a semicircle having the same radius; express the angle of 
the sector in degrees, minutes, and seconds. 

13. At what distance does a man, whose height is 6 feet, subtend an 
angle of 10'? 

14. Find the length which at a distance of one mile will subtend 
an angle of 1' at the eye. 

15. Find approximately the distance at which a globe, 5^ inches in 
diameter, will subtend an angle of 6'. 

16. Find approximately the distance of a tower whose height is 
51 feet and which subtends at the eye an angle of 5^'. 

17. A church spire, whose height is known to be 100 feet, subtends 
an angle of 9' at the eye; find approximately its distance. 

18. Find approximately in minutes the inclination to the horizon of 
an incline which rises 3} feet in 210 yards. 

19. The radius of the earth being taken to be 8960 miles, and the 
distance of the moon from the earth being 60 times the radius of the 
earth, find approximately the radius of the moon which subtends at the 
earth an angle of 16'. 

20. When the moon is setting at any given place, the angle that is 
subtended at its centre by the radius of the earth passing through the given 
place is 57'. If the earth's radius be 8960 miles, find approximately the 
distance of the moon. 

21. Prove that the distance of the sun is about 81 million geo- 
graphical miles, assuming that the angle which the earth's radius 
subtends at the distance of the sun is 8*76", and that a geographical 
mile subtends 1' at the earth's centre. Find also the circumference and 
diameter of the earth in geographical miles. 

22. The radius of the earth's orbit, which is about 92700000 mUes, 
subtends at the star Sirius an angle of about *4''; find roughly the 
distance of Sirius. 




CHAPTER n. 

TRIGONOMETRICAL RATIOS FOR ANGLES LESS THAN 

A RIGHT ANGLE. 

1^3. In the present chapter we shall only consider 
angles which are less than a right angle. 

Let a revolving line OP start from OA and revolve 
into the position OP, thus tracing out 
the angle AOP. 

In the revolving line take any 
point P and draw PM perpendicular 
to the initial line OA. o 

In the triangle MOP, OP is the 
hypothenuse, Pif is the perpendicular, and OM is the base. 

The trigonometrical ratios, or functions, of the angle 
AOP are defined as follows : 

Yjp-i i-e, ^n^ , is called the Sine of the angle AOP ; 
OM . Base * 

MP . Perp. „ 

OF'^-'-sfe' " " Tangent 

OM . Base 

MP^'-'-F^/ " " Cotangent „ 

^'''''¥^/ " " Cosecant 

OM' *-^- B^ ' '• " Secant 

2—2 



v n 



If it 



n 



99 » 
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The quantity by which the cosine fiflls short of unity, 
i.e. 1 — cos AOP, is called the Versed Sine of AOP ; also 
the quantity 1 — sin AOP, by which the sine falls short of 
unity, is called the Covened Sine of AOP. ^ / -- ^^'--^ 

"^24. It will be noted that the trigonometrical ratios 
are all numbers. 

The names of these eight ratios are written, for 
brevity, 

sin AOP, cos AOP, tan AOP, cot AOP, cosec AOP, 
sec AOP, vers AOP, and covers AOP respectively. 

The two latter ratios are seldom used. 

/-^26. It will be noticed, from the definitions, that the 
cosecant is the reciprocal of the sine, so that 

cosec AOP = -; TTwT • 

sm AOP 
So the secant is the reciprocal of the cosine, Le. 

sec AOP = -T-TTB > 

cos A OP 

and the cotangent is the reciprocal of the tangent, i,e. 

1 



cot J. OP = 



tan ^OP* 



26. To shew that the trigonometrical ratios are always 
the same for the sam^ angle. 

We have to shew that, if in 
the revolving line OP any other 
point P' be taken and P^M be 
drawn perpendicular to OA, the 
ratios derived from the triangle 
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OP'M' are the same as those derived firom the triangle 
0PM. 

In the two triangles, the angle at is common, and 
the angles at M and M are both right angles and there- 
fore equal. 

Hence the two triangles are equiangular and therefore, 

by Jtiuc. VI. 4, we have jyp- = -pyp^ » *'^' ^^^^ angle 

AOP is the same whatever point we take on the revolving 
line. 

Since, by the same proposition, we have 

OMOM' , MP MF 
OP" OF * OM" OM ' 

it follows that the cosine and tangent are the same 
whatever point be taken on the revolving line. Similarly 
for the other ratios. 

If OA be ooDBidered as the revolving line, and in it be talcen any 
point P" and P^'M" be drawn perpendicolar to 0^, the functions as 
derived frtom the triangle OP"M!' will have the same values as before. 

For, since in the two triangles 0PM. and OP"M!'t the two angles 
P"OM" and OWP" are respectively equal to POU and 03fP, these 
two triangles are equiangular and therefore similar, and we have 

WP" _ MP OM" _ OM 

OP" "OP' OP" " OP ' 

.27. Fundamiental relations between the trigonometrical 
ratios of an angle. 

We shall find that if one of the trigonometrical ratios 
of an angle be known, the numerical magnitude of each of 
the others is known also. 

Let the angle AOP (Fig., Art. 23) be denoted by 0. 

In the triangle AOP we have, by Euc. I. 47, 

JfP«+0if» = 0P2 (1). 
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Hence, dividing by 0P\ we have 

i.e. (sin 0y + (cos 0y = 1. 

The quantity (sin 0)* is always written sin^ 0, and so for 
the other ratios. 

Hence this relation is v^w - ^ ,,.^ ^ 

Sirf^+C08»^=:l....:^.. (2). 

Again, dividing both sides of equation (1) by 0M\ we 
have 



.► i>^ 



®"-'-Q'- 



ie. (tan 0y + l=- (sec ^)», 

so that 860*0= 1 +tan*0 (3). 

Again, dividing equations (1) by MP^, we have 

^ ^ I jfp; lifp; ' 

i.e, 1 + (cot d)» = (cosec 0y, 

so that co8ec*0= 1 +cot*0 (4). 

... . ^ MP . ^ OM 
Also, since sin 6 = ^^ and cos 6 = j™ , 

sin^ MP OM MP ^ ^ 

we nave ^ == ttd "^ "TTd = TTlTr— **^^ ^• 

cos^ OP OP OM 

Hence tan = a (5). 

cos a 



Similarly oot0= ^ (6). 
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as. Ibcl. Prove that f^Z^A^eosec A - eot A. 
Wehave /l-eo8.i _ / (1-cob^)« 



1 - 008 A 1 - COS A 



by relation (2) of the last article, 

1 oos^ 



sin^ ain^ 



= 00860 ^-oot^. 



Bz. 2. Prove that 

iJm(^ a + co8ec^ A = tan A + eot A, 
We have seen that seo' ^sl+tan^^, 

and oosec^^sl + cot'^. 

.'. sec'^+ooseo^^stan^^-l-S+oof^ 
= tan*^ + 2 tan ^ cot ^ + oot*^ 
= (tan^ + oot^)', 

80 that ^8eo>il + ooBeo>^=tan^-|-oot^; 



B. Prove that 

{cosec A - sin A) {see A - cos A) {tan A + cotA) = l. 
The given expression 

= ( -. ; - Sin -4 I ( 7- COS ^ ) I 7 + -: 7 I 

l-sin^^ l-oos»il sina^+oos».i 
" sin A ' cos ^ * sin A cos ^ 

cos'ii sin«^ 1 

" smA ' GOB A ' ainAcoBA 

si. 
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' Prove the following statements. 

1. cos*-4-8in*^ + l=2cos2^. 

2. (sin4+cos-4) (l-sm^ooSii)=sm'^+coB3^. 

sin -4 1+cos^ ^ 

3. ,-; 5 + — : — J— =2 cosec A, 

/ l + cos-4 sin^ 

4. oos«^ + Bin«il = l-3Bin»^co82 4. 

5« A / 5 : — 7 = sec ^ - tan A, 

V l + sm-4 

« cosec ^ cosec ^ . „ . 

6. -. — =• + r-pr=2sec2 4. 

I cosec -4-1 cosec -4 + 1 

_ cosec A . 

7. — ri — I i=cos^. 

cot -4 + tan A 

8. (sec -4 + COS A) (sec ii - cos il)= tan^ A +sin2-4. 

9. — r-TTT i=sin-4cos-4. 

cot -4+ tan -4 

10. ; — T 5= sec -4 + tan -4. 

sec A - tan A 

_ _ 1 - tan A cot -4-1 



12. 



l + tan-4 cot -4 + 1' 
l + tan^^ sin^^ 



l + COt^il C082^* 

-L^ sec -4 -tan -4 - ^ ^^ ^ ^^ . • . 

_. tan -4 cot -4 ^ , ^ 

14. i TT + i — I 7 = sec -4 cosec -4 + 1. 

l-cot-4 l-tan-4 

_- cos -4 sin-4 . . 

16. (sin -4 + cos A) (cot -4 + tan -4) = sec -4 + cosec J. 

17. sec* A - sec^ A = tan* A + tan* -4. 
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18. cot*ii+cot*-4=co8ec*^-oosec*^. 

19. Vcoaec* -4 - 1 = cos A coseo A, 

20. 860^ A oo8ec> il = tan' ^ + cot' A+Z 

21. tan'ii-Bin'^=Bm«^8ec>^. 

22. (l + cotii-cosec^)(l + tan^ + 8ec^) = 2. 

23. 



24. 



1 l^^_l 1 

cosec^-cot^ sin^ sin^ coseo^+cotA* 

cot A coe A eat A- cos A 
cot A + cos ^ cot A cos ^ * 



-»_ cot ^ + tan £ 

25. ^ . p . . J = cot ^ tan B. 

cot £ + tan A 



1 - cos* a sin* a 



QA / ^ L ^ \ • • • 1-cos* 

27. sinM - cos8 ^ = (Bin» A - cos* ii) (1 - 2 sin» A cos' -4). 

„o cosil cosec-4-sin^seo4 

2®' cos2( + sin^ =cosec^-sec4. 

29 tap -4 +8ec il - 1 _ l + BJn ii 
tan^-secii + l'" cos 4 * 

30. (tan a + oosec jS)' - (cot /3 - sec a)»= 2 tan a cot /3 (cosec a + sec /5). 

31. 2 sec* a - sec* o - 2 oosec' a + cosec* as cot* a - tan* a. 

32. (sin a + cosec a)' + (cos a + sec o)'= tan' a + cot' a + 7. 

33. (oosec A + cot A) coyers A - (sec ^ + tan A) vers ^ 

= (cosec -4 - sec -4) (2 - vers A covers A), 

34. (l+cot^+taii4)(8in4-cos^)=-^?^-?2???-i. 

cosec' ^ seo'^ 

35. 2versin^+cos'-4 = l+versin'4. 

29. Limits to the values of the trigonometrical ratios. 
From equation (2) of Art. 27, we have 

sm'^ + cos'^=l. 
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Now sin'd and qos?0, being both squares, are both 
necessarily positive. Hence, since their sum is unity, 
neither of them can be greater than unity. 

[For if one of them, say sin^ By were greater than unity, the other, 
cos'^, wonld have to be negatiye, which is impossible.] 

Hence neither the sine nor the cosine can be numeri- 
cally greater than unity. 

Since sin cannot be greater than unity, therefore 

cosec ^, which equals —. — g , cannot be numerically less 

than unity. 

So sec df which equals — g , cannot be numerically 

less than unity. 

30. The foregoing results follow easily from the figure 
of Art. 23. 

For, whatever be the value of the angle AOP, 

neither the side OM nor the side MP is ever greater 

than OP. 

MP 
Since MP is never greater than OP, the ratio jyp is 

never greater than unity, so that the sine of an angle is 
never greater than unity. 

Also, since OM is never greater than OP, the ratio -jyp 

is never greater than unity, i.e, the cosine is never greater 
than unity. 

31. We can express the trigonometrical ratios of an 
angle in terms of any one of them. 
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The simplest method of procedure is best shewn by 
examples. 

Ez. 1. To express ail the trigono- 
metrical ratios in terms of ike sine. 

Let AOP be any anc^le ft 

Let the length OP be unity and let 
the corresponding length of MP be s. 

By Euc. L 47, OM^^OP'-MP' = VT^. 

TT . ^ MP s 

Hence 8in^ = -^Yp =T = *> 

cos 5= -^ = Vr^= Vl -8in»tf, 

^ >, JfP 9 sin 5 

tana = 



cot 5 = 



cosec = 



and sec d = 



OJf _ VT^ _ Vl - sin'g 
MP s '^ sine ' 

OP^l_ 1 
JfP « sin^' 

OP 1 1 



OM Vl-5« Vl-sin»5* 
The last five equations give what is required. 

Ex. 2. To express all the trigonometrical relations in 
terms of the cotangent. 

Taking the usual figure, let the 
length MP be unity, and let the corre- 
sponding value of OM be x. 

By Euc. I. 47, 

OP = VOJlf» + ifP«=:ViT^ 
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TI ^a OM X 

Hence cot = tfts = t = ^» 

itfr' 1 

. . JfP 1 

sm a = 



OP VIT^ Vl + cot^d ' 

^ OM X cot 5 

cos a = -^^- = 



tan 5 = 



sec 5 = 



OP ^J\+cd' Vl + cot^i?' 

MP^l^ 1 
OM a; cot 5 ' 

OP ^ \/l+a?» _ Vl+cot^ 
OJf" a? "■ cot 5 ' 



, /I OP VTT^ /- -^ 

and cosec ^ = ^rrn = — ^i = v 1 -h cot'd. 

Mr 1 

The last five equations give what is required. 
It will be noticed that, in each case, the denominator 
of the fraction which defines the trigonometrical ratio was 

MP 

taken equal to umty. For example, the sine is -Typ , and 

hence in Ex. 1 the denominator OP is taken equal to 
unity. 

The cotangent is -w^, and hence in Ex. 2 the side MP 

is taken equal to unity. 

Similarly suppose we had to express the other ratios 
in terms of the cosine, we should, since the cosine is equal 

to jyp , put OP equal to unity and OM equal to c. The 

working would then be similar to that of Exs. 1 and 2. 

In the following examples the sides have numerical 
values. 
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8. If COS $ equal ■= , find the values of the other ratios. 

Along the initial line OA take OM eqoal to 8, and erect a perpen- 
dicular MP. 

Let a line OPt of length 5, revolve ronnd until its other end meets 
this perpendicular in the point P. Then ^ OP is the angle 6, 

By Euo. I. 47, MP= JOP'-OAP^ ^^^^^4. 
Hence clearly 

sin 0=7, tan0=^, cot 0=7, oosec0=-T, and seo^s^. 

O o 4 4 9 

Sz. 4. Supposing $ to be an angle whose sine is -s, to find the nufMii- 
cal magnitude of the other trigonometrical ratios. 

Here sin 0=^, so that the relation (2) of Art. 27 gives 



^ +0083 = 1, 



1 8 
i,e. cos* 0=1-5 = 5, 



i,e, cos0= . 

o 

„ ^ ^ 8in0 1 V2 

Hence *»^^=c^ = 272= 4 ' 

"°*^=t-iE0=2^2' 
cosec d=- — ;,=8, 



9 9^ -^ 

2V2 / 



sec 0= 



1 _ 3 _3V2 



CO8 2^2 4 • 

vers 0=1 -cos 0=1 — ^, 

o 

1 2 

• and covers 0=1- sin 0=1--=^. 
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EXAMFT.TO. VL 

1. EzpiesB all ibe other tiigonometrioal ratios in terms of the cosine. 

2. Express all the ratios in terms of the tangent. 

3. Express all the ratios in terms of the cosecant. 

^ 5. The sine of a certain angle is j ; find the numerical yalnes of the 

other trigonometrical ratios of this angle. 

12 
6. If Bin ^=T^ , find tan and versin 6, 

16 , 

01 

4 
y 8. If cos $=-= 9 find sin and cot 0. 

9 
9. If cos^sjr-, find tan^ and coseo^. 

3 

10. If tan ^=2, find the sine, cosine, versine and cosecant of $. 

11 T9*. a I ijjAi. 1- » cosec* - sec* 

11. If tan ^=-7= , find the vahie of 5-^- ^. . 

V* ooseo' + sec' 

16 

12. If cot =-3- , find cos and cosec 0» 

o 

3 

^3. If sec ^ =^ , find tan A and cosec A. 

14. If 2 sin0=2-cos0, find sin^. 

15. If 8 sin 0=4+ cos 0, find sin ^. 

16. If tan + sec 0=1-6, find sin 0, 
r^Yl, If cot 0+ cosec 0=6, find iijis^.' '/•> 
'"^IS. If 3 sec*0+8=lO sec»0, find the values of tan 0. 
.-^.^9. If tan' + sec 0=6, find cos 9. 

(^ 20. If tan + cot 0=2, find sin 0. 



21. If sec> = 2 + 2 tan 0, find tan 0. 

22. If tan 0= ^^ ^ , find sin and cos 0. 



32 



TRIGONOMETRY. 



Values of the trigonometrical ratios in 

some useAil cases. 

y 33. Angle of 45°. 
^^/^ Let the angle AOP traced out 
be 45°. 

Then, since the three angles of 
a triangle are together equal to 
two right angles, 
Z 0PM ^ 180°- Z POM-' Z PMO 

= 180° - 45° - 9Q° = 45° = z POM. 
.'. OM^MP. 
If OP be called 2a, we then have 

4a» =^0F'^ 0M^+ MP^ = 2 . 0M\ 
0M = ais/2. 




so that 



and 



• sin 45°-^- ^^2- ^ 

cos45° = ^=?^^=i- 
OP 2a V2 ' 

tan 45° = 1. 




) 34. Angle of 30°. 
^' Let the angle AOP traced 
out be 30°. 

Produce PM to P* making 
MF equal to PM. 

The two triangles OMP and 
OMP^ have their sides OM and 
MP' equal to OM and MP and 
also the contained angles equal. 

Therefore OP' = OP, and Z OPT = z OPP' = 60°, so 
that the triangle PVP is equilateral. 



P' 
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Hence, if OP be called 2a, we have 

Also OM = »JOI^ - MF^ = V4a" -a* = a V3. 



and 



/. sin 30^ = 



JfPl 
OP ""2' 



COS 30=-^ = ^ = -^, 



tan 30^ = 



sin 80° _ 1 
cos 30° V3 ' 



36. ^wjrfo of 60^ 

Let the. angle J. OP traced 

out be 60°. 

Take a point N on OA, so 

that 

JfJV=OJf=a(say). 

The two triangles OMP and 
jOfP have now the sides OM 
and MP equal to JOf and MP 
respectively, and the included 
angles equal, so that the triangles are equal. 

.-. PN-- OP, and z PNM^ z POil/ = 60°. 

The triangle OPN is therefore equilateral, and hence 

0P^0N^2,0M=^. 




.\ MP=^^0P'-0M^ = ^/4}a*-a^==VS.a. 
L. T. 3 
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Hence ^in 60 =^ = ^^ = ^ , 

--„ OM^ a 1 

and tan 60** = t^t^o = \/3. 

cos 60 

36. Angle of 0\ 

Let the revolving line OP have turned through a very 
small angle, so that the angle 
MOP is very small. , P 

The magnitude of MP is q " *" T""^ ^^ j^ 

then very small, and initially, 

before OP had turned through an angle large enough to 
be perceived, the quantity MP was smaller than any quan- 
tity we could assign, i.e. was what we denote by 0. 

Also, in this case, the two points M and P very nearly 
coincide, and the smaller the angle A OP the more nearly 
do they coincide. 

Hence, when the angle AOP is actually zero, the two 
lengths OM and OP are equal and MP is zero. 

„ . ^^ MP ^ 

Hence ®^^ ^ = OP"" OP^ ' 

^o OM OP - 
cosO=-^ = ^ = l, 

and tan 0^=^ = 0. 

Also cot 0° = the value of ,77^ when M and P coincide 

MP 

= the ratio of a finite quantity to something infinitely 

small 

= a quantity which is infinitely great. 

Such a quantity is usually denoted by the symbol x . 
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Hence 

Similarly 

And 



cot 0° a= 00 . 

AO OP , 

cosec = -j^^ = X also. 



37. Angle of W. 

Let the angle AOP be very nearly, but 
not quite, a right angle. 

When OP has actually described a 
right angle, the point M coincides with 0, 
so that then OM is zero and OP and MP 
are equal. 



OM 



Hence 



^^o MP OP - 
8in90=-^p = ^ = l, 

„o OM ^ 



tan 90° = 



MP 



a finite quantity 



OM an infinitely small quantity 
B a number infinitely large = oo , 



cot 90° = 



OM 



WP'MP 



= 0. 



OP 

OM 



sec 90° = 7TT7= w , as in the case of the tangent. 



and 



... OP OP . 
cosec 90 =;|^=op = l- 



38. Oomplementary Angles. Def. Two angles 
are said to be complementary when their sum is equal 
to a right angle. Thus any angle d and the angle 
90° — ^ are complementary. 

3—2 
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39. To find the relations between the trigonometrical 
ratios of two complementary angles. 

Let the revolving line, starting from OA, trace out 
any acute angle A OP, equal to 
0. From any point P on it 
draw PM perpendicular to OA. 

Since the three angles of a 
triangle are together equal to 
two right angles, and since OMP 
is a right angle, the sum of the 
two angles MOP and 0PM is a 
right angle. 

They are therefore complementary and 

zOPJf = 90° -5. 

[When the angle 0PM is considered, the line PM is 
the " base " and MO is the " perpendicular."] 
We then have 

■in(00°-^ = sinJfPO = ^ = co8ilOP = coBe, 
coB(00"-e) = cosJlfPO = ^ = sinilOP = rinft 

tan(90°-5) = tanJfPO = ^=cotilOP = cot^, 

PM 

cot (90° - 5) = cot JIfPO =^ = tan ^OP = tan 0, 

PO 
cosec (90° - ^) = cosec MPO =^g = sec ^1 OP = sec 0, 

PO 
and sec (90° — 5) = sec MPO = -prv = cosec A OP = cosec 0. 
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Hence we observe that 
the Sine of any angle = the Cosine of its complement, 
the Tangent of any angles the Cotangent of its comple- 
ment, 

and the Secant of an angle = the Cosecant of its comple- 
ment. 

From this is apparent what is the derivation of the 
names Cosine, Cotangent, and Cosecant. 

40. The student is advised before proceeding any 
farther to make himself quite familiar with the following 
table. [For an extension of this table, see Art. 76.] 



Angle 


00 


300 


450 


600 

^^3 
2 


900 
1 


Sine 





1 
2 


1 

V2 


Cosine 


1 

• 


V3 
2 


1 


1 
2. 





Tangent 




9 


1 
V3 


1 


V3 


00 


Cotangent 


00 
00 


V3 
2 


1. 

V2 


1 

V3 

2 

V3 




> 


Cosecant 


1. 


Secant 


1 


2 


V2 


2 


00 



If the student commits accurately to memory the 
portion of the above table included between the thick 
lines, he should be able to easily reproduce the rest. 
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For 

(1) the sines of 60° and 90° are respectively the 
cosines of 30° and 0°. (Art. 39.) 

(2) the cosines of 60° and 90° are respectively the 
sines of 30° and 0°. (Art. 39.) 

Hence the second and third lines are known. 

(3) The tangent of any angle is the result of dividing 
the sine by the cosine. 

Hence any quantity in the fourth line is obtained by 
dividing the corresponding quantity in the second line by 
the corresponding quantity in the third line. 

(4) The cotangent of any angle is the reciprocal of 
the tangent, so that the quantities in the fifth row are the 
reciprocals of the quantities in the fourth row. 

(5) Since cosec 6 = -: — ji , the sixth row is obtained 
^ ^ sm^ 

by inverting the corresponding quantities in the second 

row. 

(6) Since sec 6 = — ^ , the seventh row is similarly 
obtained from the third row. 

EXAMPLES. VU 

1. If -4 =80^ verify that 

(1) 0O8 lli =008>^ - 8inM = 2 C08<il - 1, 

(2) Bm2^s2 8inilooB^, 

(3) OOB 3il = 4 co^A - 3 COS A, 

(4) mn^A^ZsmA-^svcfiA, 

and (5) tan24=j-^,-j. 
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2. If .1=46°, verify that 

(1) 8in2^=:2 8in^oos^, 

(2) coB2A=l'2an^A, 

,._.,-, 2 tan A 
and (8) tan2^ = ^_^,^ . 

Verify that 

3. Bm«30°+sm»46o+8in»60°=|. 

4. tana30°+tan«46«+tan«60°=4J. 

5. sin 80° 008 60° +008 80° Bin eo^sl. 

6. co8 46°oo8 60°-8in46<>Bin«0°«:-'^^^. 

7. ioot»30°+88in«60°-2oo8eo«60°-ttan>80°»8l. 

8. oo8ec>45°.Be6>80°.8in>90°.0O8 60°Bli. 

9. 4oot246°-8eo>60°+sinS30°si. 



\ 



CHAPTEE III. 



SIMPLE PROBLEMS IN HEIGHTS AND DISTANCES. 



41. One of the objects of Trigonometry is to find the 
distances between points, or the heights of objects, 
without actually measuring these distances or these 
heights. 

42. Suppose and P to be two points, P being at a 
higher level than 0, 

Let OMhe a horizontal line 
drawn through to meet in M 
the vertical line drawn through 
P. 

The angle MOP is called 
the Angle of Elevation of 
the point P as seen from 0. 

Draw PN parallel to MO, so that PN is the hori- 
zontal line passing through P, The angle NPO is the 
Angle of Depression of the point as seen frx)m P. 

48. Two of the instruments nsed in practical work axe the Theodo- 
lite and the Sextant. 

The Theodolite is nsed to measure angles in a vertical plane. 

The Theodolite, in its simple form, consists of a telescope attached 
to a flat piece of wood. This piece of wood is supported by three legs 
and can be arranged so as to be accurately horizontal 
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This taUe being at and horizontal, and the telescope being initially 
pointing in the direction OM, the latter can be made to rotate in a 
vertical plane until it points accurately towards P. A graduated scale 
shews the augle through which it has been turned from the horizontal, 
i.e. gives us the angle of elevation MOP, 

Similarly, if the instrument were at P, the angle NPO through which 
the telescope would have to be turned, downward from the horizontal, 
would give us the angle NPO. 

The instrument can also be used to measure angles in a horizontal 
plane. 

44. The Sextant is used to find the angle subtended by any two 
points D and jB at a third point F. It is an instrument much used on 
board ships. 

Its construction and application are too complicated to be here 
considered. 

46. We shall now solve a few simple examples iu 
heights and distancea 

Bz. 1. A vertical flagstaff stands on a horieontal plane ; from a point 
distant 150 feet from its foot^ the angle of elevation of its top is found to 
he 30°; find the height of the flagstaff , 

Let MP (Fig. Art. 42) represent the flagstaff and the point from 
which the angle of elevation is taken. 

Then OM=U0 feet, and Z JtfOP=30°. ^ 

Since PMO is a right angle, we have 

:^=tanJfOP=tan30*>=45(Art. 34). 
OM ,JS^ ' 

Now, by extraction of the square root, we have 

V3= 1-73206.... 
Hence ilfP=:50 x 1*73205... feet =86-6025... feet. 

Bz. 2. A man wishes toflnd the height of a church spire which stands 
on a horizontal plane; at a point on this plane he finds the angle of 
elevation of the top of the spire to be 45°; on walking 100 feet toward the 
tower he find* the corresponding angle of elevation to he 60°; deduce the 
height of the tower and also his original distance from the foot of the 
spire. 
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Let P be the top of the spize and A and B the two points at which 
the angles of elevation are taken. Draw 
PM perpendicular to AB produced and 
let MP be x. 

We are given AB =100 feet, 

zJlf^P=46°. 
and zJfBP=60^ 

We then have 
AM 



=cot46°, - / 




A 100 B 



and :^=cot60°=4^. 



Hence AM=x, and Plf =-^ . 

.-. lOO^AM-BM^x-^^x"^^^^. 

=60[8 + l-73205...]=236-6... feet. 



/• • 



'T 



y '^ 



r. 



Also AMssx, so that both of the required distances are equal to 
236*6... feet. 



8. From the top of a cliffy 200 /set high^ the angles of depreesUm 
of the top and bottom of a tower are observed to he 30° and 60° ; find the 
height of the tower. 

Let A be the point of observation and BA the height of the diff and 
let CD be the tower. 

Draw AE horizontally, so that z EACssQOP and 
l BAD = OOP. 

Let X feet be the height of the tower and produce 
DC to meet ii£ in £, so that C£==iiP-«=:200-ff. 

Since iADB= /.DAE=s60P (Euc. i. 29), 

200 



A DB=^BcotiiDP=200cot60°= 
., 200-a r C^^.x^^qno- ^ 



78- 




200 
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so that 



^^ DB 200 

.. 200-^=-^=^, 

200 
07=200-^=133^ feet. 



Bz. 4. A man obaerveB that at a point due 8outh of a certain tower its 
angle of elevation is 60°; ?ie then wUks 300 feet due west on a horizontal 
plane and finds that the angle of elevation is 30°; find the height of the 
tower and his original distance from it. 




Let P be the top, and PM the height, of the tower, A the point due 
sonth of the tower and B the point due west of A, 

The angles PMA, PMB, and MAB are therefore all right angles. 

For simplicity, since the triangles PAM, PBM, and ABM are in 
different planes, they are reproduced in the second, third, and fourth 
figures and drawn to scale. 

We are given i4B= 300 feet, zP^Af=60°, and jlPBM=3QP. 

"Let the height of the tower be x feet. 

From the second figure. 



so that 

From the third figure, 



so that 



^ 



^^=cot30°=V3, 
BM=»jS,x, 



^-7 



'b 



rJ^U^ 



A . 



/ t> ) 
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From the last figure, we have 

i.e. 3sfl=^x^+30Q^, 

.-. 8a;«=3x300«. 

=76x2-44949... = 183-71... feet. 
Also his original distance from the tower 

= a;cot60°=^=76xj2 

= 75 X (1-4142...) = 106-065... feet. 



EXAMPLES. Vm. 

1. A person, standing on the bank of a river, observes that the angle 
subtended by a tree on the opposite bank is 60°; when he retires 40 feet 
from the bank he finds the angle to be 80° ; find the height of the tree 
and the breadth of the river. 

2. At a certain point the angle of elevation of a tower is found to be 

3 

such that its cotangent is - ; on walking 32 feet directly toward the tower 

o 

2 

its angle of elevation is an angle whose cotangent is ■=, Find the height 

5 

of the tower. 

3. At a point A^ the angle of elevation of a tower is found to be such 

that its tangent ^^Tn* ^^ walking 240 feet nearer the tower the tangent 

of the angle of elevation is found to be ^ ; what is the height of the 
tower? 

4. Find the height of a chimney when it is found that, on walking 
towards it 100 feet in a horizontal line through its base, the angular 
elevation of its top changes from 30° to 45°. 

5. An observer on the top of a clifif, 200 feet above the sea-level, 
observes the angles of depression of two ships at anchor to be 45° and 30° 
respectively ; find the distances between the ships if the line joining them 
points to the base of the cliff. 
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6. From the top of a cliff an observer finds that the angles of 
depression of two bnoys in the sea are 39^ and 26° respectively; the 
buoys are 300 yards apart and the line joining them points straight 
at the foot of the olifiF ; find the height of the diff and the distance of the 
nearest buoy from the foot of the oliff, given that cot 26^=2*0503, and 
oot 39° =1-2349. 

7. The upper part of a tree broken over by the wind makes an angle 
of 30° with the ground, and the distance from the root to the point where 
the top of the tree touches the ground is 50 feet ; what was the height of 
the tree? 

8. The horizontal distance between two towers is 60 feet and the 
angular depression of the top of the first as seen from the top of the 
second, which is 150 feet high, is 30° ; find the height of the first. 

9. The angle of elevation of the top of an unfinished tower at a 
point distant 120 feet from its base is 45° ; how much higher must the 
tower be raised so that its angle of elevation at the same point may be 
60°? 

10. Two pillars of equal height stand on either side of a roadway 
which is 100 feet wide ; at a point in the roadway between the pillars the 
elevations of the tops of the pillars are 60° and 30° ; find their height and 
the position of the point. 

11. The angle of elevation of the top of a tower is observed to be 
60° ; at a point 40 feet above the first point of observation the elevation 
is found to be 45°; find the height of the tower and its horizontal 
distance from the points of observation. 

12. At the foot of a mountain the elevation of its summit is found 
to be 45°; after ascending one mile up a slope of 30° inclination the 
elevation is found to be 60°. Find the height of the mountain. 

13. What is the angle of elevation of the sun when the length of the 
shadow of a pole is ijb times the height of the pole? 

14. The shadow of a tower standing on a level plane is found to be 
60 feet longer when the sun's altitude is 30° than when it is 45°. Prove 
that the height of the tower is 30 (1 +>/3) feet. 

15. On a straight coast there are three objects A, B, and C such 
that AB=BC=2 miles. A vessel approaches £ in a line perpendicular 
to the coast and at a certain point ^C is found to subtend an angle of 
60° ; after sailing in the same direction for ten minutes AC is found to 
subtend 120° ; find the rate at which the ship is going. 
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16. Two flagstaffs stand on a horizontal plane. A and B are two 
points on the line joining the bases of the flagstaffs and between them. 
The angles of elevation of the tops of the flagstaffs as seen from A are 
SOP and 60° and, as seen from B, they are 60° and 45°. If the length AB 
be 30 feet, find the heights of the flagstaffs and the distance between 
them. 

17. P is the top and Q the foot of a tower standing on a horizontal 
plane. A and B are two points on this plane such that AB is 

2 

82 feet and QAB is a right angle. It is found that oot PAQ = ■= and 

cot PBQ=^; 
find the height of the tower. 

18. A square tower stands upon a horizontal plane. From a point 
in this plane, from which three of its upper comers are visible, their 
angular elevations are respectively 45°, 60°, and 45°. Shew that the 
height of the tower is to the breadth of one of its sides as jJ6{jJ5 + l) 
to 4. 

10. A lighthouse, facing north, sends out a fan-shaped beam of 
light extending from north-east to north-west. An observer on a steamer, 
sailing due west, first sees the light when it is 5 miles away from the 
lighthouse and continues to see it for 80^2 minutes. What is the 
speed of the steamer? 

20. A man stands at a point X on the bank XY of a river with 
straight and parallel banks and observes that the line joining Z to a 
point Z on the opposite bank makes tat angle of 80° with XY, He then 
goes along the bank a distance of 200 yards to T and finds that the angle 
ZYX is 60°. Find the breadth of the river. 

21. A man, walking due north, observes that the elevation of a 
balloon, which is due east of him and is sailing toward the north-west, 
is then 60° ; after he has walked 400 yards the balloon is vertically over 
his head ; find its height supposing it to have always remained the same. 



CHAPTER IV. 

APPLICATION OF ALGEBRAIC SIGNS TO TRIGONOMETRY. 

46. Positive and Negative Angles. In Art. 6, in 
treating of angles of any size, we spoke of the revolving 
line as if it always revolved in a direction opposite to that 
in which the hands of a watch revolve, when the watch is 
held with its face uppermost. 

This direction is called counter-clockwise. 

When the revolving line turns in this manner it is said 
to revolve in the positive direction and to trace out a 
positive angle. 

When the line OP revolves in the opposite direction, 
Le, in the same direction as the hands of the watch, it is 
said to revolve in the negative direction and to trace out 
a negative angle. This negative direction is clockwise. 

47. Let the revolving line start from OA and I'evolve 
until it reaches a position OP, which 

lies between OA' and 0^ and which 
bisects the angle A' OR, 

If it has revolved" in the positive a'- 
direction^ it has traced out the positive 
angle whose measure is + 225°. 
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If it has revolved in the negative direction, it has 
traced out the negative angle — 135^ 

Again, suppose we only know that the revolving line is 
in the above position. It may have made one, two, three 
... complete revolutions and then have described the 
positive angle + 225^ Or again, it may have made 
one, two, three... complete revolutions in the negative 
direction and then have described the negative angle 
- 136°. 

In the first case, the angle it has described is either 
225°, or 360° + 225°, or 2 x 360° + 225°, or 3 x 360° + 225° 
i.e. 225°, or 585°, or 945°, or 1305°.... 

In the second case, the angle it has described is — 135°, 
or - 360° - 135°, or - 2 x 360° - 135°, or - 3 x 360° - 135° 
i.e. - 135°, or -495°, or - 855°, or - 1215°.... 

48. Positive and Negative Lines. Suppose that 
a man is told to start from a given milestone on a straight 
road and to walk 1000 yards along the road and then to 
stop. Unless we are told the direction in which he 
started, we do not know his position when he stops. All 
we know is that he is either at a distance 1000 yards on 
one side of the milestone or at the same distance on the 
other side. 

In measuring distances along a straight line it is 
therefore convenient to have a standard direction; this 
direction is called the positive direction and all distances 
measured along it are said to be positive. The opposite 
direction is called the negative direction, and all distances 
measured along it are said to be negative. 

The standard, or positive, directions for lines drawn 
parallel to the foot of the page is towards the right. 



POSIXIVE AND NEGATIYB LINES. 
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The length OA is in the positive direction. The 
length OA' is in the 

negative direction. If g g ^ 

the magnitude of the 

distance OA or OA' be a, the point J. is at a distance 

+ a from and the point J.' is at a distance — a from 0. 

All lines measured to the right have then the positive 
sign prefixed ; all lines to the left have the negative sign 
prefixed. 

If a point start from and describe a positive distance 
OA, and then a distance AB back again toward 0, equal 
numerically to b,' the total distance it has described 
measured in the positive direction is OA + AB, 

i.e. + a + (— 6), ije, a — b. 

49. For lines at right angles to AA\ the positive 
direction is from towards the top of the page^ i.e, the 
direction of OB (Fig. Art. 47). All lines measured fit)m 
towards the foot of the page, i.e. in the direction OR, 
are negative. 

60. Trigonometrical ratios for an a/ngle of any magni- 
tvde. 

Let OA be the initial line (drawn in the positive 
direction) and let OA' be drawn in 
the opposite direction to OA. 

Let BOW be a line at right 
angles to OA, its positive direction 
being OB, 

Let a revolving line OP start 
from OA and revolving in either 
direction, positive or negative, trace 

L. T. 4 




8 B* 
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out an angle of any magnitude whatever. From a 
point P in the revolving line draw PM perpendicular 
to AOA\ 

[Four positions of the revolving line are given in the figure, one in 
each of the four quadrants, and the suffixes 1, 2, 8 and 4 are attached to 
P for the purpose of distinction.] 

We then have the following definitions, which are the 
same as those given in Art. 23 for the simple case of an 
acute angle : 

MP 

Yjp is called the Sine of the angle AOP, 



OM 
OP " 

MP 
OM " 



CoBine 



Tangent 



„ ^mmmm^^mmmi „ „ 



OM 

-j^p >y » Cotangent 

OP 

QU" w >» Secant „ 



» i) 



)> 



OP 



Cosecant 



MP " " ww^w— . 
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The quantities 1 - cos AOP, and 1 — sin AOP are 
respectively called the Versed Sine and the Coversed 
Sine of ^ OP. 

6L In exactly the same manner as in Art. 27 it may 
be shewn that, for all values of the angle AOP (= d\ we 
have 
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sine ^ n 
-stand, 

cost/ 

sec>dsl+tan>d, 
and coBec^d s 1 + coi?6. 

52. Signs of the trigonometrical ratios. 

First quadrant. Let the revolving line be in the first 
quadrant^ as OPj. This revolving line is always positiva 

Here OMj and MiPi are both positive, so that all the 
trigonometrical ratios are then positive. 

Second quadrant Let the revolving line be in the 
second quadrant, as OP^, Here MJP^ is positive and OM^ 
is negative. 

The sine, being equal to the ratio of a positive quantity 
to a positive quantity, is therefore positive. 

The cosine, being equal to the ratio of a negative 
quantity to a positive quantity, is therefore negative. 

The tangent, being equal to the ratio of a positive 
quantity to a negative quantity, is therefore negative. 

The cotangent is negative. 

The cosecant is positive. 

The secant is negative. 

Third quadrant If the revolving line be, as OP^f in 
the third quadrant, we have both MJP^ and OM^ negative. 
The sine is therefore negative. 
The cosine is negative. 
The tangent is positive. 
The cotangent is positive. 
The cosecant is negative. 
The secant is negative. 

4—2 



52 



TRIGONOMETRY. 



Fourth quadrant Let the revolving line be in the 
fourth quadrant, as OP4. Here MJP^ is negative and 
OM^ is positive. 

The sine is therefore negative. 

The cosine is positive. 

The tangent is negative. 

The cotangent is negative. 

The cosecant is negative. 

The secant is positive. 

The annexed table shews the signs of the trigono- 
metrical ratios according to the quadrant in which lies 
the revolving line, which bounds the angle considered. 
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63. Tracing of the changes in the sign and magnitude 
of the trigonometrical ratios of on a/ngle, as ihe angle 
vncreases from (f to 860^ 

Let the revolving line OP be of constant length a. 
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When it coincides with OA, the 
length OMi is equal to a and, 
when it coincides with OB, the 
point Ml coincides with and OMi 
vanishea Also, as the revolving 
line turns from OA to OB, the dis- 
tance OMi decreases fyom a to 
zero. Ca^(-L A j I •'' ■ 

, Whilst the revolving line is in 
the second quadrant and is revolving from OB to 0A\ the 
distance OM^ is negative and increases numerically from 
to a [i,e. it decreases algebraically from to — a]. 

In the third quadrant, the distance OM^ increases 
algebraically from — a to 0, and, in the fourth quadrant, 
the distance OM^ increases from to a. 

In the first quadrant, the length ifiPi increases from 
to a ; in the second quadrant, M^P^ decreases from a to 
0; in the third quadrant, M^^ decreases algebraically 
from to — a; whilst in the fourth quadrant MJP^ 
increases algebraically from — a to 0. 



.. ;- 
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64. Sine. In the first quadrant, as the angle in- 

MF . 

creases from to 90", the sine, ie. — ^— ^ , increases from - 

a a 

to - , ie, from to 1. 
a 

In the second quadrant, as the angle increases from 

n ft 

90® to 180°, the sine decreases from - to - , i.e. from 1 to 0. 

a a 

In the third quadrant, as the angle increases from 180® 

ft rr 

to 270®, the sine decreases from - to — - , i.e. from to — 1. 

a a 
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In the fourth quadrant, as the angle increases from 

270° to 360*, the sine increases from — to - , %,e. from 

a a 

- 1 to 0. 

66. Cosine. In the first quadrant the cosine, which 

is equal to , decreases from - to - , %,e. from 1 to 0. 

^ a a a 

ft ft 

In the second quadrant, it decreases from - to — ,i.e. 

a a 

from to — 1. 

— /I ft 
In the third quadrant, it increases from — to - , i.e. 

a a 

from — 1 to 0. 

ft n 

In the fourth quadrant, it increases from - to - , i.e. 

^ a a 

from to 1. 

66. Tangent. In the first quadrant, ifiPi increases 

MP 
fix)m to a and OMi decreases from a to 0, so that J^J^ 

OMi 

continually increases (for its numerator continually in- 
creases and its numerator continually decreases). 

When OPi coincides with OA, the tangent is ; when 
the revolving line has turned through an angle which is 
slightly less than a right angle, so that OPi nearly 
coincides with OB, then MiPi is very nearly equal to 

MP . 

a and OMi is very small. The ratio 75^ is therefore very 

large, and the nearer OPi gets to OB the larger does the 
ratio become, so that, by taking the revolving line near 
enough to OB, we can make the tangent as large as we 
please. This is expressed by saying that, when the angle 
is equal to 90°, its tangent is infinite. 
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The symbol oo is used to denote an infinitely great 
quantity. 

Hence in the first quadrant the tangent increases fix)m 
to X. 

In the second quadrant, when the revolving line has 
described an angle AOPt slightly greater than a right 
angle, M^Pt is very nearly equal to a and 0-Jfj is very 
small and negative, so that the corresponding tangent is 
very large and negative. 

Also, as the revolving line turns fix)m OB to 0A\ MJP^ 
decreases from a to and OM^ is negative and decreases 
from to — a, so that when the revolving line coincides 
with OA' the tangent is zero. 

Hence, in the second quadrant, the tangent increases 
from — X to 0. 

In the third quadrant, both MJ^^ and OM^ are negative, 
and hence their ratio is positive. Also, when the revolving 
line coincides with OEy the tangent is infinite. 

Hence, in the third quadrant, the tangent increases 
from to X . 

In the fourth quadrant, MJP^ is negative and OM^ is 
positive, so that their ratio is negative. Also, as the 
revolving line passes through OB' the tangent changes 
firom + X to — 00 [just as in passing through 0E\. 

Hence, in the fourth quadrant, the tangent increases 
from — X to 0. 

67. Cotangent. When the revolving line coincides 
with OAy MJPi is very small and OM^ is very nearly 

equal to a, so that the cotangent, i,e, the ratio ^ p , is 

infinite to start with. Also, as the revolving line rotates 
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from OA to OB, the quantity JfiPi increases from to a 
and OMi decreases from a to 0. 

Hence, in the first quadrant, the cotangent decreases 
from 00 to 0. 

In the second quadrant, M^Pi is positive and OM2 

negative, so that the cotangent decreases from to -rr- , j 

i.e. from to — 00 . ! 

In the third quadrant, it is positive and decreases from 

00 to [for as the revolving line crosses OR the cotangent 
changes from — 00 to 00 ]. 

In the fourth quadrant, it is negative and decreases 
from to — 00 . 

68. Secant. When the revolving line coincides with 
OA the value of OMi is a, so that the value of the secant 
is then unity. 

As the revolving line turns from OA to OB, OM^ 
decreases from a to 0, and when the revolving line 

coincides with OB the value of the secant is ^ , i,e. 00 . 

Hence, in the first quadrant, the secant increases from 

1 to 00. 

In the second quadrant, OM^ is negative and decreases 
from to — a. Hence, in this quadrant, the secant in- 
creases from — 00 to — 1 [for as the revolving line crosses 
OB the quantity OMi changes sign and therefore the 
secant changes from + 00 to — 00 ]. 

In the third quadrant, OM^ is always negative and 
increases from —a to 0; therefore the secant decreases 
from — 1 to — 00 . In the fourth quadrant, OM^ is always 
positive and increases from to a. Hence, in this quad- 
rant, the secant decreases from 00 to + 1. 



A'" 
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69. Cosecant. The change in the cosecant may be 
traced in a similar manner to that in the secant. 

In the first quadrant, it decreases firom oo to + 1. 
In the second quadrant, it increases from + 1 to + oo . 
In the third quadrant, it increases from — oo to — 1. 
In the fourth quadrant, it decreases from — 1 to — oo . 

60. The foregoing results are collected in the annexed 
table. 



B 



In the second quadrant, the 

sine decreases from 1 to 

cosine decreases from Oto-1 
tangent increases from -oo to 
cotangent decreases from to - oo 
secant increases from - oo to - 1 
cosecant increases from 1 to oo 



In the third quadrant, the 

sine decreases from Oto-1 

cosine increases from- 1 to 
tangent increases from to oo 
cotangent decreases from oo to 
secant decreases from- 1 to-oo 
cosecant increases from -oo to - 1 



In the ^st quadrant, the 



sme 

cosine 

tangent 

cotangent 

secant 

cosecant 



increases from to 1 
decreases from 1 to 
increases from to oo 
decreases frx>m oo to 
increases from 1 to oo 
decreases from oo to 1 



In the fourth quadrant, the 

sine inoreases from- 1 to 

cosine increases from to 1 
tangent increases from-oo to 
cotangent decreases from to - oo 
secant decreases from oo to 1 
cosecant decreases from - 1 to - oo 
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61. Periods of the trigonometrical functions. 

As an angle increases from to 27r radians, i,e. whilst the 
revolving line makes a complete revolution, its sine first 
increases from to 1, then decreases from 1 to — 1, and 
finally .increases from —1 to 0, and thus the sine goes 
through all its changes, returning to its original value. 
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Similarly, as the angle increases from 27r radians to 
47r radians, the sine goes through the same series of 
changes. 

Also, the sines of any two angles which differ by four 
right angles, i.e. 27r radians, are the same. 

This is expressed by saying that the period of the 
sine is Stt. 

Similarly, the cosine, secant, and cosecant go through 
all their changes as the angle increases by 2ir. 

The tangent, however, goes through all its changes as 
the angle increases- from to tt radians, i,e, whilst the 
revolving line turns through two right angles. Similarly 
for the cotangent. 

The period of the sine, cosine, secant and cosecant is 
therefore 27r radians; the period of the tangent and 
cotangent is ir radians. 

Since the values of the trigonometrical functions 
repeat over and over again as the angle increases, they 
are called periodic fiinctionB. c\y\.^d( 

*62. The variations in the values of the trigono- 
metrical ratios may be graphically represented to the eye 
by means of curves constructed in the following manner. 
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Sine-Cunre. 

Let OX and OF be two straight lines at right angles 
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and let the magnitudes of angles be represented by 
lengths measured along OX, 

Let Ri, jRa, -Rs,... be points such that the distances 
ORiy R1R2, -Bji^,... are equal. If then the distance ORi 
represent a right angle, the distances OM^, OR^, ORi,... 
must represent two, three, four,... right angles. 

Also, if P be cmy point on the line OX, then OP 
represents an angle which bears the same ratio to a right 
angle that OP bears to ORi. 

[For example, if OP be equal to ^ ORu then OP would represent one- 

o 

third of a right angle; if P bisected R^^, then OP would represent 8^ 

right angles.] 

Let also ORi be so chosen that one unit of length 
represents one radian; since OR^ represents two right 
angles, i.e. ir radians, the length OR2 must be tt units of 
length, i,e. about 3| units of length. 

In a similar manner, negative angles are represented 
by distances OjR/, O-Bj',... measured from in a negative 
direction. 

At each point P erect a perpendicular PQ to represent 
the sine of the angle which is represented by OP ; if the 
sine be positive, the perpendicular is to be drawn parallel 
to OF in the positive direction; if the sine be negative, 
the line is to be drawn in the negative direction. 

[For example, since ORi represents a right angle, the sine of which is 
1, we erect a perpendicular BiBi equal to one unit of length ; since OJ^j 
represents an angle equal to two right angles, the sine of which is zero, 
we erect a perpendicular of length zero ; since OR^ represents three right 
angles, the sine of which is - 1, we erect a perpendicular equal to - 1, 
i.e. we draw R^^ downward and equal to a unit of length ; if OP were 

equal to one-third of ORit it would represent ^ of a right angle, i.e. 30°, 
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the sine of which is ^, and so we should erect a perpendicular PQ equal 
to one-hali the unit of length.] 

The ends of all these lines, thus drawn, would be 
found to lie on a curve similar to the one drawn above. 

It would be found that the curve consisted of portions, 
similar to OB^RJS^R^, placed side by side. This corre- 
sponds to the fact that each time the angle increases by 
27r, the sine repeats the same value. 

#63. Cosine-Curve 
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The Cosine-Curve is obtained in the same manner as 
the Sine>Curve, except that in this case the perpendicular 
PQ represents the cosine of the angle represented by OP. 

The curve obtained is the same as that of Art. 62 if in 
that curve we move to Jii and let OF be drawn along 
RiBi, 

#64 Tangent-Curve. 

In this case, since the tangent of a right angle is 
infinite and since ORi represents a right angle, the per- 
pendicular drawn at Ri must be of infinite length and 
the dotted curve will only meet the line RJj at an infinite 
distance. 



TANGENT-CURVE. 
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Since the tangent of an angle slightly greater than a 
right angle is negative and almost infinitely great, the 




dotted curve immediately beyond LRJ/ commences at an 
infinite distance on the negative side, %,e, below, OX. 

The Tangent-Curve will clearly consist of an infinite 
number of similar but disconnected portions, all ranged 
parallel to one another. Such a curve is called a Discon- 
tinuous Curve. Both the Sine-Curve and the Cosine- 
Curve are, on the other hand. Continuous Curves. 

#65. Cotangent-Curve. If the curve to represent 
the cotangent be drawn in a similar manner, it will be 
found to meet OF at an infinite distance above ; it will 
pass through the point R^ and touch the vertical line 
through i2a at an infinite distance on the negative side of 
OX, Just beyond R^ it will start at an infinite distance 
above B^, and proceed as before. 

The curve is therefore discontinuous and will consist 
of an infinite number of portions all ranged side by side. 
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^66. Cosecant-Curve. 
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When the angle is zero, the sine is zero, and the 
cosecant is therefore infinite. 

Hence the curve meets OF at infinity. 

When the angle is a right angle, the cosecant is unity, 
and hence MiBi is equal to the unit of length. 

When the angle is equal to two right angles its 
cosecant is infinity, so that the curve meets the perpen- 
dicular through R^ at an infinite distance. 

Again, as the angle increases from slightly less to 
slightly greater than two right angles, the cosecant 
changes from + 00 to — x . 

Hence just beyond JBj the curve commences at an 
infinite distance on the negative side of, i.e. below, OX. 

#67. Secant-Curve. If, similarly, the Secant-Curve 
be traced it will be found to be the same as the Cosecant- 
Curve would be if we moved OF to RiBi, 
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MISOELLAKEOUS EXAMPLES. IX. 

1. In a triangle one angle contains as many grades as another con- 
tains degrees, and the third contains as many centesimal seconds as 
there are sexagesimal seconds in the sum of the other two; find the 
number of radians in each angle. 

X 2. Find the nmnber of degrees, minntes, and seconds in the angle at 
the centre of a cirde, whose radius is 5 feet, which is subtended by an arc 
of length 6 feet. 

3. To turn radians into seconds, prove that we must multiply by 
206265 nearly, and to turn seconds into radians the multiplier must be 
•0000048. 



4, If sin^ equal ^7fa » ^^ ^® values of cos and cot ^. 



... . - m« + 2m« 
prove that tan O^-^ jr-i . 

^6. I^ cos^-sin^=:i^2sin^, 

prove that cos ^ + sin ^ = ^2 cos $, 

7. Prove that 

coseo* a - cot* a = 3 cosec' a cot* a + 1. 

8. Express 2 sec' A - sec^ ^ - 2 cosec* A + cosec^ A 
in terms of tan A, 

^ 9. Solve the equation 8 cosec* ^ = 2 sec ^. 

10. A. man on a cliff observes a boat at an angle of depression of 
80°, which is making for the shore imihediately beneath him. Three 
minutes later the angle of depression of the boat is 60^ How soon will 
it reach the shore ? 

11. Prove that the equation sin ^= a; + - is impossible if a; be real. 

12. Shew that the equation see* ^=7 — ^^ is only possible when 
x=zy. 



CHAPTER V. 

TRIGONOMETRICAL FUNCTIONS OF ANGLES OF ANY 

SIZE AND SIGN. 

[On a first reading of the subject, the student is recommended 
to confine his attention to the first of the four figures given in 
Arts. 68, 69, 70, and 72.] 

68. To find the trigonometrical ratios of an angle 
("0) in terms of those of 0, for all valvss of 0, 
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Let the revolving line, starting from OA, revolve 
through any angle and stop in the position OP. 

Draw PM perpendicular to OA (or OA produced) and 
produce it to P', so that the lengths of PM and MP' are 
equal. 

In the geometrical triangles MOP and MOP", we have 
the two sides OM and MP equal to the two OM and 
MP', and the included angles OMP and OMP' are right 
angles. 

Hence (Euc. i. 4), the magnitudes of the angles MOP 
and MOP' are the same, and OP is equal to OP*. 

In each of the four figures, the magnitudes of the 
angle AOP (measured counter-clockwise) and of the angle 
A OP' (measured clockwise) are the same. 

Hence the angle AOP' (measured clockwise) is 
denoted by —0. 

Also MP and MP are equal in magnitude but are 
opposite in sign. (Art. 49.) We have therefore 

Bin (- 6) = gpr = -^p-=-Bin ft 

, >,, OM OM ^ 

, ^, MP' -MP 
tan(-«) = -^=-Q;^ = -tan^, 

^, ., OM OM . 

cot(-^)=-^, = — g^=-COt^, 

, ^ OF OP . 

cosec ( - ^) = -jgp = — ^ = - cosec ^, 

A / n\ OP' OP . 

and sec(-^)=-^^= =secft 



OM OM 
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[In this article, and the following articles, the values of the last four 
trigonometrical ratios may be found, without reference to the figure, 
from the vsdues of the first two ratios. 

sin ( — 0) - sin . ^ 

cot(-»)=??ii::||=^=-oote. 

^ ' 8in(-^) -sm^ 

cosec(-^) = -r-7 — ^ = — ;— 2=-ooseo^, 
^ ' sin(-^) -Bin^ 

and Bec(-^)= r— ^ = 5=8ec^.] 

^ ' 00S(-^) COB^ 

an. Sin (-30°)= -sin 80°= ~|, 

tan ( - 60°) = - tan 60°= - ^/3, 
and cos(-46°)=cob46°=-75. 

69. To find the trigonometricdl ratios of the angle 
(90"* — 0) in terms of those of 0, for all values of 0. 

The relations have already been discussed in Art. 39, 
for values of less than a right angle. 

Let the revolving line, starting from OA, trace out 
any angle A OP denoted by 0. 

To obtain the angle 90** — 0, let the revolving line 
rotate to B and then rotate from B in the opposite 
direction through the angle 0, and let the position of the 
revolving line be then OP'. 

The angle AOP is then 90'' - ft 

Take OF equal to OP, and draw P'if and PM per- 
pendicular to OA, produced if necessary. Also draw FN' 
perpendicular to OB, produced if necessary. 
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In each figure, the angles AOP and BOP" are numeri- 
cally equal, by construction. 








ON > 



ff 

y 




M O. 



;,™<N' 




Hence, in each figure, 

since ON' and MP' are parallel 

Hence the triangles MOP and MP'O are equal in all 
respects, and therefore 0M= M'P numerically, 

and OM' = MP numerically. 

Also, in each figure, OM and M'P' are of the same 
sign, and so also are MP and 0M\ 

ie. 0M = + MP\ and Oif = + MP. 

5—2 
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Hence 

•in(0O°-d) = sin^0F 

cof (0O° - 6) = cos AOP = 

tan (90° - d) = tan il OP* = 

cot (90' -$) = cot A OF = 

sec (90° - tf) = aec ^ OF = 

and cosec (90° — &)= cosec A 01" = 



MF OM 



OF 

OM 
OF 

M'F 
OM 

OM 
MP' 
OF 
OM' 
OF 



= COf 0, 



= cot^, 



"OP 

MP 
~ OP 

OM 
~MP 

OP 
~ MP 

= >rT>=secft 



= cosec 0, 



M'F OM 



70. To find the trigonometrical ratios of the angle 
(90° + 6) in terms of those of 0,for all values of 6. 




W- o 



•. M^ A 





ANGLES OF ANT SIZE AND SIGN. 69 

Let the revolving line, starting firom OA, trace out 
any angle and let OP be the position of the revolving 
line then, so that the angle AOP is 6. 

Let the revolving line turn through a right angle from 
OP in the positive direction to the position OP'f so that 
the angle AOP' is (90" + 6). 

Take OP' equal to OP and draw PM and FM 
perpendicular to ^0, produced if necessary. In each 
figure, since POP* is a right angle, the sum of the angles 
MOP and P'OM is always a right angle. 

Hence Z MOP = 90** - Z FOM = Z OFM. 

The two triangles MOP and MFO are therefore equal 
in all respects. 

Hence OM and M'P' are numerically equals as also 
MP and OM' are numerically equal. 

In each figure, Ofd and MP' have the same sign, 
whilst MP and OM have the opposite sign, so that 

ifP' = + OJf, and Oif' = - ilfP. 
We therefore have 

■in (00° + 6) = sin 40P' = ^ = ^= coi 0. 

(COB 00° + 6) = cos AOP- = ^, = ^^ =- iln ft 

MF OM 
tan (90° + 5) = tan ^ OP' = "^ = f^ = - cot ^, 

o\r —MP 

cot (90° + d) = cot ^OP' = -^, = -^ = - tan 5, 

OF OP 
sec(90" + 5) = secilOP' = ^ =-i^«-C06ec^, 

OP' OP 

and cosec (90'' + ^) = cosec AOP' = T«p7 = ^^^ = seed. 
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Bzs. sinl60®=8in(90'* + 60°)=ooB60°=i, 

COS 136° =008 (90° + 45°)= -sin 45° = - ^i. 
and tanl20°=taii(90°+30°)= -cot30°= - ^3. 

71. Supplementary Angles. 

Two angles are said to be supplementary .when their 
sum is equal to two right angles, %,e, the supplement of 
any angle is 180® — 0, 

Bsk The supplement of 80°=180°>80°=150°. 
The supplement of 120° =180°- 120° =60°. 
The supplement of 275°= 180° - 276*»= - 96°. 
The supplement of - 126°= 180° - ( - 126°) = 306°. 

72. To find the values of the trigonometrical ratios of 
the angle (180° — 0) in terms of those of the angle 0, for all 
values of 0, 






M??^0--^ 




Let the revolving line start from OA and describe any 
angle AOP (= 0). 



t 
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To obtain the angle ISO** — 0, let the revolving line 
start from OA and, after revolving through two right 
angles (i.e. into the position OA'), then revolve back 
through an angle 6 into the position OP, so that the angle 
A' OP' is equal in magnitude but opposite in sign to the 
angle AOP. 

The angle AOP is then 180° - 0. 

Take OP equal to OP, and draw PM' and PM 
perpendicular to AOA\ 

The angles MOP and MOP are equal, and hence the 
triangles MOP and M'OP are equal in all respects. 

Hence OM and OM' are equal in magnitude, and so 
also are MP and MP. 

In each figure, OM and OM' are drawn in opposite 
directions, whilst MP and M'P are drawn in the same 
direction, so that 

OM:^^-' OM, and MP^-\- MP. 
Hence we have 
■ln(I8O<'-0) = 8m^OP' = ^= ^ = slnft 

cos (180° - ^) = cos ^Oi" = ^, = =^ = - cos ft 

MP" MP 
tan (180" - ^) = tan il OF = g^ = 3^^ = - tan ^, 

cot (180' - ^) = cot il OF = -^' = ^^^ = - cot ^, 

sec (180^ - ^) = sec ^OP' = ~^, = -^ = - sec ^, 

OP' OP 
and cosec (180° — ^) = cosec A OP = ^r^j^, = -v^ = cosec ^. 
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Baa. Bml20«=:Bm(180°-60°)=8m60°=^, 

COB 136°=oo8(180«-46^= -008 45*'= - -^, 

and tanl60°=tan(180°-30°)= -tan80<>= -^s* 




73. To fimd the trigonometrical ratios of (180° + 0) in 
terms of those of 6, for all values of 6. 

The required relations may be obtained geometrically, 
as in the previous articlea The figures for this propo- 
sition are easily obtained and are left as an example for 
the student. 

They may also be deduced from the results of Art. 70, 
which have been proved true for all angles. For putting 
90° + ^ = JB, we have 

Bin (ISO** + 6) = sin (90° + JB) = cos 5 (Art. 70) 

= cos (90° + ^ = - sin (9, (Art. 70) 

and COB ( 1 SO** + 0) = cos (90° + 5) = - sin J5 (Art. 70) 

= - sin (90° + ^) = - COB ft (Art. 70). 

So tan (180° + ^) == tan (90° + JB) = - cot £ 

= -cot(90° + ^) = tan^, 
and similarly cot (180° + ^) = cot 0, 

sec (180** + ^) = - sec 0, 
and cosec (180° + ^) = — cosec 0, 

74. To fivd the trigonometrical ratios of an angle 
(860° + 0) in terms of those of 0,for all valv£s of 0. 
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In whatever position the revolving line may be when 
it has described any angle 0, it will be in exactly the same 
position when it has made one more complete revolution 
in the positive direction, i,e. when it has described an 
angle 360* + 0. 

Hence the trigonometrical ratios for an angle 360° + 
are the same as those for 0. 

It follows that the addition or sabtraction of 360°, or 
any multiple of 360°, to or from any angle does not alter 
its trigonometrical ratios. 

76. From the theorems of this chapter it follows that 
the trigonometrical ratios of any angle whatever can be 
reduced to the determination of the trigonometrical ratios 
of an angle which lies between 0° and 45°. 

For example, 

sin 1765° = sin [4 x 360° + 325°] = sin 325° (Art. 74) 

= sin (180° + 145°) = - sin 145° (Art. 73) 

= - sin (180° - 35°) = - sin 35° (Art. 72); 

tan 1190° = tan (3 X 360° + 110°) = tan 110° (Art. 74) 

= tan (90° + 20°) = - cot 20° (Art. 70) ; 

and cosec ( - 1465°) = - cosec 1465° (Art. 68; 

= - cosec (4 X 360° + 25°) = - cosec 25° (Art 74). 

Similarly any other such large angles may be treated. 
First, multiples of 360° should be subtracted until the 
angle lies between 0° and 360° ; if it be then greater than 
180°, it should be reduced by 180° ; if then greater than 
90°, the formulae of Art. 70 should be used, and finally, if 
necessary, the formulae of Art. 69 applied. 
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76. The table of Art. 40 may now be extended to 
some important angles greater than a right angle. 



Angle 


0' 


30" 


45° 


60° 


90° 


120° 


^35° 


150° 


180* 



Sine 





1 
2 

V3 
22 

1 
v'3 


1 

V2 


^/3 

2 


1 



f 

00 


1 

00 


V3 
2 


1 

^/2 


1 
2 


Cosine 


1 


00 

00 

1 


1 


1 

2 

1 


1 
2 


1 
^/2 


V3 
2 


-1 


00 

00 

-1 


Tangent 


1 


V3 

1 
^/3 

2 
^/3 

2 


-V3 


-1 


1 

^/3 


Cotangent 


V3 

2 

2 
V3 


1 
V2 


1 
^/3 


-1 


-V3 


Cosecant 


2 
V3 


V2 


2 


Secant 


-2 


-^/2 


2 
s/3 



BXAMFTiTO. Z. 
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Prove that 

1. Bin 420° cos 890° + cos ( - 300°) sin ( - 330°) = 1. 

2. cos 570° sin 510° -sin 880° cos 390°=0. 
anij. tan225°cot405°+tan766°oot675°=0. 



I ■> 



What are the valaes of cos ^- sin ^ and tanil + oot^ when A has 
the Yalaes 

M T - 2ir « 5ir « 7ir , ^ llir_ 

^3' ^' T' 6« 4-» 7. Y *"^ ®* "3"' 
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What yalnes between 0° and 360° may A have when 

9. Bin^ = j^, ,10. 0O8il = -2, 11. tan/l=-l, 

2 
12. cot 4 = - ^/3, 13. sec il = - -75 and 14. co8ec^= - 2 ? 

Express in terms of the ratios of a positive angle, which is less than 
45°, the quantities 

^16. 8in(-te°). 16. cos (-84°). 17. tan 137°. 

18. sin 168°.' y 19. cos 287°. ^ 20. tan ( - 246°). 

21. sin 843°. 221 cos (-928°). 23. tan 1146°. 

24. cos 1410° ^25. cot (-1054°). 26. sec 1827° and 

27. cosec(-766°). 

What sign has sin A + cos A for the following values of A 7 

28. ^io'K 29. ^^ 30. -^s'^and 31. -1125°. 
What signhas sin A -fiOBA for the following values of ^ ? 

32. 2i^.' 33. w"^ 34. -634° and 36. -457°. 

36. ^uid the sines ana cosines of all angles In the first four quadrants 
whose tangents are equal to cos 135°. ^ ^ ^ ^ ^ 

Prove that - ^. ' 

. 37. sin (270° +4)=- cos il, and tan (270°+ ^4)= -cot ^. /' i ^ 

38. cos (270°-^)=- sin il, and cot (270° -.4)= tan 4. ^- ^ 

39. cos4 + sin(270°+il)-sin(270°-il) + oos(180° + il)=0. A 

40. sec(270°-i4)seo(90°-i4)-tan(270°--4)tan(90°+i4) + l=0. 

41. cot^+tan(180°+il) + tan(90°+i4)+tan(860°-il)=0. 






CHAPTER VI. 

GENERAL EXPRESSIONS FOR ALL ANGLES HAVING A 
GIVEN TRIGONOMETRICAL RATIO. 

77. To construct the least positive angle whose sine is 
equal to a, where a is a proper fraction. 

Let OA be the initial line, and let OB be drawn in the 
positive direction perpendicular to OA. 

Measure off along OB a distance 
ON which is equal to a units of length. 
[If a be negative the point N will lie in 
BO produced.] 

Through N draw NP parallel to OA. With centre 0, 
and radius equal to the unit of length, describe a circle 
and let it meet NP in P. 

Then AOP will be the required angle. 

Draw PM perpendicular to OA, so that 

. .^n MP ON a 

The sine of AOP is therefore equal to the given 
quantity, and hence AOP is the angle required. 
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78. To construct ths least positive a/ngle whose cosine 
is equal to b, where bis a proper fraction. 

Along the initial line measure off a distance OM equal 
to b and draw MP perpendicular to OA. 
[If b be negative, M will lie on the other 
side of in the line AO produced.] 

With centre 0, and radius equal , to 
unity, describe a circle and let it meet 
JfP in P. 

Then AOP is the angle required. For 

.^p 0Mb. 

cos AOF = yrp = - = 6. 

79. To construct the least positive a/ngle whose tangent 
is equal to c. 

Along the initial line measure off ^^ 

OM equal to unity, and erect a per- 
pendicular MP, Measure off MP 
equal to o. 
Then 

^^AOP=-^^c, 
80 that AOP is the required angle. 

80. It is clear from the definition given in Art. 50, 
that, when an angle is given, so also is its sine. The 
converse statement is not correct ; there is more than one 
angle having a given sine; for example, the angles 30°, 
150°, 390°, - 210°,... all have their sine equal to i. 

Hence, when the sine of an angle is given, we do not 
definitely know the angle ; all we know is that the angle 
is one out of a large number of angles. 
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Similar statements are true if the cosine, tangent, or 
any other trigonometrical function of the angle be given. 

Hence, simply to give one of the trigonometrical 
functions of an angle does not determine it without 
ambiguity. 

81. Suppose we know that the revolving line OP 
coincides with the initial line OA, All we know is that 
the revolving line has made 0, or 1, or 2, or 3,... complete 
revolutions, either positive or negative. 

But when the revolving line has made one complete 
revolution, the angle it has described is (Art. 17) equal to 
27r radians. 

Hence, when the revolving line OP coincides with the 
initial line OA, the angle that it has described is 0, or 1, 
or 2, or 3... times 27r radians, in either the positive or 
negative directions, i,e. either 0, or ± 27r, or ± 47r, or ± 67r.,. 
radians. 

This is expressed by saying that when the revolving 
line coincides with the initial line the angle it has de- 
scribed is 2n7r, where n is some positive or negative 
integer. 

82. Theorem. To find a general expression to in- 
clude all angles which have the same sine. 

Let AOP be any angle having the given sine, and 
let it be denoted by a. 

Draw PM perpendicular to OA ,,--" '•>... 

and produce MO to M, making 
OM' equal to MO, and draw Jf F 
parallel and equal to MP. 

As in Art. 72, the angle AOP' 
is equal to tt — o. 
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When the revolving line is in either of the positions 
OP or OP'y and in no other position, the sine of the angle 
traced out is equal to the given sine. 

When the revolving line is in the position OP^ it has 

made a whole number of complete revolutions and then 

described an angle a, t.6., by the last article, it has described 

an angle equal to 

2r7r + a (1) 

where r is zero or some positive or negative integer. 

When the revolving line is in the position OP', it has, 

similarly, described an angle 2r7r + -4 OP', i.e. an angle 

2r7r + TT — a, 

t.e. (2r + l)7r-a (2) 

where r is zero or some positive or negative integer. 

All these angles will be found to be included in the 
expression 

n7r+(-ira (3), 

where n is zero or a positive or negative integer. 

For, when n = 2r, since (— 1)*" = + 1, the expression (3) 
gives 2r7r + a, which is the same as the expression (1). 

Also, when n = 2r + 1, since (— l)»'+i = — 1, the expres- 
sion (3) gives (2r+l)7r — a, which is the same as the 
expression (2). 

Cor. Since all angles which have the same sine have 
also the same cosecant, the expression (3) includes all 
angles which have the same cosecant as a. 

83. Theorem. To fiind a general expression to in- 
clude all angles which have the same cosine. 

Let AOP be any angle having the given cosine, and 
let it be denoted by a. 
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Draw PM perpendicular to OA and pro- 
duce it to P\ making PM equal to MP*. 

When the revolving line is in the position 
OP or OP'y and in no other position, then, as 
in Art 78, the cosine of the angle traced out 
is equal to the given cosine. "'" 

When the revolving line is in the position OP, it has 
made a whole number of complete revolutions and then 
described an angle a, i,e, it has described an angle 2mr + a, 
where n is zero or some positive or negative integer. 

When the revolving line is in the position OP*, it has 
made a whole number of complete revolutions and then 
described an angle — a, i,e. it has described an angle 27?7r— a 

All these angles are included in the expression 

2n7r + a (1) 

where n is zero or some positive or negative integer. 

Cor. The expression (1) includes all angles having 
the same secant as a. 



84. Theorem. To find a general eospression for all 
angles which have the same tangent. 

Let AOP be any angle having the given tangent, 
and let it be denoted by a. 

Produce PO to P', making OP' 

equal to OP, and draw PW per- ^y' 
pendicular to OM. 

As in Art. 73, the angles AOP 
and AOP have the same tangent ; 
also the angle AOP^ = tt -f a. 

When the revolving line is in 
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the position OPy it has described a whole number of 
complete revolutions and then turned through an angle 
a, i.e, it has described an angle 

2nr+a (1), 

where r is zero or some positive or negative integer. 

When the revolving line is in the position 0P\ it has 
similarly described an angle 2r7r + (tt + a), 

ie. (2r + l)7r + a (2). 

All these angles are included in the expression 

nTT + a (3), 

where n is zero or some positive or negative integer. 

For, when n is even, (= 2r say), the expression (3) 
gives the same angles as the expression (1). 

Also, when n is odd, (= 2r + 1 say), it gives the same 
angles as the expression (2). 

Cor. The expression (3) includes all angles which 
have the same cotangent as cu 

86. In Arts. 82, 83, and 84 the angle a is any angle 
satisfying the given condition. In practical examples it 
is, in general, desirable to take a as the smallest positive 
angle which is suitable. 

Bz. 1. Write down the general expression for all angles, 

(1) whose sine is equal to ^r- , 

(2) whose cosine is eqital to - -^^ 

and (3) whose tangent is equal to —tt . 

(1) The smallest angle, whose sine is ^, is 60°, ue, ^. 

L. T. 6 
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Hence, by Art. 82, the general expression for all the angles which 
have this sine is 

nir+(-l)*|. 

(2) The smallest positive angle, whose cosine is - ^ , 

27r 
is 120°, i,e, ^ . 
o 

Hence, by Art. 83, the general expression for all the angles which 
have this cosine is 

2nir=fc-5-. 

(3) The smallest positive angle, whose tangent is -j^ , 

is 80°, i,e. ^ . 
o 

Hence, by Art. 84, the general expression for all the angles which 
have this tangent is 

IT 

nir+g . 

Bz. 2. What i$ the moat general value of satisfying the equation 
Bin«^=^? 

4 

Here we have sin ^= ± ^ . 

2 I 



Taking the npper sign, 

. - 1 .IT 

smd=-=8mg. 

.-. ^=nT+(-l)*g. 
Taking the lower sign, 



I 



8in«=-i=sin(-^). 



.-. $=nr-\- 
Pnttlhg both solutions together, we have 



or, what is the same expression, 



^=snir±g. 



EXAMPLES. 83 

i. What is the mast general value of $ which satisfies both of the 
equations sin ^ = - ;r and tan ^= -79 ? 

Considering only angles between 0° and 360°, the only values of $, 
when sin ^ = - ^ , are 210° and 830°. Similarly, the only valaes of 6, when 

tan9=4o> ^^^ ^^ ^^ 210°. 

The only value of d, between 0° and 360°, satisfying both conditions 

is therefore 210°, i.e, -^ , 

D 

The most general value is hence obtained by adding any maltiple 
of four right angles to this angle, and hence is 2nr + -^, where n is any 

D 

positive or negative integer. 



EXAMPLES. XI. 

What are the most general values of 6 which satisfy the equations, 



1. 


sm^=3. 


2. 


8in(?=-^^. 




^«- 


sm9-^2- 


4. 


1 
oos^=-^. 


5. 


cos9=^. 




^'■ 


cos9=-^2. 


7. 


tan^=V3. • 


8. 


tan9=-l. 
cosec9=^. 




>«• 


cot 9=1. 


10. 


sec 9=2. 


11. 




12. 


Rina9=l. 


13. 


oos»9=i. 

4 


14. 


ion^e=^. 




15. 


4ffln3 9=d. 


16. 


2cot^9=cosec' 


e. 


17. seo«9= 

• 


4 
'3 


? 





y 18. What is the most general value of $ that satisfies both of the 
•>%qaations « 

oos9= - -^ and tan9=l? 

19. What is the most general value of $ that satisfies both of the 

equations 

oot9= -V^ and cosec9= -2? 

6—2 
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20. If cos (^ - £) = ^ , and Bin (A +3)=^, find the smallest positive 
values of A and B and also their most general values. 

2 

21. If tan (^ - JB) = 1, and see (^ + -B) = -7^ , find the smallest positive 

values of A and B and also their most general values. 

22. Fhid the angles between 0° and 360° which have respectively (1) 
their sines equal to ^ , (2) their cosines equal to ~- , and (3) their tan- 

gents equal to -y^ . 

23. Taking into consideration only angles less than 180°, how many 

- 5 14 

-^ values of x are there if (1) singes-, (2) cosa;=^, (3) cosxs -v, 

2 

(4)tana;=s^, and (5) cota;=-7? 
o 

24. Given the angle x construct the angle y if (1) sin ^=2 sin as, 
(2) tan ^ = 3 tan x, (3) cos y = n ^^^ ^> ^^^ W sec y = cosec x. 

25. Shew that the same angles are indicated by the two following 
formulae : (1) {2n - 1)^ + ( - 1)* 5 , and (2) 2nir =** ^ » w being any integer. 

26. Prove that the two formulae 

(1) ^2n+iW±o and (2) nir+(-l)* (|-o^ 

denote the same angles, n being any integer. 
Illustrate by a figure. 

27. If ^-a=nT + (-l)**/3, prove that ^=2mir + a+j8 or else that 
^=(2m+l)ir + a-j3, where m and n are any integers. 

28. If cosp^ + cos q0=O, prove that the different values of form two 

2ir 
arithmetical progressions in which the common differences are and 

respectively. 

8 



29. Construct the angle whose sine is 



2+V5* 



EQUATIONS. 85 

86. An equation involving the trigonometrical ratios 
of an unknown angle is called a trigonometrical equation. 

The equation is not completely solved unless we 
obtain an expression for all the angles which satisfy it. 

Some elementary types of equations are solved in the 
following article. 

ft 

87. Bz. 1. Solve the equation 2 mn^x + V^ oos a; + 1 = 0. 

The equation may be written 

2-2co8'a? + <^3cosar + l = 0, 
i,e. - 2co8^aJ-<^3coBaf-3=sO, 

i.«. (cob X - ijS) (2 cos X + ^B) = 0. 

The equation is therefore satisfied by cos 2= ^^8, or oosa;= -^. 

Since the cosine of an angle cannot be numerically greater than unity, 
the first factor gives no solution. 

The smallest positive angle, whose cosine is - ^, is 150°, i,e, -^ , 

a O 

Hence the most general value of the angle, whose cosine is - ^ , 

i8 2nir±~. (Art. 83.) 

This is the general solution of the given equation. 



2 . Solve the equation tan 59 = cot 29. 
The equation may be written || 

tan59=tan^|-29V 

Now the most general value of the angle, that has the same tangent as 

^-29, is, by Art. 84, nir+^-29, 

where n is any positive or negative integer. 

The most general solution of the equation is therefore 

69=nir+5-29. 
where n is any integer. 
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[Exs.Xn.] 



BXAMPLTO Zn. 



Solve the equations 



1, 008* tf- Bind- 2=0. 



/ 



2. 28in*d+8co8d=0. 



y3. 2V3ooB'd=8ind. 

"^5, 4co8d-88eod=2tand. 

7. tan»d-(l+V3)tand+V3=0. 

\ cot3d+(V3+Jg)cot^+l=0. 

9, ootd-a&tftnd=a-&. 

11. 8eod-l = (V2-l)tand. 

13, cotd+tftnd=2co8eod. 

15. 88in«d-2 8ind=l. 



4. cos d +008*^=1. 



jp. sin3d-2 008^+2=0. 



16. sin5d=: 



17. sin 9d= Bind. 

19. oosmdssoosnd. 

21. 008 5d = C08 4d. 

23. cotd=tftn8d. 

25. tan2d=tan|. 

27. tan' 8d soot' a. 

29. tan' 8d stanza. 

31. taniruB+ootnxsO. 



ylO. tan«d+oot«d=2. 

12. 8(8e6>d+tan3d) = 5. 

14. 4cos'd+V8=2(V8 + l)oosd. 

18. sin 3d = sin 2d. 

20. Bin2d=cos3d. 

22. 008 md = sin n$, 

24. cot ds tan nd. 

26. tan2dtand=l. 

28. tandd=cotd. 

30. 3tiui3d=l. 

32. tan (r cot d) = cot (r tan d). 



33. sin(d-0)=g, and oos(d+0) = 2. 

1 ik/3 

34. oos(2aj+8y) = g,andcos(3aj+2y) = ^. 

35. Find all the angles between QP and 90° which satisfy the equation 

sec' d cosec^ d + 2 cosec' d = 8. 

36. If tan' d=2 1 find versin d and explain the doable result. 

37. If the coTersin of an angle be ^ , find its cosine and cotangent. 



yX/^"^ 



ii4 <u- ;■ 



^^ 
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CHAPTER VII. 



TRIGONOMETRICAL RATIOS OF THE SUM AND DIFFERENCE 

OF TWO ANOLEa 



88. 



o/nd 



Theorem. To prove that 

sin (-4 + jB) = sin Aco8B + cos A sin B, 

cos ( J. + 5) = cos A cos 5 — sin -4 sin B. 




M Q 




A'- M 



Let the revolving line start from OA and trace out 
the angle AOB (=-4), and then trace out the further 
angle BOC (= B). 

In the final position of the revolving line take any 
point P, and draw PM and PJT perpendicular to OA and 
OB respectively; through N draw NR parallel to -40 to 
meet MP in JR, aiid draw NQ perpendicular to OA. 

The an&fle 

nPN.w-zpn.^sNO-.ifoo.A. 



88 TBIOONOMETBT. 

MP MR + RP 



Hence sin {A + B) = sin AOP^ 



0P~ OP 



_QN RPQNON RPNP 
OP^OP~ ON OP'^NP OP 
= sin ^ cos B + cos RPN sia B. 
:. sin (A + B) = sin A cos B + cos A sin B. 

Again cos (il + 5) = cos 4 OP = ^=^^^^ 

_0Q RN_OQON RNNP 
OP OP ON OP NP OP 
= cos A cos B — sin RPNaia B. 
cos(A + B) = cos A cos B — sin A sin B. 



• • 



89. The figures in the last article have been drawn only for the case 
in which A and B are acute angles. 

The same proof will be found to apply to angles of any size, due 
attention being paid to the signs of the quantities involved. 

The results may however be shewn to be true of all angles, without 
drawing any more figures, as follows. 

Let A and B be acute angles, so that, by Art. 88, we know that the 
theorem is true for A and B, 

Let A^=W+A, so that, by Art. 70, we have 

sinili=co8^, and oosilisr -sin^. 

Then sin(ili+B)=8in{90°+(^+J5)}=cos(ii+B), by Art. 70, 

= cos il cos JB - sin ^ sin £ = sin il J cos JB + cos ^1 sin £. 
Also cos(ili+J5)=cos[90°+(^+P)]= -sin(^+jB) 

= -sin^ co8^-oo8ilsinJB=cosiliCOsJB-8iniliSin^. 

'Similarly, we may proceed if B be increased by 90^. 

Hence the formulae of Art. 88 are true if either ^ or £ be increased 
by 90°, i,e, they are true if the component angles lie between QP and 
180°. 

Similarly, by patting A^^^QP+A-i^ we can prove the truth of the 
theorems when either or both of the component angles have values 
between 0° and 270°. 

By proceeding in this way, we see that the theorems are true uni- 
versally. 
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90. Theorem. To prove that 

8iji{A — -B)/= sin 4 cos -B — cos il sin 5, 

and cos (4 — 5) = cos -4 cos 5 + sin 4 sin B. 

Let the revolving line starting from the initial line 
OA trace out the angle 
AOB (= A), and then, re- 
volving in the opposite di- 
rection, trace out the angle N/ |K 

BOC, whose magnitude is 
B. The angle 4 0(7 is there- 
fore A—B. 

Take a point P in the 
final position of the revolv- 
ing line, and draw PM and PN perpendicular to OA and 
OB respectively ; from N draw NQ and NR perpendicular 
to OA and MP respectively. 

The angle RPN^ 90°- Z PNR^ Z RNB=^ Z QON^^A. 

Hence 

• /J m • Ann ^^ Mft^P R QN PR 
sm (4 - -B) = sin AOC= Qp-^" qW ~ 




OP OP 



QNON PRPN 



"" ON OP PN OP 
=3 sin 4 cos B - cos RPN ain B, 
so that sill (A - B) = sin A cos B - cos A sin B. 

OQ^NR 



Ai /J ox OM OQ + QM 

Also cos (4 - £) = 7^-p = np " = 



OP 



OP 



OP^ OP 



OQ ONNRNP . „^ . ^pp . p 

'^ofwnp of""^^® ^® ■*"®^ ' 



so that cos (A — B) = cos A cos B + sin A sin B. 
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91^ The proofs of the preyious artide will be found to apply to 
angles of any size, provided that due attention be paid to the signs of 
the quantities involved. 

Assuming the truth of the formulae for acute angles, we can shew 
them to be true universally without drawing any more figures. 
For, putting -4i=90°+-4, we have, 

(since sin ill = cos ii, ^^^ cos Jj= -sinJ), 
8in(-4i-£) = sin[90°+(il-B)]=cos(il-^) (Art. 70) 

=co8 ^ cos ^+ sin J sin £ 
= sin A-^ cos B - cos A^ sin B. 

Also cos {JL^ -B)= cos [90° +{A-B)]= -an(A~B) (Art. 70) 

== -eiuA cos B+oobA sin B 
= ooBAieoBB+smAianB, 

Similarly we may proceed if B be increased by 90°. 

Hence the theorem is true for all angles which are not greater than 
two right angles. 

So, by putting ^s=:90°+iii, we may shew the theorems to be true for 
all angles less than three right angles, and so on. 

Hence, by proceeding in this manner, we may shew that the theorems 
are true for all angles whatever. 

92. The theorems of Arts. 88 and 90, which give 
respectively the trigonometrical functions of the sum and 
diflFerences of two angles in terms of the functions of the 
angles themselves, are often called the Addition and 
Subtraction Theorema 

93. Bac 1. Find the values of an 75° and cos 75°. 

sin 75°=sin (45° + 30°) = sin 45° oos 80°+ cos 46° sin 80° 

■"V2 * 2 "*";72 2""~2V2 * 
and cos75°=coB(45°+80°)=cos45°cos80°-8in45°sin80° 

1 ys 1 1 V3-1 
""V2 2 ^2 2"" 2^2 • 
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a. Prove that sin {A + B) nn {A -3)= sir? A - sin^ B, 
and COS (A + B) cos {A - B)=seo8* A - sin^ B, 

By Arts. 88 and 90, we have 
Bin{A+B).aii{A-'B)=s(aiLAooBB + co6AmiB){anAooBB-'eoBAajiB) 
= Bin" J cos« J5 - ooii" ii sin3 J5 = sin3 ii (1 - Bin" B) - (1 - sinM) . sin* J5 
= sin»ii-Bin«B. 

Again, by the same articles, we have 
008 (il + -B) COB (^ - P) = (008 ^ cos P - Bin ^ Bin JB) (eosil COS B + sin ^ sinB) 
=co8»-4 cos* B- Bin^ii sin*B=coB» A{1- 8in»B) - (1 - cos* A) sin^B 
=008*^4- sin' B. 



i. Aituming the formulas for an{x+y) and cos {x+y), deduce 
the formuUie for amix-y) and cos {x - y). 

We have 

sinar=8in{(a;-y)+y} = 8in(aj-y)cosy+cos(aj-y)siny (1), 

and cos x= cos {(a; - 2^) +y} =008 (a; -2^) cosy -sin (a; -y) sin y (2). 

Multiplying (1) by cosy and (2) by sin y and subtracting, we have 

sin a; cos y - cos X sin y = sin (a; - y) {cos* y + sin' y } = sin (re - y). 
Multiplying (1) by sin y and (2) by cosy and adding, we have 
sinxsiny + cosa;cosy=cos(a;— y) {cos'y + sin'y}=coB(aj-y). 

Hence the two formulae required are proved. 

These two formulae are true for all values of the angles, since the 
formulae from which they are derived are true for all values. 



zV 



/ t 



EXAMPLsa xm. 



8 9 

1. If sin 0=7 and cob/3= jj, find the value of sin (a - /9)andcos(a+/3). 

2. If sina=7^ and sin/3=^, find the values of sin (a -/9) and 

sin (a+/3). 

15 12 

3. If sin a=7= and C08/3= jo i fiiid the values of sin (a +/3), cos (a - p), 

and tan(a+/9). 
Prove that 

4. cos (46« - A) cos (46<> - B) - sin (46*' - ii) sin (45*' - B) = sin {A-^B). 
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5. sin (45<' + A) oos (45° - B) + cos (45° + A) sin (45° - J3) = cos (^ - B). 



Bin(^-B) Bin(B-C) sinjC-A) 
cos A COB B cos B COB O oos O oos ^^ 



7, sin 106° 4 cos 105°=cos 46°. 

«r-y'^ ! 

8, sin 75° - sin 16° = cos 105° + cos 16°. ^^u^ 

9, oos a cos (7 - a) - sin a sin (7- a) = cosy. 

10. cos (o + /3) cos Y - cos (/J + 7) 008 0= sin /5 sin (7-0). 

11. sin(n+l)^Bin(n-l)il + cos(n4-l)ilcos(n-l)J=co8 2i!i. 

12. sin (n+ 1) il sin (n+2) il + cos {n+l)A cos {n + 2)A =co8 A, 

CJ 94. From Arts. 88 and 90, we have, for all values of 
A and B, 

sin (A+B) = sin -4 cos 5 + cos A sin £, 

and sin (-4. — 5) = sin J. cos -B — cos A sin £. 

Hence, by addition and subtraction, we have 

8in(4+5) + sin(^-5) = 2sin^cosB (1), ^ 

and sin(il + B)-sin(il-5)=:2cos4sin5 (2). 

From the same articles we have, for all values of A 

and B, 

cos {A + B) = cos -4 cos 5 — sin -4 sin B, 

and cos (-4 — 5) = cos J. cos 5 + sin -4 sin B. 

Hence, by addition and subtraction, we have 

cos(il + 5) + cos(-4-5) = 2cosilcos5 (3), 

and cos(-4-5) — cos(il + -B) = 2sin-4sin5 (4). , 

Put ^ + 5 = (7, and A-B = D, so that 
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On making these substitutions, the relations (1) to (4) 
become, for all values of G and D, 

C+D C-D 

8inC + 8inD = a8in— ^— cos — g— I, 

C+D C-D 

sin O - sin D = a cos ^ sin ^ II, 

C+D C-D 

cos C + cos D = 3 cos ^ cos ^ ... Ill, 

C+D C-D 

and cos D - cos C = 3 sin — --— sin ———... IV. 

3 3 

[The student should carefully notice that the left-hand 
member of IV is cos D — cos C and not cos C — cos D.] 

i . t- 96. These relations I to IV are extremely important 
and should be very carefully committed to memory. 

On account of their great importance we give a geo- 
metrical proof for the case when G and D are acute angles. 

Let AOG be the angle G and ADD the angle D, 
Bisect the angle GOD by the straight line OE. On OE 
take a point P and draw QPR perpendicular to OP to 
meet OG and OD in Q and R respectively. 

Draw PL, QM, and RN perpendicular to OA, and 
through R draw R8T perpendicular to PL or QM to 
meet them in S and T respectively. 

Since the angle DOG is C — D, each of the angles 

0—2) 
DOE and EOGia — ^ — , and also 

zAOE==zAOD + /:DOE=^D + ^^^ = ^^ . 

Since the two triangles POR and POQ are equal in 
all respects, we have OQ = OR, and PR = PQ, so that 

RQ = 2RP. 



94 
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Hence QT = 2P£f, and RT= 2R8, i.e. MN = 2J/Z. 

Therefore MQ + NR^TQ-\- 2L8^ 2SP + 2L8= 2LP. 

Also OM-k- 0N = 20M + MN= 20M+ 2ML = 20L, 

Ti ' ri r ' T^ ^Q NR MQ + NR 

Hence sm C + sinD = -^ + -^ = ^J 

OQ^OR OR 




= 2^. ^ = 28in ZOP cos POB 



Oii OP OB 

„ . (7+Z> C 
= 2 am — = — cos 



D 



/ 



2 — 2 
Again, 8mC-sinI)=^-^ = ^Qr5^ = a 



05 



OiJ 



022 



>■ 



iSP iSfP KP 

= 2 cos — g— sin — g— , 

I for ^8PR=dO'-/^SPO = ^LOP = ^^~\. 

Ai /^, n OM ON OM+ON 
Al80,cosO+cosD = ^+^ ^^_ 

~ 0iJ~^0P0i2 

= 2 cos ZiOP cos P0i2 = 2 cos ^i? cos ^^ 
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X,. n n /. ON OM ON^OM 

Finally, cos J-co8(7=^— q^=: ^^ 



MN_ SR 28RPR 
"OR " OR" PR OR 

= 28in iSfPiJ. sin POii 

= 2 sin — ^ — sin — ^r — . 



^96. The student is strongly urged to make himself 
perfectly familiar with the formulae of the last article and 
to carefully practise himself in their application ; perfect 
familiarity with these formulae will considerably fSeu^ilitate 
his further progress. 

The formulae are very useful, because they change 
sums and differences of certain quantities into products of 
certain other quantities, and products of quantities are, as 
the student probably knows from Algebra, easily dealt 
with by the help of logarithms. 

We subjoin a few examples of their use. 

Bz.1. 8m6^+Bin4d=28in?^4^oo8?!?^=2Bm6doos^. 
Bx. 2. COS 8^ -COB 7^=2 Sin — ;; — sin — ^ — =2 sin 5^ sin 29. 



Bac a. 



76° +16° . 76° -16° 

• wco • leo 2 COB s Bin jr 

Bin 76° - Bin 16° _ 2 2 

cos 76° + cos 16° ~ „ 75° + 16° 75° - 16° 

2 cos 5 008 ■= 

2 COB 46° COB 30° /JS S 



[This is an example of the simplification given by these formulae ; it 
would be a very long and tiresome process to look out from the tables the 
values of sin 76°, sin 16°, cob 76°, and cob 16°, and then to perform the 
division of one lo.ng decimal fraction by another.] 



(■ V 



V 

y 
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Bz. 4. Simplify the expression 

(cos d - cos 8^) (sin 8^ + sin 2d) 
(sin 6^ - sin 0) (cos 4$ - cos 6^) ' 

On applying the formulae of Art. 94, this expression 

^ . e+se . se-e . . 8^+2^ 80-2$ 

2 Bin — ~ sin— ^x2sm— 5 — cos — 5 — 

"^ 56 + . 50-e „ . 4^ + 6^ . ^0-4$ 
2 cos — ^ sin — 5 — X 2 sin — 5 — sin — 5 — 

4 . sin 2d sin d . sin 5d cos 39 



y 



4 . cos '60 sin 29 . sin 50 sin 9 



= 1. 



Proye that 



EXAMPLES, XIV. / / 

/ / ••- 






7 » *■ 



c 



. sm79--sin59_ . - eog6i9-oo840 

'■• oob7« + oosM-**°*" ^^ sin 6« + Bin 4« ="*'"'*• 

Bin^+Bin3j ^^^g^ 

COSii+COsSii 

- sin 7-4 - sin ii 

4. • o J ; — s~7 =cos 4^ sec 5-4. 

sin 8^ - sin 2 A 

cos 2B + cos 2w4 

cos 2£- cos 24 \ / V / 

sin 2^ + Bin 2JB tan (^+B) 
"• sin 2^ - sin 2jB ■" tan (i^^) * 

sinii + sin2^ ^ sin 6^1 - sin 3ii . ^ 

'• cos^- cos 2^ -''''' 2* S- cos 3.1 + cos 64 =**''^- 

- oos2J5-cob24 ^ , . ^x 
9- 8in2^ + sin24 =^^<^-^)- 

10. co8(ii+JB) + sin(4-B)=2sin(45° + 4)cos(46*>+J5). 

- - cos SA - cos A cos 24 - cos 44 _ sin 4 
■ sin34-sin4 sin 44 - sin 2 A ~ cos 24 cos 3A ' 

,2 sin (44 > 2B) + sin (4B - 24) 

"" cos(44-2B) + cos(45-24)~^*°^^+^^" 

__ tan 69+ tan 39 . 

13- tan69^tan39 ==^"^^^^^^^^' 
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U 008 39 + 2 COB 5^ + 008 7tf o^ • ao4.^^ao 

. — 3 — s ot: ^=008 29 -am 29 tan 39. 
008 9+2008 89+008 59 

.- 8inil + Bin3^ + 8in5J + 8in7^ . .. 
15. :: ^ . =-j=tan4ii. 

008 il + 008 3il + 008 5^ + 008 7^ 

rin(g+»)-aring.Hrin(tf-») 

008 (9 + ^) - 2 008 9 + 008 (9 - 0) 



17. 



8inii + 2 8m3ii + Bin5ii einS^ 
sin 3il + 2 sin 6^ + sin 7^ " sin 5^ ' 



8in(ii-Cy)+2 8inii + 8in(J + C) _ 8inii 
./^^-^' 8in(J5-C)+28inJB + sin(JB + C)''8inB' 

sin ii - sin 5^ + sin 9ii - sin 13^ _ .. 

cos ii - 008 6ii- 008 9il + 008 134""° 

sinii + sinJB . A+B ,A-B 
=tan-^cot-^. 

= oot -_oot— J-. 



^ 



20. 


sinil-sinJB 


21. 


ooSil+oosB 


OOS£-C08^ 


^. 


sin^+sinJB 


C08il+C0S£ 


23. 


sinil-sinB 


C0S£-C08^ 



. A+B 
=tan-2-. 

A+B 



= cot 



2 



cos(^+B + (7)+co8(-ii + B+(7) + coB(^-B+C7)+0O8(ii+B-C) 
^*" sin(-4+JB + C)+8in(-ii+J5 + C)-8in(il-£+C) + Bin(il+JB-(;) 

ssOOtJS. 

25. O08 3il+oo8 5il+oo8 7^ + oo8l5i!i=4oo84iloo8 5j oos6^. 

26. co8(--4+J5 + (7)+0O8(-4-B + C)+008(ii+JB-a)+0O8(-4+B+C) 

=4 cos A COS JB cos C. 

27. Bin60*»-sin70°+Binl0°=0. 

28. Sinl0°+sin20''+sin40°+8in60»s=sin70<'+8in80°. 

a 3a 
/ 29. sin a + sin 2a + sin 4a + sin 6a =4 008- COS -^ sin 8a. 

/ Simplify 



30. COS |9+U-^^^l-oos|9 + fn+|j0l. 

31. sin W^n-gJ^l+sin J9 + fw+^j0l . 



L. T. 
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97. The formulae (1), (2), (3), and (4) of Art. 94 are 
also very important. They should be remembered in the 
form 

a Bin A cos B = sin (A + B) + Bin (A - B)...(l), 
acos Asin B = sin (A + B) - sin (A - B)...(2), 
a COS Acos B = cos (A+ B) + cos (A - B)...(8), 
a sin A sin B = cos (A - B) - cos (A + B)...(4). 

They may be looked upon as the converse of the 
formulae i — iv. of Art. 94. 



1. 2smd^ooBtfs:sin4^+Bin2d. 

. 4 

\ 

Bz. 2. 2 sin hQ sin 3tf = oos 2^ - oos 8^. 

Bz. a. 2 oos WB cos 2tf = 008 139 + cos 99. 

Bz. 4. Simplify 

sin 89 cos B - sin 69 cos 89 

oos 29 COB 9 - sin 39 sin 49 * 
By the above formulae, the expression 

^ [sin 99+sin 79]-| [sin 99+sin 39] 

2 [oos 39+oos 9] - 5 [cos 9 - oos 79] 

_ sin 79 - sin 39 
"" cos 39+ COS 79 

_ 2 cos 59 sin 29 
~~ 2 cos 59 OOS 29 

= tan 29. 



, by the formulae of Art. 94, 



/ [The student should carefully notice the artifice of first employing 
the formulae of this article and then, to obtain a further simplification, 
employing the convtrit formulae of Art. 94. This artifice is often 
successful in simplifications.] i 

EXAMPLES. XV. 

Express as a sum or difiference the foUowing : 
1. 2sin59sin79. 2. 2oos79sin59. 

3, 2 cos 119 cos 39. 4. 2 sin 54° sin 66°. 



/ . J '^ - -» I - - ■* 



c -^x I *' " 



/^ 
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Prove that 

. . $ , 7$ . 8d . lid . ^^ . ^^ 

5. «in 5Bin-s-+sm-5-sin -s- = 8iii2dBm5d. 

A QA e^ 

6. 008 2^ cos^ -ooBSdcoB-^sdnSdsin-^. 

^ 7. BinilsmU + 2B)-sinJ38in(B + 2^) = 8m(il>J3)Bin(ii+B). 

8. (sin 3^ + sin il) sin il + (cob Sil- 008 il) 008^=0. 

2Bm (ii - C) COB C- Bin (ii - 20) _ Binii 
^' 2Bin(B-C)C0BC-8in{B-2C)"BinJ5' 

^ 8iniiBin2if+sin8^8in6ii + Bin4iBinl8if 

" *^' siniicoB2ii+Bin3^ooB6ii+8in4ilooBl3^" ^ 

^., 008 2il 008 3il - cos 2ii COB 7il +008^008 10^ .^. ... 

Bin 4il Bin 8^ - sin 2il sin 6^ + Bin 4il Bin 7il 
12. 0OB(36''-il)cos(86^+^)+coB(54<'+J)0O8(54^-J)s=0OB2il. 
13^. cosii sin (B - C)+008B sin (C- J) +co8 C sin (il -B)=0. 

14. sm(45<'+^)Bin(45<'-J)=^co82il. 

15. versin (A + B) Tendn (A-B)= (cob ^ - cob B)^. 

16. Bin (/5 - Y)ooB(a - a) + Bin(7 - o)oo8(j8- 3) + Bin (a - /5)oob (7 - d) = 0. 
in A I*" ^i*" 8ir 6ir - 

17.^ 2cOSj^0O8j^+COSj5+COBj^=0. 

98. To pr(yoe1iiat\Au(A + B)=^ ^'^'^}^^^^ , and 

*?. ^ * /A Dx tan -4 - tan 5 

tto^ tan (J. — 5) = - — 7 :r- =5 . 

"^ ^ l+tan^tan5 

By Art. 88, we have, for all values of A and B, 

tan (A-^ B\=:: ^^"^ ^^ "*" ^^ = sin^ cos ^ + cos^ sin^ 
^ cos (-4 + 5) cos -4 cos 5 -sin -4 sin JS 
sin A sin 5 

cos J. cosB , J. ... , . 

= i J 1 fc , by dividinc: both 

- ^ sin -d. sin jB '^ ® 

cos A cos B 

numerator and denominator by cos A cos B. 

. *^.> JA , Tiv_ tanA + tanB 
/. tan (A + B) = -= — . ■ ■ -- . 

' 1-tanAtanB 

7—2 



y 
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Again, by Art. 90, 

/A_-D\^ sin {A — B) _ sin J. cos 5 — cos -4 sin B 
^ ^~ cos{A — 5)~'cosil cos 5 + sin J. sin 5 

sin J. sin £ 

cos ^ cos 5 V J- •!• -t n 

= A * p > DV dividinfi: as before, 

sin ^ sm JS ' -^ ^ 



14 



cos A cos B 



im. «.i tan A — tan B 
/. tan (A - B) = -r-rz — rr — » • 
^ ' 1+tanAtanB 

^ u^ 99. ^e formalae of the preceding article may be obtained geometri- 
cally from the figures of Arts. 88 and 90. 

(1) Taking the figure of Art. 88, we have 

. ,.-. MP QN+RP 
tanU+B) = ^=^^-^ 

^ + ^ tan4 + ^ 
OQ^OQ ^ OQ 



1 tin: 1 ^^' 

■ OQ RP OQ 

Bat, since the angles RPN and QON are equal, the triangles RPN and 
QON are similar, so that 

RP^OQ 
PN^ ON' 

and therefore -p-pz = 77^= tan B, 

UQ UN 

„ X /^ . ni tanii + tanJB taUil+tanB 

Hence tan (A + B) =, — j — s^xfi — s = i — i — n — ^ • 

' 1-tanBPJYtanB 1-tanJtanB 

(2) Taking the figure of Art. 90, we have 

tanU-B)=^ = «^^Z^ 
"^"^^^ ^^ OM OQ+NR 

QNPR PR 

OQ OQ OQ 

OQ "^PROQ 
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But, since the angles RPN and NOQ are equal, we have ^^ = ^ , 

A^x. * PR PN ^ - 

and therefore ^r^r = 777-7=^ tan B. 

OQ ON 

TT ± I A -nx tan^-tan£ tan^-tanB 

Hence tan (A - B)=-T---r — --^-. — = = = — r — n — ^ • 
^ ' l + tanJ2P^tan£ l+tan^itanB 

100. As particular cases of the preceding formulae, 
we have, by putting B equal to 45®, 

tan A + 1 1 + tan A 



tan (A + 45") = 



1-tan^ 1-tan^' 



and tan (A — 46'') = = — 3 . 

^ 1 + tan A 

Similarly, as in Art. 98, we may prove that 

cot J. cot 5-1 



cot(A + B)^ 



cot J. + cot 5 



J J. / A 7>\ cot J. cot -B + 1 
and cot (^ - B) = — — = — -j- . 

^ ^ cot 5 — cot A 



101. .«.!. tan75o = tan(45o.sao) = ^^21^, 

=2 + 1-73206... =8-78206.... 

tan46<»-tan30<> 



9. tan 16<' = tan (46^' - 90P) = 

1- 



l+tan46<'tan30<> 
1 



8_V8-1_ (V3-1)« _ 4-2V3 _ 

,^ r-vs+T"" 3-1 -— 2~-^"^^ 

V3 
=2- 1-73206.. . = '26796.... 
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EXAMPLES. XVL 

^ 1. If tan^=H and tan£=:^, find the values of tan (2il+£) and 
tan(2il-£). 

/a /Q 

2, If tan-4 = j-^-y^and tanB=j^-^,prove that 

tan(il-B)=-376. 

3, If tanii = -^andtanB=^ -, find tan (ii + B). 

^ 4, If tan a = g and tan/3= r^ > prove that o+/S=^ . 
Prove that 

5. tan(j + d^xtan(^ + ^) = -l. 

6. cot ^^ + ^) cot ^^-^^=1. 

A A 

7. l + tan^tan^=tan^^cot — -l=8ecil. 

102. As further examples of the use of the formulae 
of the present chapter we shall find the general value of 
the angle which has a given sine, cosine, or tangent. This 
has been already found in Arts. 82 — 84. 

Find the general value of all angles having a given sine. 
Let a be any angle having the given sine, and any 

other angle having the same sine. 

We have then to find the most general value of 

which satisfies the equation 

sin d = sin a, 
i.e. sin tf — sin a = 0. 

This may be written 

o 0-ha . ^-a ^ 
2 cos — 5- sin — 25— = 0, 
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and it is therefore satisfied by 

cos — ^ = 0, and by sin ^ = 0, 

i.e, by ^ = any odd multiple of ^ 

tf — a 
and by — ^ — == ^^7 multiple of ir 

i,e. by tf = — a + any odd multiple of w (1), 

and tf = a + any even multiple of tt (2), 

i.e. must = (— 1)" a + nw, where n is any positive or 
negative integer. 

For, when n is odd, this expression agrees with (1), and, 
when n is even, it agrees with (2). 

108. Find the general value of all angles having the 
same cosine. 

The equation we have now to solve is 

cos = cos a, 
%,e, cos a — cos tf = 0, 

%.e. 2 sin — ^ sin = 0, 

and it is therefore satisfied by 

sin —5— = 0, andj)y sin — ^ = 0, 

t.e. by —^ = any multiple of w, 

tf — a 
and by — ^ = any multiple of w, 
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i,e. by ^ = — a + any multiple of 27r, 

and by tf = a + any multiple of 2ir. 

Both these sets of values are included in the solution 
= 2nir ± a, where n is any positive or negative integer. 

104. Find the general value of all angles having the 
same ta/ngent 

The equation we have now to solve is 

tan — tan a = 0, 

i.e, sin cos a — cos sin a = 0, 

i,e. sin (tf — a) = 0. 

/. tf — a = any multiple of ir 

= n7r, where n is any positive or 

negative integer, 

so that the most general solution is d = n^r + ol 



CHAPTER Vm. 

THE TBIGONOMETRICAL RATIOS OF MX7LTIPLE AND 

SUBMULTIPLE ANGLES. 

/^ 106. TojSm? ^AefngrowoTTie^cai rafoo« q/*aw anjrte 2J. 
in terms ofiJioae of the a/ngle A. 

If in the formulae of Art. 88 we put B = A,we have 

sin S A = sm ud cos J. + cos J. sin J. = S sin A cos A. 

COB S A = cos ud cos J. — sin ud sin J. scos'A — sin'A 

= (1 -sin«^)- sinM = 1 - a»iii«A, 

and also 

= cos^-d — (1 - cos* J.) = a cob' A - 1 ; 

and 

^^ tan A + tan A _ fltanA 

"" 1 — tan A . tan A " 1 —tan' A ' 

Now the formulae of Art. 88 are true for all values of 
A and B ; hence any formulae derived from them are true 
for all values of the angles. 

In particular the above formulae are true for all values 
ofil. 
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106. An independent geometrical proof of the formulae 
of the preceding article may be given for values of A 
which are less than a right angle. 

Let QCP be the angle 2A, 

With centre C and radius GP 
describe a circle, and let QC meet 
it again in 0. 

Join OP and PQ, and draw PN 
perpendicular to OQ, 

By Euc. III. 20, the angle 

QOP^\/:QGP^A, 

and the angle NPQ = Z QOP == A. 
Hence 

. ^._NP_2NP_^NP_^NP OP 
^^^^^-(rp''WQ^^OQ^ OP'OQ 

= 2 sin NOP cos POQ, since OPQ is a right angle, 

= 2 sin il cos A ; 



also 



^ ^ _CN iCN _ (OC-hCN)''(OG-CN) 
cosz^-^p--^ ^ 

^ ON-NQ ^ ON OP NQ PQ 
OQ OP OQ PQ OQ 



= cos^A —sin* J. ; 



and 



tan 2A ~ 



NP 2NP 



GN ON'-NQ 

2 tan^ 
l-tanM* 



1- 



NP 
^ON 
NQPN 
PNTJN 
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To find the values of nn 15° and cos 15°. 

Let the angle 2A be 30°, so that A is 16°. 
Let the radius CP be 2a, so that we have 

C^=s2aoos80°=a^d, 

and NPs:2asmB(y=a. 

Hence ON=OC+CN=a (2+^3), 

and NQ=CQ'CN==a{2-^S). 

/. 0P«=02^.0C=a (2+^/3) x4a (Euc. vi. 8), 

so that 0/»=a^/2 (^3+1), 

and P(y=QN. QO=a (2-^/3) x 4^, 

so that PQ = a^2 {^3 - 1). 

Hence sin 15°-^ - ^^W^'-^) _ ^^1 

uence srniD -^^- ^ " V2 * 

and COS 15°- ?? _ s/^M+l^ . V8 + 1 

and 00S15 - ^- j — V2 * 

107. To find the trigonometrical functions of SA in 
tei^ns of those of A. 

By Art. 88, putting B equal to 2il, we have 
sin 3-4 = sin (A + 2-4) = sin J. cos 2-4 + cos J. sin 2-4 
=s sin -4 (1 — 2 sin' -4) + cos -4 . 2 sin J. cos -4, 
by Art. 105, 

= sin -4 (1 - 2 sinM) + 2 sin il (1 - sinM). 

Hence 8iii3A = 38iiiA- 48in'A (1). 

So 
cos 3-4 = cos (-4 + 2-4) = cos -4 cos 2-4 — sin A sin 24 

= cos -4 (2 cos^ -4 — 1) — sin -4 . 2 sin -4 cos -4 

= cos -4 (2 cos' -4 - 1) -2co8 A (1 -cosM). 

Hence co8 3A=s4co8'A-3 coi A (2). 
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Also tan 3-4 = tan (-d + 2-4) = z 7 j-r — en 

^ "^ 1 — tan A tan 2A 

. 2tan^ 
"^l-tan*^ tan J. (1 •- tanM) + 2 tan ^ 
'r~! . 2tan^" "" (l-tanM)-2tan»^ 
1-tanM 

TT M. 0^m. 3tanA — tan'A 

Hence tan 3 A = -j— ^^gjjTj- . 

[The student may find it difficult to remember, and diBtinguish 
between, the formulae (1) and (2), which bear a general resemblance to 
one another, bat have their signs in a different order. If in donbt, he 
may always verify his formula by testing it for a particular case, e.g. by 
putting AssSOP for formula (1), and by putting ii=0° for formula (2).] 

108. By a process similar to that of the last article, 
the trigonometrical ratios of any higher multiples of 
may be expressed in terms of those of 0. The method is 
however long and tedious. In a later chapter better 
methods will be pointed out. 

As an example^ let us express cos 60 in terms of cos 0. 
We have 
cos 00 = cos (90 + 20) 

= cos 3d cos 2d ~ sin S0 sin 20 
= (4co8»d- 3 cosd) (2 cos»d- 1) 

- (3 sin d - 4 sin» d) . 2 sin d cos d 
= (8 cos» d - 10 cos»d+ 3 cos 0) 

- 2 cos d. 8in«d (3 - 4 8in«d) 
= (8 cos* d - 10 cos'd + 3cos 0) 

-2cosd(l-cos«d)(4cos«d-l) 
= (8 cos» d- 10cos»d + 3 cosd) 

-2cosd(6cos»d-4cos*d-l) 
= 16 cos» d - 20 cos* d+ 6 cos 0. 
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EXAMPLES. ZVU. 

1, Find the valne of sin 2a when 

(1) 0OBo=g, (2) 8ina=jj, and (8) tan«=gg. 

2, Find the value of oos 2a, when 

1/5 il R 

(1) oosa=j=, (2) 8ina=7, and (3) tanosja- 

3, If tan ^=-, find the value of a 008 20 + & Bin 2^. 

a 

Prove that 
. Bin2^ , . - Bin 24 . . 

1 + C08 2il l-C0B2il 

6, Jz£S!i|4.=tan24. 7. tanii+cot4=2co8ec24, 

1+ 006 2^1 

8. tan4-oot4= -2oot2il. 9. coBeo2il + oot24=:cotii. 

^"' l + C0Sil-COBB-0OB(il+B)"' 2 2* 

,„ l+tan>(«°-4) 



Bee 8il - 1 _ tan SA 
Beo 4il - 1 ~ tan 2A ' 



-- Bma+sinp_ 2 

im o^sm /S "* tt-/8 * 
tan 2 

15. Bin»^-ain'B u.n(A+B). 

BinAcoBA-smBcoBB ^ ' 

16. tan ^j + 0^ -tan ^^-0^=2 tan 20. 

__ coB^+BiUil cos4-8in4 „. .. 

17. : ' — -A T-r-' — 7=2tan24. 

COBil-Bmii COB^+SUlil 

18. ootM+16<>)-tan(J-16«)=ji^|^. 
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19 Bin ^+ sin 2^ ^ l48ing-co8g . ^ 

GOB{n + l)A + 2oo8nA+oo8{n-l)A'' 2' 

QQ sin (n+1) il +2 sin n^ + Bm (n - 1) ^ ^ 

^^' co8(n-l)^-ooB(n+l)4 =oot2. 

23. sin(2iH-l)^Bin4=8in2(n+l)il-sm2n^., 
^. 8]ji{A + dB)+an{9A+B) ^ 

25. 8in3il + Bin2il-Bm^=:4flinilcofl -008^. 

A 2 

26. tan2^ = (Beo2i4+i)^BecM-l. 

27. 0088 2^ + 3 COB 2d = 4 (coB« $ - 8in« d). 

28. l+co83 2d»2(oos«d + 8in«0). 

29. seo2^(l + Beo2il)=2 8eo2^. 

30. O08eo^-2oot2ilco8^=2sm^. 

31. cot^ = |^cot^-tan|j. 

32. smosm(60°-a)Bin(60°+o)=i8in3a. 

33. cosooos(60°-o)cos(60°+o)=ico8 3o. 

34. ooto+cot(60°+o)-oot(60°-o)=r3cot3a. 

35. 008 20° 008 40° cos 60° COB 80°= — . 

16 

36. 8in20°sin40°Bin60°Bin80°=— . 

16 

37. 008 4a = l - 8 coB*o + 8 cos* a. 

38. sin 4^ = 4 sin ^ COB* il- 4 COB ^ Bin* ^. 

39. 008 6o = 32 cos« o - 48 cob* o + 18 cob^ a - 1. 

40. tan 3 A tan 2A tan ^ = tan 3^1 - tan 2^4 - tan ^ . 
.- 2co82»d + l ,^ 

*!• 2oo8d + l =(^^s^-l)(gcQs2<?-l)(2co8 2«d-l) 

(2co8 2«-id-l). 
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Submultiple angles, 

^7-^109. Since the relations of Art. 106 are true for all 

values of the angle A, they will be true if instead of A 

A 
we substitute -5- , and therefore if instead of 2 A we put 

2 . -^ , i.e. A, 

Hence we have the relations 

A A 
sinAs Ssin^coB^ (1), 

coi A = cob' ^ - sin' -^ 

=saco8>^-l = l-2Bins:^ (2), 

2tan- 

and tanA= ^ (3). 

I-tan«^ 

From (1), we also have 

^ . A A 

2 sin -^ cos -^ 

cos^ -^ + sm* 2" 



. 2tan-^ 



l+tan'y 



— y , by dividing numera- 



tor and denominator by cos' -^ . 
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cos* -^~ sin" -^ 
So cos A = J 

cos' "2 + Sin' "2 

l+tan«4* r' 

110. To eocpress the trigonometrical ratios of the cmgle 
-g in terms of cos A, 

From equation (2) of the last article, we have 

008^ = 1 -28in*Y> 
so that 2 sin" -^ = 1 - cos il, 

and therefore sln^ =+ y/T^^E (i). 

Again, cos ^ = 2 cos' o" - 1» 
so that 2 cos* g- = 1 + cos -4, 
and therefore cos^ .^^IJjBosA ^^^ 

COSg 
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111. In each of the preceding formulae it will be 
noted that there is an ambiguous sign. In any particular 
case' the proper sign can be determined as the following 
examples will shew. 

Bz. 1. Given eos 45°= -^ ,Jind the values of Hn 22^° and cos 22}°. 
The equation (1) of the last artiole gLves, by putting A eqoal to 45°, 



Bin 22}' 



.=.^yEfii°=.7^=.y«^» 



= ±i^/2372. 



Now sin 22}° is necessarily positiye, so that the upper sign must be 
taken. 

Hence sin 22}°= i ^/2^^. 

also cos 22}° is positive ; 

... cos 22}°= ^^^±^. 

Bz. 9. Given cos 330°=^ , find the values of sin 165° and eos 165°. 
The equation (1) gives 



sin 165° 



= .yir5-3^ = .V'-^=.yizV3 



Also 


il66°= 




17 


,V3 
^ 2 
2 " 




006 


■V-^ 


008 330° ^/;|_ 

-±V3 + 1 

"• 2^2 ' 


^^4.^8 



L. T. 8 
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Now 165° lies between 90° and 180°, so that, by Art. 62, its sine is 
positive and its cosine is negative. 

Hence sin 166°=^^^, 

and cos 166°= -^^i^. 

From the above examples it will be seen that, when the angle A and 

its cosine are given, the ratios for the angle ^ may be determined without 
any ambiguity of sign. 

When, however, only cos A is given, there is an ambiguity in finding 

A A 

sin -^ and cos -^ • The explanation of this ambiguity is given in the next 

article. 

A 

# #112. To explain why there is ambiguity when cos -^ 

arids sin -^ are found from the value of cos A. 

We know that, if n be any integer, 

cos A = cos (2n7r ± -4) = A? (say). 

A 
Hence any formula which gives us cos -^ in terms of Ar, 



should give us also the cosine of 



2 

2mr-^A 



.-. ^nirtA / . A\ 

Now cos ^ = cos f n-TT ± Y ) 



A , , A A 

= cos mr cos -^ + sin nTr sin -^ = cos nir cos -^ 



= ± cos-g-. 



according as ti is even or odd. 
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Similarly, any formula, giving us sin -5- in terms of Ar, 



should give us also the sine of 



2 

2n7r±il 



., . 2n7r± ^ . / ^A\ 
Also sm 5 = sm I nir ± -5- J 



A A .A 

= sin nir cos -^ ± cos nTr sin -^ = ± cos nir sin -^ 

= ±sm^. 

Hence, in each case, we should expect to obtain two 

A A . . 

values for cos -^ and sin -^ , and this is the number which 

the formulae of Art. 110 give. 

[The student may illustrate this article geometrically by drawing the 
angles — r — , i.«. w^ri^. The bounding line for these angles will 

have four positions, two inclined to the positive direction of the initial 

A A A A 

line at angles -^ and - -^ , and two inclined at ^ and -* » to the negative 

direction of the initial line. It will be clear from the figure that there 

A A 

are two values for cos — and two for sin ^ .] 



113. To express the trigonometrical ratios 0/ the angle 

A 

-^ in terms of sin A. 

From equation (1) of Art. 109, we have 

2sin-^cos-^ = sin-4 (1). 

A A 
Also sin* -^ + cos* -^ = 1, always (2). 

8—2 
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First adding these equations, and then subtracting 
(1) from (2), we have 

sin*-^ + 2sin-^cos-^ + cos'-^= 1 +sinil, 
and sin" -5- - 2 sin-^- cos -^ + cos" -^ = 1 — sin -4; 
i.e. (sin -^ + cos-^j = 1 + sin-4, 

and (sin "o "" cos -5- J = 1 — sin -4 ; 

A A , 
so that ^^^"9 + cos -^ = + Vl + sin -4 (3), 

and sin -5^ — cos -^ = + VI — sin A (4). 

By adding, and then subtracting, we have 

a8in^ = ±Vl+8inA±Vl-8inA (5), 

A r— ^^^^ 

and aco8^ = ±Vl+8inA7Vl-8inA (6). 

The other ratios of -^ are then easily obtained. 



114. In each of the formulae (5) and (6) there are 
two ambiguous signs. In the following examples it is 
shewn how to determine the ambiguity in any particular 
case. 

Bz. 1. Oiven that Hn 30° is ^, find the values of sin IB^ and cos 16°. 
Patting A=BQPf we have from relations (3) and (4), 
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sin 16°+co8 16»=s ± ^/l + 8in80°= ± ^ , 

sin 16° - OOB 16°= ± ^1- sin 30°= ± -^.^ . 

Now sin 16° and cos 16° are both positive, and cos 16° is greater than 
dn 16°. Hence the expressions sin 16° + cos 16° and sin 16° - cos 16° are 
respectively positive and negative. 

Hence the above two relations should be 

sinl6°+cosl6°=+^, 
and sin 16° - cos 16°= - -75- . 

Hence sin 16°= ^ ^ , and cos 16°=^^-^. 

Bz. a. Qiven that tin 670° U equal to - ^ 1 fi^ t^ values of Hn 286° 
arulcof 286°. 

Patting A equal to 670°, we have 

sin286°+cos286°=±Vl + sin670°=db45, 

and sin 286° - cos 286°= ± ^/l- sin 670°= ± ^| . 

Now sin 286° is negative, cos 286° is positive, and the former is 
namericaUy greater than the latter, as may be seen by a figure. 

Hence sin 286°+ cos 286° is negative, and sin 286° - cos 286° is also 
negative. 

.-. sin286°+cos286°=~-7^, 
and sin 286° - cos 286° = - ^ . 

Hence Bin286°=^'^^~i, 

and 008 286°=^^^. 
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A 

* *115. To explain why there is ambiguity when sin -^ 

A 
and cos — are fotmd from the value of sin A, 

We know that, if n be any integer, 

sin \rm + (- 1)** -4} =* sin A—k (say). (Art. 82.) 

A 
Hence any formula which gives us sin -^ in terms of A;, 

should give us also the sine of ^ — - — . 

Firsty let n be even and equal to 2m. Then 



. riTT + (- 1)** -4 . / A' 

sm ^-^ = sm I mir H — 



(m7r + -2) 



A .A A 

— sin TOTT cos -^ + COS mir sin -5- = cos mir sin -^ 

J. ■ ^ 

according as m is even or odd. 

Secondly, let n be odd and equal to 2p + 1. 
Then 

. 7i7r + (-l)**^ . 2p7r + 7r'-A . [" ir-Al 

sm ^^--^ = sm-^^ — 2 = sm I p7r+ — £— J 

TT — A TT — A A 

= smjpTT cos — ^ h COS pir sm — ^ — = cos pir cos -^ 

= ± cos "2 , 

according as jp is even or odd. 

A 
Hence any formula which gives us sin -^ in terms of 

sinul should be expected to give us, in addition, the 

values of 

.A A , A 

— sm -^ , cos -^ and — cos -^ , 
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Le. 4 values in alL This is the number of values which 
we get from the foimulae of Art. 113, by giving all possible 
values to the ambiguities. 

A 

In a similar maimer it may be shewn that when cos -^ 

is found from sin -4, we should expect 4 values. 

[If the angles ^r^ — » **^' ^o + (~^)* 5 » ^® drawn geometri- 

oaUy for the case when -^ is an acute angle, it will be foand that there 

are fonr positions of the bounding line, two in the first quadrant inolined 

A T A 
at angles -^ and » ~~ o ^^ ^® initial line, and two in the third quadrant 

A X A 

inclined at -^ and n - tt to the negative direction of the initial line. It 

wiU be clear from the figure that we should then expect four values for 

A A A 

an -^ and fonr for cos ^ • Similarly for any other value of -^ .] 

116. In any general case we can shew how the 
ambiguities in relations (3) and (4) of Art. 113 may be 
found. 

We have 

, A A ,^fl . A 1 A\ 

sm^+cosg-^va^^sm^ + ^cosg-j 

= V2 sin "o cos T+ cos -^ sin -7 = V2 sin (t + "o") • 
The right-hand member of this equation is positive if 

TT A 

•7 + -^ lie between 2mr and 27wr + tt, 

i.e. if -s- lie between 2nir — j- and 2n7r + -r- . 
2 4 4 
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. -4 A .A 

Hence sin -^ + cos -^ is positive if -^ lie between 

2mr — T a^d 2ww + -3- ; 

it is negative otherwise. 

Similarly we can prove that 

A ^ .£. . /^ 7r\ 

. -4 -4 . 

Therefore sin -^ — cos -5- is positive if 

[-5- — T ) lie between 2»7r and 2w7r + tt, 

%.e. if -5- lie between 2»7r + t aJ^d 2n7r + -r • 
z 4 4 

It is negative otherwise. 

The results of this article are shewn graphically in the 

following figure. 



.A 

Bin-^+OOB-glS- / 







OA is the initial line, and OPy OQ, OR and 08 bisect 
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the angles in the first, second, third and fourth quadrants 
respectively. 

WvaaumthoBl Bzamptob Within what UmiU naui -^ lie if 

2 8in^ = -Jl+nnA- Jl-iinAt 

In this case the formnlae of Art. 118 mast dearly be 

an-^ + ooB -^ss - Jl-\-anA (1), 

and Bin-^-oos-^ss-^l-sinil (2). 

For the addition of these two formnlae gives the given formula. 

Jm 

From (1) it follows that the revolving line which bonnds the angle -^ 

must be between OQ and OB or else between OR and 08. 

From (2), it follows that the revolving line must lie between OR and 
08 or else between OS and OP. 

Both these conditions are satisfied only when the revolving line lies 

between OR and 08, and therefore the angle -^ lies between 

2nir--7- and 2nT--7. 

4 4 

A 

117. To express the trigonometrical ratios of -^ in 

terms of tan A. 

From equation (3) of Art. 109, we have 

2 tan-TT 

. . 2 

tan A = J . 

l-tan»^ 

.\ 1 - tan^ -jr = 7 T tan -^ . 

2 tan^l 2 

Hence tan'-^r + t 1 tan -rr + t — rn = l + 1 — rr 

2 tanil 2 tan' -4 tan"-d. 

_ l + tan»il 
tsji^A ' 
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, A 1 Vl+tan*A 

/. tan -TT + 7 T = ± — I A 

2 ta,nA tamA 



^ A + Vl + tanM-1 .,, 

•• *^2 = = US^^ (^>- 

118. The ambiguous sign in equation (1) can only 
be determined when we know something of the magnitude 
of A 



Given tan 16° = 2 - ,JS, find tan 7i°. 
Patting ^=15° we have, from equation (1) of the last article, 

,^,y, ^7i-T(2rp- _i^ W83V3-i (1). 

Now tan 7^° is positive, so that we must take the apper sign. 

Hence u.n7i<^^±^^l^ 

= (x/6-V2-l)(2 + V3)=V6-V3 + V2-2 = (V3-V2)(V2-l). 

150 
Since tan 15°= tan 195°, the equation which gives as tan -^ in tei-ms 

195° 
of tan 15° may be expected to give as tan -^ in terms of tan 195°. In 

fact the value obtained from (1) by taking the negative sign before the 

,. , . . 195° 
radical is tan -^— . 

Hence tan^-gg^= ^-^^8^473^^ '^^!'^,^ 

2 2-^/3 2-V3 

= (-V6 + V2-l) (2 + V3)= -(V3+V2) (V2 + 1), 

so that -cot7i°=tan97i°= -(^3+^2) (^2 + 1). 

-4 
# #119. To explain why there is ambiguity when, tan -5- 

is found frcyni the value of tan A. 

We know, by Art. 84, that, if n be any integer, 
tan (riTT + -4) = tan A^k (say). 
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A 
Hence any equation which gives us tan -^ in tenns of k 

may be expected to give us tan — ^ — also. 

Firsty let n be even and equal to 2m. 
Then 

^ mr-\-A ^ 2rmr-\-A ^ ( A 

tan — Ti — = tan tl = tan ttiir + 



I) 



A 

= tan — , as in Art. 84. 



Secondly, let n be odd and equal to 2p + l. 
Then tanI^=tan^?P±^^ll±^ 

= tan (pir -\ ^— j = tan — 5 — (Art. 84) 

= - cot g- . (Art. 70.) 

Hence the formula which gives us the value of tan -^ 

A 
should be expected to give us also the value of — cot -^ . 

An illustration of this is seen in the example of the 
last article. 



EXAMPLES. XVm. 

1, If sin 0=j: and sin0=^, find the values of sin (9+0) and 

sin (29 + 20). 

2, The tangent of an angle is 2*4. Find its cosecant, the cosecant of 
half the angle, and the cosecant of the supplement of double the angle. 
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3. If co8a = ^r- and BmB=-=, find the valnes of sin'^^-^ and 
C08^^^^ , the angles a and /3 being positive acute angles. 

4. If coBa=v and 008/9=7, find the value of cos -^i the angles 
a and /3 being positive acute angles. 

9. Given sec = IJ, find tan ^ and tan $, 

6. If ooBil = *28, find the value of tan-^ , and explain the resulting 
ambiguity. 

7. Find the values of (1) sinTi"", (2) cos7i^ (8) tan22i^ and 
(4) tan 11^^ 

8. ■ If sin 9 + sin 0=a and cos 9+cos0=&, find the value of tan — ^ . 
Prove that 

9. (coso+cos/S)2+(sina-sin/S)*=4cos"^^-s-^. 

10. (co8a+cos/3)*+(sino+sin/S)"=4oos*— 2"^. 

11. (coso-co8/3)^+(sino-8in/3)"=4sin*^^^^. 

2tan:^ l-tan«^ 

12. anA= . 13, coBil= . . 

l+tan«| l+tan«| 

14. sec^j + tf^seo^J-tf^=28ec2^. 

16. tan(46o+^) = y|±fi:=«o^+ton^. 

17. oos3o+co6?(a+120°)+coB«(a-120°)=|. 

18. 008*1+008*-^ +oos*-g-+cos*-^=g. 
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19. Bm*g + Bm*-g- + 8in*-g- + 8m*-Q- = ^. 

20. coB2^oo8 20+8in3(^-0)-8in3(^+0)=co8 (20 + 20). 

21. (tan4il+tan2il)(l-tan33iltanM)=2tan8ilsecSii. 

22. f l+tan^-fleo|j f l + tan|+8eo| j = 8ino8eo»|. 

Find the proper signs to be applied to the radicals in the three follow- /^ 

ing formulae. < 

23. 2 COB j= =t ^l-BmA:^ Jl+anA, when ^=278°. 

24. 2sin^==t V^- sin i4dbi^l + 8in"2, when s" =^T1 * 

25. 2co8^=db^l-sini4=tVl + sini4, when^=-140^ 

26. If il= 340°, prove that 

^ 

2 sin ^= - V ^ + sin i4 + VI - sin il, 

and 2cos^= -iv/l+sinii- ^l-sinil. 

27. Ifii=460°, prove that 

2cos^= - Vl+8ini4 + ,^l-sini4. 

28. Ifil=580^ prove that 

2 sin -^ = - /^l + sin -4 - i^l - sin -4. 

29. Within what respective limits mast ^ lie when 

(1) 2Bin^= Jl-hsmA + ^l-nnA, 

(2) 2Bin2=-^/l + sinii + >/l-Bin^, 

(3) 2sin^^ + ^l + BinA-sJl-BmA, 

4 

and (4) 2cos-^= /^l+sin^l-^/^l-sinii. 
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30. ^ the formula 

2 COB ^ = ± ^1 + sin ^ ± Vl - sin ^, 

find within what limits ^ must lie when 

(1) the two positive signs are taken, 

(2) the two negative „ „ „ 

and (3) the first sign is negative and the seoond positive. 

31. Prove that the sine is algebraically less than the cosine for any 

angle between 2nir - -r- and 2nir+T where n is any integer. 

4 4 

32. If sin -^ be determined from the equation 

o 

sin ^ =3 sin -3 - 4 sin' - , 

prove that we should expect to obtain also the values of 

. v-A - . x+A 
sm — r — and - sm • 

Give also a geometrical illustration. 

33. If cos ^ be found from the equation 

o 

A A 

cos^=4cob'^ — 3 cos-;, 

prove that we should expect to obtain also the values of 

2v-A , 2t + A 
cos — s — and cos — 5 — . 
o 

Give also a geometrical illustration. 

120. By the use of the formulae of the present 
chapter we can now find the trigonometrical ratios of 
some important angles. 

To find the tHgonornetri^ functions of an angle of l^"". 
Let stand for 18^ so that 20 is 36° and 3d is 54^ 
Hence 20 = 90° - 3d, 

and therefore 

sin 20 = sin (90° - 3d) = cos 3d. 
.-. 2 sin d cos d = 4 cos* d - 3 cos d (Arts. 105 and 107). 
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Hence, either cx)s ^ = 0, which gives = 90*^, or 

28in ^ = 4co8»^ - 3 = 1 - 4 sin» 0. 

:. 48in«^ + 28in^ = l. 

By solving this quadratic equation, we have 

. /I ± V5 - 1 
4 
In our case sind is necessarily a positive quantity. 
Hence we take the upper sign, and have 



Hence 



4 



_ VlO + 2V5 
4 

The remaining trigonometrical ratios of IS'' may be 
now found. 

Since 72° is the complement of 18°, the values of the 
ratios for 72° may be obtained by the use of Art. 69. 

121. To find the tHgonometricalfurictions of an angle 
of 36°. 

Since cos 2^ = 1 - 2 sin» 0, (Art. 105), 

.-. cos 36° = 1 - 2 sin' 18° = 1 - 2 ( ^ "l6^^ ) 

3~V5 
4 ' 

so that COB 36^ = ^ . 

4 

Hence 



sin 36° = Vrr^^^^ = y^6 + 2V5 = ^^V5 ^ 



128 



TRIOONOMEIRT. 



The remaining trigonometrical functions of 36'' may 
now be found. 

Also, since 54'' is the complement of 36°, the values of 
the functions for 54*' may be found by the help of Art. 69. 

122. The value of sin IS'' and cos 36° may also be 
found geometrically as follows. 

Let ABC be a triangle constructed, 
as in Euc. iv. 10, so that each of the 
angles B and C is double of the angle 
A. Then 

180° = ^ + B + (7=^ + 2il + 2il, 
so that A = 36°. 

Hence, if AD be drawn perpendicu- 
lar to BC, we have 

Z BAD = 18°. 

By Euclid's construction we know that BC is equal to 
AX where X is a point on AB, such that 

AB.BX=AX\ 
Let AB = a, and AX == x. 
This relation then gives 

a (a — a?) = ic", 
I.e. a^ + flw? = a^ 

V5-1 




%,e. 



x=a 



Hence sin 18° = sin BAD = 



BD_1BC 
BA''2BA 



2a"" 4 
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Again, (by Euc. iv. 10), we know that AX and XO are 
equal; hence, if XL be perpendicular to AC, then L 
bisects AC. 

Hence 

„^o AL a 1 

cos 36 = -r^ = - -i. a? =s 



AX 2 V5-1 

V5-I-1 ^ V5-|-l 

^(V5-1)(V5 + 1) 4 • 

123. To ^nd the trigonometrical functions for an angle 
of 9°. 

Since sin 9' and cos 9° are both positive, the relation 

(3) of Art. 113 gives 

sin9^ + cos9° = Vl + sinl8« = yi+^^ = '5^^^ 

(1). 

Also, since cos 9® is greater than sin 9° (Art. 63), the 
quantity sin 9** — cos 9° is negative. Hence the relation 

(4) of Art. 113 gives 

sin9°-cos9" = -Vl-sinl8° = -/y/l-^— 

= -^ (2). 

By adding (1) and (2), we have 

■ Qo V3 + V5-V5-V5 
Bin V ^ z * 

and, by subtracting (2) from (1), we have 

4 

The remaining functions for 9*" may now be found. 
L. T. 9 
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Also, since 81** is the complement of 9®, the values of 
the functions for SV may be obtained by the use of 
Art. 69. 



EXAMPLES. XIX. 

Prove that 

1. Bin2 72O-8m«60°=^^^. 

2. oos»48»-Bin«12«=^^^. 

3. ooB 12®+oo8 60°+oos84°=co824®+co848^ 

. «■ . 2ir . 3ir . 4ir 6 

4. angBiny 81113.8111^ = ^. 

. IT . 13ir 1 ^ . «■ . 13r 1 

5. Bm^+8in-j5^=-^. 6. 8m^8m^=-^. 

7. tan6°tan42otan66®tan78°=l. 

«■ 2ir 3«- 4ir 6ir 6ir 7ir 1 

8. 0O8^0O8jgCO8jg0O8jg0O8jgCO8j^0O8jg = ^,. 

^ ^^ 2ir 4t Sir 14ir , 

9, 16 008 -TT CO8 Ye COS :rr 008 ^r=-= 1. 

15 io io 10 

10. Two parallel chords of a oirde, which are on the same side of the 
oentre, sabtend angles of 72® and 144*^ respectively at the centre. Prove 
that the perpendicular distance between the chords is half the radius of 
the oirde. 

11. In any circle prove that the chord which subtends 108° at the 
oentre is equal to the sum of the two chords which subtend angles of 36® 
and 60®. 

12. Construct the angle whose cosine is equal to its tangent. 

13. Solve the equation 

sin 50 COS 39= sin 99 cos 1$, 



CHAPTER IX. 

IDENTITIES AND TRIGONOMETRICAL EQUATIONS. 

124. The formulae of Arts. 88 and 90 can be used to 
obtain the trigonometrical ratios of the sum of more than 
two angles. 

For example 

Bin(J. + jB + 0) = sin (A + B) cos + cos (^ + 5) sin C 

= [sin A cos jB + cos -4 sin -B] cos (7 

+ [cos-4.cos5 — sin^sin5] x sin (7 

= sin -4 cos S cos (7 + cos ^ sin S cos (7 

+ C0S-4. cosjBsinC — sin^sin^sinO, 
So 

cos (^ + 5 + 0) = cos (^ + £)cosa- sin (A + B) sin C 

= (cos A cos jB — sin -4 sin B) cos C 

— (sin^ cosjB + cos-4 sinjB)sinO 

= cos -4 cos £cos (7— cos -4 sin 5 sin C — sin -4 cos jBsin C 

~ sin ^ sin jB cos C, 
9—2 
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A 1 A / A n n , n\ ^^^ (A+B) + tan C 
Also tan(^ + 5 + = ^-A__2^^__^ 

tan A + tan B ^ ^ 
1 — tan -d tan B 
- _ tan^ -htanjy ^ 
1 — tan-4.tan5 

tan A + tan 5 + tan G — tan A tan 5 tan (7 
1 — tan £ tan 0— tan (7 tan ^ —tan A tan 5' 

125. The last formula of the previous article is a 
particular case of a very general theorem which gives the 
tangent of the sum of any number of angles in terms of 
the tangents of the angles themselves. The theorem is 

tan (A^ + A, + A, + ... + AJ 

_fll-8g+85-fty+... ^^^^ 

1 ■■ ^ ■ ^4 ■" ^6 ■ ••• 

where 

8i = tan Ai + tan J., + ... + tan A^ 

= the sum of the tangents of the separate angles, 
«3 = tan ^1 tan ^s + tan J.1 tan J., + ... 

= the sum of the tangents taken two at a time, 

«, = tan ^1 tan J.2 tan J., + tan ^s tan J., tan ^4+ ... 

= the sum of the tangents taken three at a time, and so 
on. 

Assume the relation (1) to hold for n angles, and add 
on another angle iln+i* 

Then tan {A^ + -4, + ... + ^«+i) 

= tan[(^ + ^4-... + A) + ^«+i] 

tan (^1 + ^«+ ... + ^n) + tan A^+i 
1 — tan (-4.1 + ^j + ... + -4.n) . tan -4.n+i 
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tf 1 ^ tf J + tf § — 8f -r • • • 



X ~"59T^4~" ••• 



+ tanil|H-i 



oj *"" og T w§ ~" • • • 
X — tf2T~tf4^ ••• 



l- ?""'^''^'^'""'" tan^^^ 



Let tanAi, tan^,, ... tan^n+i be respectively called 

Then tan(^i + ^j + ...+-4„^i) 

^ (gi --g» + g» ...) + tn+iQ- -ga 4- ^4 >»») 

(1 — *2 + *4 • • •} ^ \*1 "" *» "^ *• • • •) ^+1 

1 - (a, + «i^»+i) + (^4 + *S *n+i) - fa + «5 Wl) ••• ' 

But «i +e^i =fa+ <i+ ... <») + e^i 

= the sum of the (n + 1) tangents, 

== the sum, two at a time, of the (n + 1) tangents. 

= the sum three at a time of the (n + 1) tangents 
and so on. 

Hence we see that the same rule holds for (n + 1) 
angles as for n angles. 

Hence, if the theorem be true for n angles, it is true 
for (n + 1) angles. 

But, by Arts. 98 and 124, it is true for 2 and 3 angles. 

Hence the theorem is true for 4 angles; hence for 
5 angles .... Hence it is true universally. 

Cor. If the angles be all equal, and there be n of 
them, and each equal to 0, then 

«i = w.tan^; «2 = »(7atan'd; Sz^^C^tsji^B, 
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Bz. Write down the value of tan 4i$, 

Here tan jg - '^"*« =. 4timg-^, t an»g 
Here *«^4^- i.,^+,^=i_4c,taiia^ + *C4tan*^ 

4tan0-4tanS0 



£x. Prove that tan 50 = 



l-etana^+tan*^' 
5 tan 0- 10 tan'^+tano 9 



l-10tan«^+5tan*g 



126. By a method similar to that of the last article 
it may be shewn that sin (Ai + A2+ ... + An) 

= cos^iCos J.3... cos-4.»(«i — «8 + «,— ...), 

and that cos (Ai + ^a+ ... + An) 

= C0S J.iC0S^a ... C0S-4.»(1 —8^+84'-...), 

where «i, ^3, «s> ••• have the same values as in that article. 

127. Zdentitiefl holding between the trigono- 
metrical ratios of the angles of a triangle. 

When three angles A, B, and C, are such that their 
sum is 180°, many identical relations are found to hold 
between their trigonometrical ratios. 

The method of proof is best seen from the following 
examples. 



1. JfA+B+C= 180% to prove that 

Bin 2A + sin 2B + sin 2C7=4 sin il sin £ sin €• 
em2A + an2B+mn2C 
ss2 Bin {A + B) COB {A ~B) + 2 an CooaC. 
Sinoe A-^B + C^IQOP, 

we have A+B^ISOP-O, 

and therefore sin (il + £) — sin C, 

and oob{A+B):=s~ cob (7. (Art. 72) 
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Henoe the expression 

= 2 sin C COS (il - B) + 2 sin 008 C 

B:2Bin (7[oos (ii -£)+cos C] 

=2 sin C [008 (il - B) - cos (il + B)] 

=2sinC7.2Binilsin£ 

=s 4 sin il sin B sin C. 

Bx.a. Jtr il+B+(7=:18(y», 

prove that cos-4 + oosB-oosC=b -l+4oos-^oos-jsin-g. 

The expression » oos A + (oos B - oos C) 

= 2oos«^-l+2sin^sin^. 

Now B + C=180°-il, 

so that ^^^^'i^ 

. ^ . . 5 + C^ ^ 

and therefore Bin — tt— =oos^ » 

B + C . A 
and cos— ^=sm-g. 

Henoe the expression 

s2 cos* ^- 1 + 2 cos-^ sin — ^ 

=2cos^Loos^+8m-^J-l 

=2cos-g I sin— ^+sm-Y-J-l 

as2 oos -5- . 2 sin ^ cos "^ - 1 

a -1+4 cos ^cos-^sin-g. 

Bz.8. 1/ il+B + (7=180% 

prove that 8in«il+sin«B+Bin«0=2+2coSiloosBcos (7. 

Let fif=sin«il + sinaB+sin«C, 

so that 2S=2sin«il + l-cos2B+l-cos2C 

=2sin«il+2-2cos(B + (7)oos(B-0) 
=2-2co8«il+2-2cos(B + C)cos(B-0). 
/. fif=2+cosil[cos(B-C) + cos(B+C)], 
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since oosilssooB {180°-(B + C)}s ~008(£+C). 

.*. S=2'\-cobA,2oobBgobC. 
=2+2 008 A 008 B COS C, 

llz.4. If il+J5+C7=180°, 

igroveihat tan^l + tanP+tan C standi tan B tan C 

By the third formula of Art. 124, we have 

^ '"■ 1 - (tan B tan (7+ tan C tan -cl + tanil tan B) * 

But tan (il + B + C) = tan 180°= 0. 

Hence 0=tanil+tanB+tan(7-taniitan£tanC, 

t.«. tanil + tan£+tanC=taniltan£tanC7. 

This may also be proved independently. For 

tan (^ +B)=:tan(180°- C)= -tan C. 

tauii + tanB 
l-taUiltanB 

.-. tanil+tanB=-tan(7+tani4tanBtanC, 

i.€, tanil+tanB + tanC=taniltanBtan(7. 

Bz. 6. Jf«+y+x;=: jcyx;, prove that 

2g 2y 2g 2g 2y 2« 



l-a:»^l-ya^l-««"*'l-a;9*l-ya'l-fa* 
Put d^astanil, ystanB, and x;=tan C, so that we have 
tan A + tan B + tan C = tan A tan B tan (7. 

taUil+tanJ? . _ 

.'- ■ =L=: — <^ i^ (7, 

•' l-tauiitanB ' 

so that tan(il+B)=tan(x-(7). [Art. 72.] 

Hence il+P+C=fix+x, 

2« 2i/ 2i; 2tanil 2tan£ 2tanC 



" l-«»^l-y«^l-««'"l-tan«i<^l-tan«J5^1-tan»C 
BB tan 2ii + tan 2B + tan 2(7= tan 2^1 tan 2B tan 2(7, 
(by a proof similar to that of the last example) 

^ 2« 2y 2g 
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EZAMFIiES. ZZ. 

If il + B + Css 180^, prove that 

1, 8in2il+Bin2B-8in2C=4eoBJoo8JB8inC. 

2. 0O8 2il + 0OB2£ + 0O8 2(7s-l-40Otii0OSB0O8C. 

3. oo8 2il+oo8 2B~oo8 2C=l-4Binil8i]iBoo8C. 

2 2 2 

ABO 

5. sin ^ + sin B - sin 0=4 sin ^ sin -^008^. 

ABC 

6. oosii+oo8J9+oosC=:l+4sin-^sin-^sin-^. 

7. 8in3il + sin3B-8in*C=2Biniisin£oo8C. 

8. 0O^il + 0O8'B + 0O8>Csl-20OBil0O8B0O8C. 

9. oos>il+oo83B-co8*(7=:l-2sin^8inBco8C. 

10. 8m>-g + 8m8^+8in8-g=l-2sm^Bm^Binj. 

11. sm"^+sm*^-Bm«^=sl-2co8^oo8-^Bm2-. 

12. tan-gtan^+tan^tanj+tanjtan^rrl. 

13. OOt^ + COt^+COt^ssOOt-gOOt-^OOt-j. 

14. cotBootC+ootCootil+cotiiootBssl. 

15. sin(B + 2C) + sin((7+2il) + sin(il + 2£) 

. . P-C . C-ii . -4-B 
«4 sin -^ Bin -g- sm -g- 

16. Bin-5+sm-^+Bin-5-las4sm— J— Bin — 2 — sin— j— . 
-_ A, B Q . v+A v+B TT-C 

17. 0OB-g+CO8-g-0O8-g=s40O8— j-008 -7— 008— J— . 

-o 8in2il + sin2B + 8in2(7 ^ . -4.5.0 

lo. 5 -T—. — 5 — 7r~. — : — 77" *= 8 Sin 77 Bin 77 Bin Tf, 

Bin^l + BinB + BinC 2 2 2 
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19. 8in(B + C-il) + 8m((7+ii-J3) + sin(ii+B-(7) 

=z4t an A sin B am C, 
If -4 + B + 0= 25 prove that 

20. 8in(5-il)sin(i8f-B) + 8miSfBm(iSf-'(7)=BmilBinJB. 

21. 4Bm8aii{S-A)am(8'-B)Bm(S-C) 

s 1 - 008^ il - OOS' J3 > cos' C7+ 2 008 ii 008 JB COS C 

22. Bm(5f-il) + 8m(5-B)+Bin(5-C)-8infif 

. , A . B . C 
=4 8m^Bm-^8m^. 

23. oos25+co8>(5--4) + oo8«(S-B)+oos«(iSf-C) 

= 2 + 2 C08 il cos £ 008 C. 

24. cos^ ii + cos' £ +008^(7 +2 cos il cos £ COS 

s:l + 4C08<Sf008(iSf~il)008(iSf-B)C08(£r-C). 

25. If a+j8+7+a=2x, prove that 

(1) C08a + CO8j8 + 0087 + CO8d + 4C08— 5^008— jj-^OOS— 5- = 0, 

(2) 8ilia-8mj8+sm7-8md+4co8— ^ Bin— ^008 — 5-=0, 

and (3) tana+tan/3+tan7+tand 

sstan a tan p tan 7 tan 9 (cot a+cot j9+oot 7+ cot 8), 

26. I^ the smn of fonr angles be 180°, prove that the snm of the 
products of their cosines taken two and two together is equal to the 
sum of the products of their sines taken similarly. 

27. Prove that sin 2a + ein 2j9 + sin 27 

M 2 (sin a + sin /3 + sin 7) (1 + cos a + cos j3 + 008 7), 
if o+j8 + 7=0. 

28. Verify that 

sin' a sin (6 - c) + sin* 5 sin (e - a) + sin' e sin (a - &) 

+sin (a+ 6 +c) sin (& - c) sin (e - a) sin (a - b) sO. 
UAfBf (7, and D be any angles prove that 

29. 8inilsinBsin(ii-£)+Bm£sinC8in(B-C) 

+ sinCBiniisin(C-il)+8in(il-JB)sin(£-C)8in((7-il)s=0. 
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30. Bin(il-B)oo8(il+£)+8in(B-C7)oo8(£ + C7) 

+8m((7-D)co8((7-l-D) + sm(D-il)oos(i)+J)s:0. 

31. 8m(ii+JB-2C)cosJB-8in(il + (7-2£)cosC 

=8m (J?~ C) {oo8(P+ (7-il) +008 (C+il -B) + oo8 (il+B - C)}. 

32. Bin(il+jB+C+D)+sm(il+J5-(7-D)+8in(il+B-C7+D) 

+ Bin (il +B + (7-D)=4 8in (il + B) COS C co8D. 

33. ^ fti^y theorem be trne for valaes of ii, B, and C each that 

^+B + C= 180°, 

prove that the theorem is still true if we substitute for At B, and 
respectiTely the quantities 

(1) 90«-:^. 9Cy>-|,and90O-^, 

or (2) 180° - 2il, 180° - 2B, and 180° - 2(7. 

Hence deduce Ex. 16 from Ex. 6, and Ex. 17 from Ex. 5. 
Ux+y+zsixyz prove that 

8a;-g» 3y~y* Sz-s^Bx-a^ 3y-y» 8g-g» 
^^ l-3a^'^l-3ya'*"l-8«^~l-3a:«*r^T^8? 

and 36. a;(l-y«)(l-««)+y(l-«^(l-x«)+*(l-««)(l-y«)=4ajyf. 

128. The Addition and Subtraction Theorems may be 
used to solve some kinds of trigonometrical equationa 

Ex Solve the equation 

sin X + sin 5x = sin Sx. 
By the formulae of Art. 94, the equation is 

2 sin Sx cos 2x = sin Sx. 
.'. sin 3a? = 0, or 2 cos 2a? = 1. 
If sin 3a? = 0, then 3ar = wtt. 

1 TT 

If cos 2a? = ^ , then 2a; = 2n7r + ^ . 

Hence 0^=^.01 n7r±^. 

O O 
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129. To solve an equation of the form 

a cos ^ + 6 sin ^ = c. 



Divide both sides of the equation by Va* + 6*, so that 
it may be written 

a /i . ^ • /I c 

cos d 4- . sin ^ = 



Find from the table of tangents the angle whose 
tangent is - and call it oc. 

Then tan a = - , so that 

a 

6 J a 

sm a = , , and cos a = 



The equation can then be written 
cos a cos ^ + sin a sin ^ = 



c 



i,e. cos (^ — a) = , . 

Va«4-6» 

Next find from the tables, or otherwise, the angle fi 

whose cosine is - , , 

/» 
so that cos yS =s 



[N.B. This can only be done when c is < Va' + 6".] 

The equation is then cos (^ — a) = cos y8. 

The solution of this is ^ — a = 2nir ± ^, so that 

^ = 2w7r + a±/3, 

where n is any integer. 
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Angles, such as a and fi, which are introduced into 
trigonometrical work to &cilitate computation are called 
Subsidiary Angles. 

130. The above solution may be illustrated graphically 
as follows ; 

Measure OM along the initial 
line equal to a, and MP perpen- 
dicular to it, and equal to b. The 
angle MOP is then the angle whose 

tangent is-, i.e. a. 

With centre and radius OP, 

i.e. Va' + fe^ describe a circle, and measure ON along 
the initial line equal to c. 

Draw QNQ perpendicular to ON to meet the circle in 
Q and Q ; the angles NOQ and Q'ON are therefore each 
equal to /3. 

The augle QOP is therefore a - /3 and QOP is a 4- y8. 

Hence the solutions of the equation are respectively 

2n7r -^QOP and Inir + QOP. 

The construction clearly fails if c be > Va* + b\ for then 
the point N would fell outside the circle. 

131. As a numerioal example let us solve the equation 

5cos(?-2sin(?=2, 

given that tan 2P 48'= | . 

Dividing both sides of the equation by 

V6»+2«, U. V29, 



we have 



5 n 2 . ^ 2 

OOS^ i:r^sm^ = 




V29 V29 V29' 
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Hence oos e oos 21° 48' - sin ^ sin 21° 48^ 

= Bin 21° 4&=z Bin (90° - 68° 12') 
s=cos68°12'. 

/. COB (e + 21° 48') = COB 68° 12'. 
Hence $ + 21° 48' = 2n x 180° =t 68° 12'. (Art. 83) 

.-. ^=2nxl80°-21°48'i68°12' 
= 2/1 X 180° - 90°, or 2n x 180° + 46° 24', 
where n is any integer. 

>. The equation of Art. 129 may be solved in another way. 



Q 

For let t=tan^, 
80 that Bin e =■ «^— 



l + tan^g 

and cos = = = — -j . (Art. 109.) 

l+tan«| ^ + ^ 

The equation then becomes 

l-ta ^ 2t 

BO that t2(c+a)-26t+c-a=0. 

This is a quadratic equation giving two values for t and hence two 
values for tan ^ . 

Thus, the example of this article gives 

7t«+4t-3=0, 
so that t=-lorf 

= tan ( - 45°) or tan 23° 12' (from the tables). 

Hence | = n . 180° - 46°, or n . 180° + 28° 12', 

i.e. e^n . 360° - 90°, or n . 360°+46° 24'. 
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■RTAMPT.T.fl, TTT. 

Solve the equations 

1. aji$ + Bm7$ssBm4t$, 2. cos^+oo8 7^=oob49. 

3. 008^+ cos 3^=2 008 2^. 4. Bin49-Bin2(?=oos89. 

5. cos tf- sin 3^=5 cob 2^. 6. sinT^ssin^ + sind^. 

7. cos 9+ cos 20 +008 8^=0. 8. sin 0+ sin 30+ sin 50=0. 

9. 8in20-oos20-8in0+cos0=O. 

10. sin(80 + a)+sin(80-a) + sin(a-0)-sin(a+0}sooBa. 

11. cos (30 + a) cos (30 - a) + cos (50 + a) cos (50 - a) = cos 2a. 

12. cosn0=coB(n-2)0 + 8in0. 13. sin5^0=sin^^0+sin0. 

14. sinm0 + Binn0=O. 15, oosiii0+cosn0=O. 

16. sinan0-sin2(n-l)0=sin«0. 17. sin 30+ cos 20=0. 

18. V3o<»^+s"i^=V2. 19. sin0+oos0=V2. 

20. V^ sin 0- cos 0=^2. 21. sinx + cosd;=V2ooSil. 

22. 5sin0+2cos0=5(giyentan2P48'='4). 

23. 6coB x+ 8 sin «b9 (given tan 53° 8'= li and cos 25° 50^= -9). 

24. l+sin3 0=8Bin0cos0(giventan71°34'=3). 

25. coseo0=:oot0+>^3. 26. co8ecd;=l + cot«. 
27. (2+V3)cos0=l-sin0. 28. tan0+sec0=V3. 

29. 008 20=008*0. 30. 4cos0-3sec0=tan0. 

31, COB 20 +3 cos 0bO. 32, cos 30 +2 cos 0=0. 

33. cos20=(V2 + l)fcos0--y5J. 34. cot0-tan0=2. 

35. 4cot20=cota0-tan2 0. 36. 3 tan (0-15°)= tan (0+15°). 

37. tan0+tan20 + tan30=O. 

38. tan + tan 20 + ^3 tan tan 20 = V^. 

39. sin 3a = 4 sin a sin (d; + a) sin (x- a). 

40. Prove that the equation x*-2d; + l=0iB satisfied by putting for x 
either of the values 

V2 sin 45°, 2 sin 18°, and 2 sin 234°. 
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41. If an {v COB 0)= COB {t an 0U proYO thai 

42. If sin (v cot 0) =cob (r tan 0), prove that either coseo 20 or oot 20 
is equal to n+i* 

132. Ex To trace the changes in the sign and 
magnitude of the expression sin 6 + cos as increases from 
to 360°. 

We have sin ^ 4- cos tf = V2 -j^ sin tf + -j^ cos 

= V2 [sin ^ cos 46° + cos ^ sin 45^ = V2 sin (tf 4- 45°). 

As increases from to 45°, sin (0 + 45°) increases 
from sin 45° to sin 90°, and hence the expression increases 
from 1 to *J2. 

As inci^eases from 45° to 135°, 0+ 45° increases from 
90° to 180°, and hence the expression is positive and 
decreases from ^2 to 0. 

As increases from 135° to 225°, the expression 
changes from »J2 sin 180° to v/2 sin 270°, i.e. it is negative 
and decreases from to — V^. 

As increases from 225° to 315°, the expression 
changes from V2 sin 270° to ^/2 sin 360°, i.e. it is negative 
and increases from — V2 to 0. 

As incre€U3es from 315° to 360°, the expression 
changes from \/2 sin 360° to *J2 sin 405°, i.e. it is positive 
and increases from to 1. 

133. Ex. To trace the changes in the sign and 
magnitvde of a cos0 + bsin0, and to find the greatest 
vaivs of the expression. 

We have 



MAXIMUM VALUE. 145 

Let a be the smallest positive angle such that 

a , . b 
cos a = , , and sin a » -7= . 

The expression therefore 
= Va* + 6» [cos ^ cosa + sin ^ sina] = Va« + 6» cos (5 - a). 

As changes from a to 360° + a» the angle O — a 
changes from to SGO"", and hence the changes in the 
sign and magnitude of the expression are easily obtained. 

Since the greatest value of the quantity cos (d — a) is 
unity, i,e. when equals a, the greatest value of the 

expression is Va* + 6*. 

Also the value of which gives this greatest value is 

a 



such that its cosine is 



V^T^' 
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Ab $ increases from to 360°, trace the changes in the sign and 
magnitude of 

1. sintf-oos^, 

2. Bm$-¥^fBooB0, 

Fn. B. sin^+V3cos ^=2 r|8in^+ ^ cos ^1=2 sin (^+60°).1 

3. ane-JSooBe. 4. oos*^-sin«^. 

* . ^ « o sm0+tm2$ 
5. sin cos 6, 6. — :; 7^ • 

g. otuv^juov, u. cos ^ + COS 2d 

7, Bm{rane), 8. cos(irsind). 

sin (t cos g) 
oos(irsin(?)' 

10. Trace the changes in the sign and magnitude of — ^ as the 
angle increases from to 90**. 

L. T. 10 



CHAPTER X. 



LOGARITHMS. 



134. SuPFOSiNQ that we know that 

10»-*««* = 253, 10»-«»»** = 407, 
and i05.aia7i4» = 102971, 

we can shew that 253 x 407 = 102971 without performing 
the operation of multiplication. For 

253 X 407 = 10»-*»«» X 10*~«»** 

= l(y^^^ = 102971. 

Here it will be noticed that the process of multiplica- 
tion has been replaced by the simpler process of addition. 
Again, supposing that we know that 

1044HH)4ow = 79507, 

and that ioi-«««86 = 43^ 

we can easily shew that the cube root of 79507 is 43. 
For ^79507" = [79507]' = (10^«««»)' 

=s \()i>^^'9O04O» -. 10l-«384fl8S _, ^g^ 

Here it will be noticed that the difficult process of 
extracting the cube root has been replaced by the simpler 
process of division. 
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136. IiOgarithm. Def. If a he any nwmber^ ani a 
cmd N two other numbers such that a' = N, then x is called 
the logarithm ofN to the base a wnd is written hgaN. 

The logarithm of a number to a given base is therefore 
the index of the power to which the base must be raised 
that it may be equal to the given number. 



Since 10*slOO, therefore 2slog,o 100. 
Since 10>=100000, therefore 6 =logio 100000. 
Since 2«sl6, therefore 4slog| 16. 

Since st r|S=:2*»4, therefore ^-logs 4. 
Since 9~l = -i; = oi ~ of? * therefore 



8» 27 



-| = lag.(~). 



N.6. Since a^ = 1 always, the logarithm of anity to any base is always 
zero. 

136. In Algebra, if m and n be any real quantities 
whatever, the following laws, known as the laws of indices, 
are found to be true : 

(i) «*» X a** = a"*+", 
(ii) a** -^ a** = a*""^, 
and (iii) (a"*)** = a"**. 

Corresponding to these we have three fundamental 
laws of logarithms, viz. 

(i) loga (mn) = loga m + log^ n. 



(ii) logaf^j=logam-logaii> 



and (iii) log^ nt"^ = n log^ n^- 

The proofs of these laws are given in the following 
articles. 

137. The logarithm of the pi^oduot of two qtumtities is 

10—2 
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equal to the sum of the logarithms of ike quantities to the 
sams hasey i.e. 

Let a?=logam, so that a*=m, 

and y = logan,80 that a^^n. 

Then mn=a' xa^ = a^v. 

.*. logamn = a? + y (Art. 135, De£) 
= loga m + loga w. 

138. 2%e logarithm of the quotient of two quantities is 
equal to the difference of their logarithms, %,e. 

loga ( ^j = loga m - loga n. 

Let a? = logam, so that a^^m, (Art. 135, Def.) 
and y = loga ^> so that o^ = n. 

Then _ = a*^ay=:a*-y. 

n 

•'• *^^» (?) " ^ " y (^- ^^^' ^^^-^ 

= loga Wl - loga n. 

139. 2%« logarithm of a quantity raised to any power 
is equal to the logarithm, of the quantity multiplied by the 
index of the power, i,e. 

loga {^^) = ^ loga ni. 

Let a = loga ^> so that a* = m. Then 

m'» = (a*)** = a^. 
.'. loga (m**) = rw? (Art. 135, Def.) 
= n loga ^» 

Bxs. log48=log(2*x8)=log2*+log3=41og2+log3; 

= log 7 + 2 log 8 - 2 log 2 - 2 log 1 1 ; 
log^l3=log 13*=^ log 13. 
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140. Common lyitem of logarithmi. In the 

system of logarithms which we practically use the base is 
always 10, so that, if no base be expressed, the base 10 
is always understood. The advantage of using 10 as the 
base is seen in the three following articles, 

14L Oharacteiifltlc and Mantissa. Def If the 

logarithm of any number be partly integral and partly 
fractional, the integral portion of the logarithm is called its 
characteristic and the decimal portion is called its mantissa. 
Thus, supposing that log 795 = 2*9003671, the number 
2 is the characteristic and '9003671 is the mantissa. 

Negative characteristics. Suppose we know that 

log 2 = -30103. 
Then, by Art. 138, 

log J = log 1 - log 2 = - log 2 = - -30103, 

so that log \ is negative. 

Now it is found convenient, as will be seen in Art. 143, 
that the mantisssB of all logarithms should be kept positive. 
We therefore instead of --30103 write - [1 - '69897], so 
that 

log ip^- (1 - -69897) = - 1 + -69897. 

For shortness this latter expression is written 1*69897. 
The horizontal line over the 1 denotes that the integral 
part is negative ; the decimal part however is positive. 

As another example, 3*4771213 stands for 

-3 + '4771213. 

142. The characteristic of the logarithm of any number 
can always he determined by inspection. 
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(i) Let the number be greater than unity. 

Since 10*^ = 1, therefore logl =0; 
since 10^ = 10, therefore log 10 = 1 ; 

since 10^ = 100, therefore log 100 = 2, 

and so on. 

Hence the logarithm of any number lying between 1 
and 10 must lie between and 1, that is, it will be a 
decimal fraction and therefore have as its characteristic. 

So the logarithm of any number between 10 and 100 
must lie between 1 and 2, i.e. it will have a characteristic 
equal to 1. 

Similarly, the logarithm of any number between 100 
and 1000 must lie between 2 and 3, i.e. it will have a 
characteristic equal to 2. 

So, if the number lie between 1000 and 10000, the 
characteristic will be 3. 

Generally, the characteristic of the logarithm of any 
number will he one less than the number of digits in its 
integral part. 



The number 296*3457 has 8 figures in its integral part, and 
therefore the charaoteristic of its logarithm is 2. 

The characteristic of the logarithm of 29634*57 will be 6 - 1, i.e, 4. 

(ii) Let the number be less than unity. 
Since 10<*= 1, therefore log 1 = 0: 

since 10~* = z^= '1, therefore log -1 = — 1 

since 10-»=i7s= '01, therefore log 01 = -2 

since lO"' = :^ = 001, therefore log 001 = - 3 

10* 

and so on. 
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The logarithm of any number between 1 and '1 there- 
fore lies between and — 1, and so is equal to — 1 + some 
decimal, i,e. its characteristic is 1. 

So the logarithm of any number between '1 and '01 
lies between — 1 and — 2, and hence it is equal to — 2 + 

some decimal, i.e. its characteristic is 2. 

Similarly, the logarithm of any number between '01 

and '001 lies between — 2 and — 3, %.e. its characteristic is 3. 

Generally, the characteristic of the logarithm of any 
decimal fraction will be negative and numerically tuill be 
greater by unity tha/a the number of cyphers following the 
decimal point. 

For any fraction between 1 and '1 {e,g, '5) has no 
cypher following the decimal point and we have seen that 

its characteristic is 1. 

Any fraction between '1 and '01 {e,g. '07) has one 
cypher following the decimal point and we have seen 

that its characteristic is 2. 

Any fraction between '01 and '001 {e,g, 003) has two 
cyphers following the decimal point and we have seen that 

its characteristic is 3. 

Similarly for any fraction. 



The charaoteristio of the logarithm of the number *00Rd5 is 3. 
The oharaoteristic of the logarithm of the namber '0000053 is 6. 
The charaoteristic of the logarithm of the nnmber *34567 is I. 

143. The mantissas of the logarithm of all numbers, 
consisting of the same digits, are the same. 
This will be made clear by an example. 
Suppose we are given that 

log 66818 = 4-8248935. 
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Then 
log 668-18 = log ^j^ = log 66818 - log 100 (Art. 138) 

= 4-8248935 - 2 = 28248935 ; 

log -66818 = log ^Q^Q = log 66818 - log 100000 

(Art. 138) 
= 4-8248936 - 6 = T-8248935. 

So log -00066818 = log ^^^ = log 66818 - log IV 

= 4-8248935 - 8 = 4-8248935. 

Now the numbers 66818, 66818, '66818, and -00066818 
consist of the same significant figures, and only differ in 
the position of the decimal point. We observe that their 
logarithms have the same decimal portion, i,e, the same 
mantissa, and they only differ in the characteristic. 

The value of this characteristic is in each case deter- 
mined by the rule of the previous article. 

It will be noted that the mantissa of a logarithm is 
always positive. 

144. Tables of logarithms. The logarithms of all 
numbers from 1 to 108000 are given in Chambers' Tables 
of Logarithms. Their values are there given correct to 
seven places of decimala 

The student should have access to a copy of the above 
table of logarithms or to some other suitable table. It 
will be required for many examples in the course of the 
next few chapters. 

On the opposite page is a specimen page selected from 
Chambers' Tables. It gives the mantissas of the logarithms 
of all whole numbers from 52500 to 53000. 



No. 


12 3 4 


5 6 7 8 9 


Diff. 




5250 
51 
52 
53 
54 
55 


7201593 1676 1758 1841 1924 
2420 2503 2586 2668 2751 
8247 3380 8413 8495 8578 
4074 4157 4239 4322 4405 
4901 4983 5066 5149 5231 
5727 5810 5892 5975 6058 


2007 2089 2172 2255 2887 
2834 2916 2999 8082 3164 
3661 3743 8826 3909 3991 
4487 4570 4653 4735 4818 
5814 5897 5479 6562 5645 
6140 6223 6806 6388 6471 






56 
57 

58 
59 


6554 6636 6719 6801 6884 
7380 7462 7545 7628 7710 
8206 8288 8371 8454 8536 
9032 9114 9197 9279 9362 


6967 7049 7132 7216 7297 
7798 7875 7958 8041 8123 
8619 8701 8784 8867 8940 
9445 9627 9610 9692 9775 






60 


9857 9940 0023 0105 0188 


0270 0363 0436 0518 0600 






5261 
62 
63 
64 
65 


7210683 0766 0848 0981 1013 
1508 1591 1674 1756 1839 
2334 2416 2499 2581 2664 
8159 3241 8324 3406 3489 
8984 4066 4149 4231 4314 


1096 1178 1261 1343 1426 
1921 2004 2086 2169 2251 
2746 2829 2911 2994 3076 
3571 3654 8736 3819 3901 
4396 4479 4561 4644 4726 






66 
67 
68 
69 
70 


4809 4891 4973 5056 5138 
5633 5716 5798 5881 5963 
6458 6540 6623 6705 6787 
7282 7364 7447 7529 7612 
8106 8189 8271 8353 8436 


5221 6308 5386 6468 5551 
6045 6128 6210 6293 6375 
6870 6952 7036 7117 7200 
7694 7777 7869 7941 8024 
8518 8601 8688 8766 8848 


82 

1 8 

2 16 

3 2S 

4 88 

5 41 




6271 


8930 9013 9095 9177 9260 


9342 9424 9507 9589 9672 




72 
73 
74 
75 


9754 9886 9919 0001 0084 

7220678 0660 0742 0826 0907 

1401 1484 1566 1648 1731 

2225 2307 2389 2472 2554 


0166 0248 0331 0413 0495 
0990 1072 1154 1237 1319 
1813 1896 1978 2060 2142 
2636 2719 2801 2883 2966 




76 
77 
78 
79 
80 


3048 3130 8212 8295 8377 
3871 3953 4036 4118 4200 
4694 4776 4858 4941 5023 
5517 5599 5681 5763 5846 
6339 6421 6504 6586 6668 


3459 3542 3624 3706 3789 
4282 4365 4447 4529 4612 
5106 5188 5270 5352 5434 
5928 6010 6092 6176 6257 
6750 6833 6915 6997 7079 


6 49 

7 57 

8 66 

9 74 




5281 


7162 7244 7326 7408 7491 


7673 7655 7737 7820 7902 






82 
83 


7984 8066 8148 8231 8318 
8806 8888 8971 9053 9135 


8395 8477 8559 8642 8724 
9217 9299 9382 9464 9546 






84 
85 


9628 9710 9792 9875 9957 
7230450 0532 0614 0696 0779 


0039 0121 0203 0286 0368 
0861 0943 1025 1107 1189 






86 
87 
88 
89 
90 


1272 1354 1486 1518 1600 
2093 2175 2257 2840 2422 
2914 2997 3079 8161 8243 
3736 3818 3900 3982 4064 
4557 4639 4721 4803 4885 


1682 1765 1847 1929 2011 
2604 2586 2668 2750 2832 
3325 3407 3489 3571 8654 
4146 4228 4310 4393 4475 
4967 6049 6131 5213 5296 






6291 
92 
93 
94 
95 


5378 5460 5542 5624 5706 
6198 6280 6362 6445 6527 
7019 7101 7183 7265 7347 
7839 7921 8003 8085 8167 
8660 8742 8824 8906 8988 


6788 5870 5962 6034 6116 
6609 6691 6773 6855 6937 
7429 7511 7593 7675 7757 
8250 8832 8414 8496 8678 
9070 9152 9234 9816 9398 






96 
97 
98 
99 
6800 


9480 9562 9644 9726 9808 
724 0300 0382 0464 0646 0628 
1120 1202 1283 1365 1447 
1939 2021 2103 2185 2267 
2759 2841 2923 3005 3086 


9890 9972 0054 0136 0218 
0710 0792 0874 0956 1038 
1529 1611 1693 1775 1857 
2349 2431 2513 2596 2677 
3168 3250 3332 3414 3496 
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145. To obtain the logarithm of any such number, such 
as 52687, we proceed as follows. Run the eye down the 
extreme left-hand column until it arrives at the number 
5268. Then look horizontally until the eye sees the figures 
7035 which are vertically beneath the number 7 at the top 
of the page. The number corresponding to 62687 is there- 
fore 7217035. But this last number consists only of the 
digits of the mantissa, so that the mantissa required is 
•7217035. But the characteristic for 52687 is 4. 

Hence log 52687 = 4-7217035. 

So log -52687 = 1-7217035, 

and log 00052687 = 47217035. 

If, again, the logarithm of 52725 be required, the 
student will find (on running his eye vertically down the ex- 
treme left-hand column as far as 5272 and then horizontally 
along the row until he comes to the column under the 

digit 5) the number 0166. The bar which is placed over 
these digits denotes that to them must be prefixed not 
721 but 722. Hence the mantissa corresponding to the 
number 52725 is -7220166. 

Also the characteristic of the logarithm of the number 
52725 is 4. 

Hence log 52725 = 4-7220166. 

So log 052725 = 27 220166. 

We shall now work a few numerical examples to shew 
the eflSciency of the application of logarithms for purposes 
of calculation. 

146. Bz. 1. Find the value of iJWl* 

Leta;=y23l=(28-4)i 
so that log a; = ^ log (23-4), by Art. 139. 
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In the table of logarithms we find, oppoaite the number 234, the 
logarithm 8692159. 

Henoe log 28*4= 1-8692169. 

Therefore log a;=^ [1*8692159] s -2788482. 

Again, in the table of logarithms we find, corresponding to the logarithm 
2788482, the number 187864, so that 

log 1-87864 =-2738432. 

.'. «=l-87864. 

Bz. 2. Find the value of 

(6-45)»x y -00034 
(9*37)ax4/F98 
Let X be the required value so that, by Arts. 138 and 139, 

log « = log (6-45)» + log ( -00034)4 - log (9-37)' - log ^8^ 
=8 log (6-45) +g log (-00034) - 2 log (9*87) - i log 8-98. 

Now in the table of logarithms we find 

opposite the number 645 the logarithm 8095597, 

34 „ „ 5814789, 

937 „ „ 9717396, 

893 „ „ 9508515. 

loga;=3 X -8095597+^ (4-6314789) 
- 2 X -9717396 - i x -9608615. 

4 

But i (4-6314789) = | [6 + 2-6314789] 

=2 + -8438263. 
.-. log X = 2-4286791 + [2 + -8438268] - 1-9484792 - -2377129 

=8-2726064-4-1811921 
= 1+4-2726064 - 4-1811921 
= 10913133. 
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In the table of logarithms we find, opposite the number 12840, the 
logarithm 0913162, so that 

log •12840=1*0918162. 

Henoe log x = log *12840 nearly, 

and therefore x = *12840 nearly. 

When the logarithm of any number does not quite agree with any 
logarithm in the tables, but lies between two oonsecutiye logarithms, it 
will be shewn in the next ohapter how the number may be acourately 
found. 

Bz. 8. Having given log 2 =^30103^ find the number of digits in 2^ 
and the position of the first significant figure in 2~*7. 

We have log 2*'= 67 x log 2 = 67 x -30108 

=20*16901. 

Since the characteristic of the logarithm of 2^ is 20, it follows, by Art. 
142, that in 2^ there are 21 digits. 

Again, tog 2-»= -87 log 2= -37 x -30108 

s- 11-13811 =12-86189. 

Hence, by Art. 142, in 2'*^^ there are 11 cyphers following the decimal 
point, i.e, the first significant figure is in the twelfth place of decimals. 

Bz. 4. Given 2qp 3= -4771213,20^ 7=-8460980, and top 11 =1-0418927, 

solve the equation 

3»x7«*<-i=ll**«. 

Taking logarithms of both sides we have 

log 3« + log 7***-! = log 11«^. 
.% «log8+(2« + l)log7 = (a?+6)logll. 
/. a;[log8 + 21og7-logll]=51ogll-log7. 
6 log 11 - log 7 



Xsz 



log3+21og7-logll 

6-2069636 - -8460980 
' -4771213+1-6901960 - 1-0418927 

4-3618666 



1-1269246 



=3-87.... 
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147. To prove that 

Let logam=iX, so that a' = m. 

Also let log5 m = y, so that (v » m. 

Hence loga (a«) = log. (6^). 

.*. a? = y loga 6- (Art. 139.) 

Hence loga m = logj m x loga 6. 

By the theorem of the foregoing article we can from 
the logarithm of any number to a base b find its logarithm 
to any other base a. It is found convenient, as will appear 
in a subsequent chapter, not to calculate the logarithms to 
base 10 directly, but to calculate them first to another 
base and then to transform them by this theorem. 



TnrAiyrPT.PH 
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1. Given log 4= -60206 and log 3= ^4771218, find the logatithms of 
•8, -003, -0108, and (-00018)^. 

2. Given log 11= 1-0418927 and log 13 = 1-1189484, find the values of 
(1) log 1-43, (2) log 138-1, (3) log 4^143, and (4) log<!^^O0l69. 

3. What are the eharaoteristios of the logarithms of 243*7, -0168, 
2-8718, -00057, -028, 4^24615, and (24689)^? 

4. Find the 6th root of -003, having given log 3= -4771213 and 

log 312936=5-4954243. 

5. Find the value of (1) 7^, (2) (84)*, and (3) (-021)*, having given 

log 2= -30103, log 3 =-4771213, 

log 7 = -8460980, log 132057 = 5 -1207283, 

log 588453=5-7697117, and log 461791= 6*6644488. 
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6. Haying given log 3 = -4771218, 

find the nnmber of digits in 

(1) 3« (2) 8»7, and (8) 3«, 
and the position of the first significant figure in 

(4) 8-M (6) 8-«, and (6) 3-». 

^ . 7. Given log 2 =-80103, log 8= -4771218, and log 7 =-8450980, solve 

the equations 

(1) 2».8»*^=7*, 

^(2) 2«»*-i.8»»«=7*», 

(8) 7»•-^2»-*=3»»-'. 

^^^ V*; ^z-v ^ 2*-*' = 3* J 

8. From the tables find the seventh root of -000036751. 
Making use of the tables, find the approximate values of 

9. ■ygSfS. ^10. ^2857. 11. ^^• 



y 



'/ 7-2X8-8 a/ 8*x11* 



CHAPTER XI. 

TABLES OF LOGARITHMS AND TRIGONOMETRICAL RATIOS. 
PRINCIPLE OP PROPORTIONAL PARTS. 

148. We have pointed out that the logarithms of all 
numbers from 1 to 108000 may be found in Chambers' 
Mathematical Tables, so that, for example, the logarithms 
of 74583 and 74584 may be obtained directly therefrom. 

Suppose however we wanted the logarithm of a 
number lying between these two, e,g, the number 74583*3. 

To obtain the logarithm of this number we use the 
Principle of Proportional Parts which states that the 
increase in the logarithm of a number is proportional to 
the increase in the number itself 

Thus from the tables we find 

log 74583 = 4-8726398 (1), 

and log 74584 = 4*8726457 (2). 

The quantity log 74583*3 will clearly lie between 
log 74583 and log 74584. 

Let then log 74583*3 = log 74583 + x 

= 4*8726398 + «? (3). 
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From (1) and (2), we see that for an increase 1 in the 
number the increase in the logarithm is '0000059. 

The Theory of Proportional Parts then states that for 

an increase of '3 in the number the increase in the 

logarithm is 

•3 X 0000059, i.6., '00000177. 

Hence log 745833 = 48726398 + '00000177 

= 4-87264157. 

149. As another example, we shall find the value of 
log '0382757 and shall exhibit the working in a more 
concise form. 

From the tables we obtain 

log 038275 = 2-5829152 
log -038276 = 2-5829265. 

Hence the difference for 

•000001= -0000113. 
Therefore the difference for 

-0000007 = -7 X -0000113 
= 00000791. 
.-. log 0382757 = 25829152 

4- 00000791 

= 2-58292311. 
Since we only require logarithms to seven places of 
decimals, we omit the last digit and the answer is 

2-5829231. 

150. The converse question is often met with, viz., 
to find the number whose logai*ithm is given. If the 
logarithm be one of those tabulated the required number 
is easily found. The method to be followed when this is 
not the case is shewn in the following examples. 
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Find the number whose logarithm is 2*6283924. 

On reference to the tables we find that the logarithm 6283924 is not 
tabulated, but that the nearest logarithms are 6283889 and 6283991, 
between which our logarithm lies. 

We have then log 426-00 =2-6283889 (1), 

and log425-01=:2-6283991 (2). 

Let log (425-00 +«) =2-6283924 (3). 

From (1) and (2), we see that corresponding to a difference *01 in the 
number there is a difference -0000102 in the logarithm. 

From (1) and (3), we see that corresponding to a difference x in the 
nnmber there is a difference -0000035 in the logarithm. 

Hence we have « : *01 : : -0000035 : -0000102. 






OK .OR 



Hence the required number =425-00 +'00343 =425-00343. 

151. Where logarithms are taken out of the tables 
the labour of subtracting successive logarithms may be 
avoided. On reference to page 153 there is found at the 
extreme right a column headed Diff. The number 82 at 
the head of the figures in this column gives the difference 
corresponding to a difference unity in the numbers on 
that page. 

This number 82 means -0000082. 

The rows below the 82 give the differencas correspond- 
ing to '1, '2,.... Thus the fifth of these rows means that 
the difference for '6 is '0000041. 

As an example, let us find the logarithm of 52746*74. 

From page 153, we have 

log 52746 = 4-7221895 
diff. for -7 = -0000057 

diff. for -04 



(=^xdiff. for4) = •' 



0000003 



• • 



log 52746-74 = 4-7221965. 

L. T. 11 
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We shall soWe two more examples, taking all the logarithma from 
the tables, and only putting down the neoessary steps. 



. 1. Find the ieventh root of '034574. 

If 2 be the required quantity, we have 

log«=i^log (•034674)=f (2-6387496) 
=J (7 +6-5387496). 
.•.log«=l-7912499. 
But log •61837=1-7912484 

diff. r= -OOOOOlo. 

Butdifi. for -00001= '0000071, 

.*. required inisreases -00000211, 

«= -61837211. 



71) 160 (211 
142 

80 
71 

90 
71 

19 



a. If a»34562'78 and &= 28347*912, ^nd the value of the square 
root of a^- 6^. 

If x be the required quantity, we have 

21ogaj=log(a>-68)s=log(a-6)+log(a + 6) 

=log 6214-818 + log 62910-642. 



Now 



log 6214-8 =3-7984272 

1 7 

8 6 

log 62910-0 =4-7987197 

6 41 

4 2 

2 



6 



8 
14 



Henoe, by addition, 2 log a; =8-5921525 54. 

A log a? =4-2960763. 
But log 19773=4-2960726 

.-. diff. = 37. 

But difiF. for 1= 220, 

proportional increase = ^ x 1 = - 168, 

«= 19773-168. 



162. The proof of the Principle of Proportional Parts 
will not be given at this stage. It is not strictly true 
without certain limitations. 
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The numbers to which the principle is applied must 
contain not less than five significant figures, and then we 
may rely on the result as correct to seven places of 
decimals. 

For example, we must not apply the principle to 
obtain the value of log 2*5 from the values of log 2 and 
log 3. 

For, if we did, since these logarithms are '30103 and 
•4771213, the logarithm of 25 would be '389075. 

But firom the tables the value of log 2*5 is found to be 
-3979400. 

Hence the result which we should obtain would be 
manifestly quite incorrect. 

Tables of trigonometrical ratios. 

163. In Chambers' Tables will be found tables giving 
the values of the trigonometrical ratios of angles between 
0° and 45"^, the angles increasing by differences of 1'. 

It is unnecessary to separately tabulate the ratios for 
angles between 45"^ and 90^ since the ratios of angles 
between 45"^ and 90° can be reduced to those of angles 
between 0"* and 45°. (Art. 75.) 

For example, 

[sin 76° 11' = sin (90° - 13° 49') = cos 13° 49', 

and is therefore known]. 

Such a table is called a table of natural sines, cosines, 
etc. to distinguish it firom the table of logarithmic sines, 
cosines, etc. 

If we want to find the sine of an angle which contains 
an integral number of degrees and minutes, we can obtain 

11—2 
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it from the tables. If, however, the angle contain seconds, 
we must use the principle of proportional parts. 



1. Given nn 29'' 14' ='4883674, 

and Bin 29° 15' = -4886212, 

\ find the value of sin 29® 14' 82". 

By snbtraotion we have 

difference in the sine for 1'= -0002538. 

. • . difference in the sine for 82" = ^x -0002538 = 00013536, 
• 60 

.% sin 29° 14' 32"= -4883674 

+ 00013536 

= •48860276. 

Since we want our answer only to seven places of decimals, we omit 
the last 6, and, since 76 is nearer to 80 than 70, we write 

sin 29° 14' 32"= -4885028. 

N.B. When we omit a figure in the eighth place of decimals we add 
1 to the figure in the seventh place, if the omitted figure be 5 or a number 
greater than 5. 



a. Given co» 16° 27' =-9590672, 

and cos 16° 28' = -9589848, 

^ndco* 16° 27' 47". 

We note that, as was shewn in Art. 55, the cosine decreases as the 
angle increases. 

Hence for an Inoreaoe of 1', i,e, 60", in the angle, there is a d«Gr«asa 
of -0000824 in the cosine. 

Hence for an Iuctmum of 47" in the angle, there is a dacreaa« of 

47 

^ X -0000824 in the cosine. 

V. cos 16° 27' 47" = -9690672 - ~ x -0000824 

60 

= -9690672 - -0000645 
= -9590672 
- '0000646 

s -9590027. 
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In svftotle* this may be abbreviaied ihtui ; 



608l6<'28'= -9589848 
eo8 16^ 2r = -9590672 

difi. for 1'= - 0000824. 
diff. for 47"= - « x -0000824 
= - -0000645. 
:• ADB.SZ -9590672 
- -0000645 

m -9590027. 






•• 



824 

47 



5768 
8296 

6 0) 8872^ 

645 



164. The inverse question, to find the angle, when 
one of its trigonometrical ratios is given, will now be 
easy. 



Find the angle whoee cotangent it 1*4109325, having given 
«ot35<' 19' =1-4114799, and cot 35^' 20^=1*4106098. 

Let the required angle be 35^ 19^ + iicf\ 
(90 that oot (35'' 19^ + a/") = 1-4109325. 

From these three equations we haTe 
For an increase of 60" in the angle, a decrease of -0008701 in the cotangent, 

ft »i * tf »» t »» »» '0005474 II ,1 

•-. X : 60 :: 5474 : 8701, so that x=37-7. 

Hence the required angle =35® 19^37*7''. 

166. In working all questions involving the applica- 
tion of the Principle of Proportional Parts, the student must 
be very careful to note whether the trigonometrical ratios 
increase or decrease as the angle increases. As a help to 
his memory, he may observe that in the first quadrant the 
three trigonometrical ratios whose names begin with co-, 
i.e. the cosine, the cotangent, and the cosecant, all decrease 
as the angle increases. 
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Tables of logarithmic sines, cosines, etc. 

166. In many kinds of trigonometric calculation, as 
in the solution of triangles, we often require the logarithms 
of trigonometrical ratios. To avoid the inconvenience of 
first finding the sine of any angle firom the tables and 
then obtaining the logarithm of this sine by a second 
application of the tables, it has been found desirable to 
have separate tables giving the logarithms of the various 
trigonometrical functions of angles. As before, it is only 
necessary to construct the tables for angles between 0"" 
and 45''. 

Since the sine of an angle is always less than unity, 
the logarithm of its sine is always negative (Art. 142). 

Again, since the tangent of an angle between 0"" and 
45*^ is less than unity its logarithm is negative, whilst the 
logarithm of the tangent of an angle between 45° and 
90"" is the logarithm of a number greater than unity and 
is therefore positive. 

157. To avoid the trouble and inconvenience of print- 
ing the proper sign to the logarithms of the trigonometric 
functions, the logarithms as tabulated are not the true 
logarithms, but the true logarithms increased by 10. 

For example, sine 30° = J. 

Hence log sin 30° = log J = — log 2 

= -•30103=1-69897. 

The logarithm tabulated is therefore 

10 + log sin 30°, le. 9-69897. 
Again, tan 60° = \/3. 
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Hence logtan60"=ilog3 = iC4771213) 

= -2385606. 

The logarithm tabulated is therefore 

10 + -2385606, i.e. 10-2385606. 

The s3rmbol L is used to denote these "tabular 
logarithms/' i.e. the logarithms as found in the English 
books of tables. 

Thus L sin 15* 25' = 10 4- log sin 15** 25', 
and L sec 48* 23' = 10 + log sec 48* 28'. 

168. If we want to find the tabular logarithm of any 
function of an angle, which contains an integral number 
of degrees and minutes, we can obtain it directly from the 
tables. If, however, the angle contain seconds we must 
use the principle of proportional parts. The method of 
procedure is similar to that of Art. 152. We give an 
example and also one of the inverse question. 



1. 1. Given L eoaee 82<' 21'= 10-2715733, 

and L cotec 32'> 22' s 10*2713740, 

findLcoue^^^VSl". 

For an increase of 60^ in the angle, there is a decrease of '0001998 in 
the logarithm. 

Hence for an increase of 51" in the angle, the corresponding decrease 

is g^ X -0001993, t.0. -0001694. 

Hence L cosec 32° 21' 5r= 10-2715733 

- - 0001694 

=10-2714039. 

Bz. S. Find the angle such that the tabular logarithm of its tangent 
is 9-4417260. 

Let X be the required angle. 



168 
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From the tables, we haTe 
JL tan a; =9^4417250 
Xtanl5''27'=9'4415145 


Ltanl5«28'=l 
L tan 16* 27'=' 


^•4420062 
94415145 


diff. =: 2105. 

Corresponding inorease = |^ x 

=26^7". 
.-. «=15«27'25-7 


diff. for 1'= 

60" 

• 


4917. 

2105 
60 

4917) 126300 (25*7 
9884 

27960 
24585 



88750 



8* Qiven 
Here 

Now 



Ii<inl4''6'=9*8867040, 

log sin 140 g/^ jr, ^j^ 140 g/ _ iQ 

= -1 + •8867040. 
1 



logeosecl40 6'=logg.^j^,g, 

= -log8inl406' 
= 1 - -8867040 = -6182960. 
Henee L oosec 14'' 6'= 10-6182960. 

More generally, we have sin x coseo 6=1, 

log sin ^+log ooseo 0=0. 
.'. If sin 0+I< ooseo 0=20. 

The error to be avoided is this ; the student sometimes assomes that, 

beoanse 

log oosec 1^^ 6' = - log sin 14* 6', 

he may therefore assume that 

L ooseo 14* 6'= - X, sin 14* 6'. 

This is obviously untrue. 



1. Given 
and 

find the values of 

2. Given 
and 

find the values of 



log 35705 =4-5527290 
log 85706 =4*5527412, 
log 85705-7 and log 85-70585. 

log 5-8748 =7689487 
log 587-44= 2-7689561, 
log 58743-57 and log -00587432. 
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3. Given log 47847=4-6798547 
and log 47848 = 4-6798638» 
find the nnmbexs whose logarithms are respeotiYely 

2*6798593 and 8-6798617. 

4. Given log 258-36 =2-4122253 
and log 2*5837= '4122421, 
find the nnmbers whose logarithms are 

•4122378 and 2-4122287. 

5. From the table on page 153 find the logarithms of 
(1) 52538-97, (2) 527*286, (3) •000529673, 

and the numbers whose logarithms are 

(4) 3-7221098, (5) 2*7240075, and (6) -7210886. 

6. Given sin 43'' 23' = -6868761 
and Bin 43<' 24' = •6870875, 
find the value of sin 43^' 23' 47". 

7. Find also the angle whose sine is -6870349. 

8. Given oos32<' 16' = -8455726 
and COS 32o 17'= -8454172, 

find the values of oos 32° 16' 24" and of oos 32<' 16' 47". 

9. Find also the angles whose cosines are 

-8454832 and -8455176. 

10. Given tan 76« 21' = 4*1177784 
and tan 76<> 22' =41280079, 
find the values of tan 76° 21' 29" and tan 76° 21' 47". 

11. Given cosee 18° 8' = 4*4010616 
and coseo 13° 9' = 4-3955817, 

find the values of ooseo 13° 8' 19" and ooseo 18° 8' 37". 

12. Find also the angle whose cosecant is 4-396789. 

13. Given I. cos 84° 44'= 9 9147729 
and L cos 34° 45' =9*9146852, 
find the value of L cos 84° 44' 27". 
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14. find also the angle B^ where 

Looses 9-9147828. 

15. Given L cot Tl** 27' = 9-6267779 
and L oot 71° 28'= 9*6263689, 
find the value of L cot 71® 27' 47", 
and soWe the equation I» cot ^ = 9*6264782. 

16. Given £secl8° 27'= 10*0229168 
and L sec 18° 28' = 100229690, 
find the valne of I. sec 18° 27' 36". 

17. Find also the angle whose Ir sec is 10*0229286. 

18. Find in degrees, minutes, and seconds the angle whose sine is *6, 

given that 

log6=7781618, L sin 86° 62'= 9*7781186, 

and X. sin 36° 63' = 9 -7782870. 

169. On the next page is printed a specimen page 
taken from Chambers' tables. It gives the tabular log- 
arithms of the ratios of angles between 32° and 33° and 
also between 67° and 68°. 

The first column gives the L sine for each minute 
between 32° and 33°. 

In the second column under the word DiflF. is found 
the number 2021. This means that '0002021 is the 
diflference between L sin 32° 0' and L sin 32° 1' ; this may 
be verified by subtracting 97242097 from 9-7244118. It 
will also be noted that the figures 2021 are printed half- 
way between the numbers 9*7242097 and 9*7244118, 
thus clearly shewing between what numbers it is the 
diflference. 

This same column of Differences also applies to the 
column on its right-hand side which is headed Cosec. 

Similarly the fifth column, which is also headed Diff., 
may be used with the two columns on the right and left 
of it. 
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82 Peg. 



Sine Biif. Oomo. 




1 
8 
8 

4 
6 

6 
7 

8 

9 

10 

U 
12 
18 
14 
16 

16 
17 
18 
19 
20 

81 
82 
28 
24 
26 

26 

27 
28 
29 
80 

81 
82 
83 
84 
86 

86 
87 
88 
89 
40 

41 
42 
48 
44 
46 

46 
47 

48 
49 
60 

61 
62 
68 
64 
66 

66 
67 
66 
69 
60 



9*7242097 

9*7244118 
9*7246188 
9*7248166 
9*7260174 
9*7262189 

9*7254204 
9*7266217 
9*7268229 
9*7260240 
9*7262249 

9*7264267 
9*7266264 
9*7268269 
9*7270878 
9*7272276 

9*7274278 
9*7276278 
9*7278877 
9*7280276 
9*7288271 

9*7884267 
9*7286260 
9*7286268 
9*7290244 
9*7292284 

9*7294228 
9*7296211 
9*7296197 
9*7800182 
9*7802166 

9*7804148 
9*7306129 
9*7806109 
9*7810067 
9*7818064 

9*7814040 
9*7816016 
9*7817969 
9*7819961 
9*7821982 

9*7828802 
9*7826670 
9*7827837 
9*7829608 
9*7881768 

9*7888781 
9*7886698 
9*7887664 
9*7888614 
9*7841672 

9*7848629 
9*7846486 
9*7847440 
9*7849808 
9*7861846 

9*7868296 
9*7366246 
9*7367196 
97868142 
9*7861068 



8021 
2020 
2018 
2018 
2016 
2016 

2018 
2012 
2011 
2000 
2006 

2007 
2006 
2004 
2006 
2002 

2000 
1999 
1996 
1996 
1996 

1998 
1998 
1991 
1990 
1989 

1968 
1986 
1966 
1968 
1968 

1961 
1960 
1978 
1977 
1976 

1976 
1974 
1972 
1971 
1970 

1968 
1967 
1966 
1966 
1968 

1962 
1961 
1960 
1966 
1067 

1966 
1966 
1968 
1962 
1961 

1960 
1949 
1947 
1946 



Cosine Diff. 



10*8797908 
10*2766882 
10*2768862 
10*2751844 
10*2749826 
10*2747811 

10*2746796 
10*2743788 
10*2741771 
10*2739760 
10*2787761 

10*2786743 
10*2733738 
10*2731731 
10*2729727 
10*2787784 

10*8726722 
10*2723722 
10*2721728 
10*2719726 
10*2717729 

10*2716783 
10*2718740 
10*2711747 
10*2709766 
10*2707766 

10*2706777 
10*2703789 
10*2701803 
10*2699618 
10*2697835 

10*2696662 
10*2693871 
10*2691891 
10*2689918 
10*2687986 

10*2686660 
10*2683966 
10*2682011 
10*2680039 
10*2678068 

10*2676066 
10*2674180 
10*2672168 
10*2670197 
10*5 

10* 

10*2864807 

10*2662846 

10*8660886 

10*8666488 

10*8666471 
10*2664616 
10*2662660 
10*2660607 
10*2648666 

10*2646704 
10*2644764 
10*2642806 
10*2640668 
10*2688912 

Secant 



Tang. 

9*7997892 

9*7960706 
9*7968618 
9*7966322 
9*7969130 
9*7971938 

97974746 
9*7977661 
9*7980366 
9*7963160 
9*7966964 

9*7968767 
97991669 
97994870 
9*799n70 
97969970 

9*8002760 
9*8006667 
9*8006866 
9*8011161 
9*8018097 

9*8016762 
9*8019646 
9*8022340 
9*8026133 
9*8027926 

9*8080716 
9.8033606 
9*8036296 
9*8088066 
9*8041873 

9*8044661 
9*8047447 
9*8060233 
9*8063019 
9*8066803 

9*8068667 
9*8061370 
9*8064163 
9*8066938 
9*8069714 

9*8072494 
9*8076273 
9*8078062 
9*8080629 
9*8068606 

9*8066888 
9*8089166 
9*8001933 
9*8094707 
9*8097480 

9*8100268 
9*8108026 
9*8109796 
9*8106666 
9*8U1386 

9*8114106 
9*8116878 
9*8119641 
9*8122406 
9*8126174 



DifP. Cotang. Secant Diif. Cosine 



2811 
2810 
2809 
2806 
2806 
2807 

2806 
2806 
2804 
2804 
2806 

2802 

2801 
2800 
2800 
2799 

2796 
2796 
2796 
2796 
2796 

2794 
2794 
2793 
2792 
8791 

8790 
2790 
2789 
2788 
2788 

2786 
2786 
2786 
2784 
2784 

2783 
2782 
2781 
2781 
2780 

2779 
2779 

2777 
2777 
2777 

2776 
2776 
2774 
2773 
2778 

2772 
2771 
2770 
2770 
2769 

2768 
2768 
2767 
2766 



10*2042106 
10*8089297 
10*2086487 
10*2033676 
10*2080670 
10*2028062 

10*2026266 
10*2022449 
10*2019644 
10*2016840 
10*2014066 

10*2011288 
10*2006481 
10*2006680 
10*2002830 
10*8000060 

10*1997281 
10*1994483 
10*1991686 
10*1968889 
10*1966048 

10*1963248 
10*1960464 
10*1977660 
10*1974867 
10*1972076 

10*1969284 
10*1966494 
10*1963704 
10*1960916 
10*1966127 

10*1966889 
10*1962668 
10*1949767 
10*1946981 
10*1944197 

10*1941418 
10*1938680 
10*1936648 
10*1933067 
10*1980286 

10*1927606 
10*1924727 
10*1921948 
10*1919171 
10*1916894 

10*1918617 
10*1910642 
10*1906067 
10*1906293 
10*1902620 

10*1899747 
10*1896976 
10*1894204 
10*1891434 
10*1888664 

10*1886696 
10*1888127 
10*1880360 
10*1877692 
10*1874826 



10*0719796 
10*0716586 
10*0717876 
10*0718106 
10*0718097 
10*0719748 

10*0720641 
10*0721334 
10*0722127 
10*0722921 
10*0728716 

10*0724610 
10*0725806 
10*0726101 
10*0726897 
10*0727694 

10*0728491 
10*0729289 
10*0780067 
10*0780686 
10*0781686 

10*0782486 
10*0738286 
10*0734067 
10-0734888 
10*0786690 

10*0786483 
10*0787296 
10*0788099 
10*0788004 
10*0789706 

10*0740618 
10*0741319 
10-0742126 
10*0742931 
10*0743789 

10*0744646 
10*0746364 
10*0746166 
10*0746972 
10*0747788 

10*0748808 
10*0748406 
10*0760214 
10*0751026 
10*0761839 

10*0762661 
10*0763466 
10*0764279 
10*0766093 
10*0766006 

10*0760723 
10*0767689 
10*0766366 
10*0766173 
10*0766990 

10*0760609 
10*0761627 
10*0762446 
10-0763266 
10*0764066 



790 
790 
791 
791 
798 
798 

793 
798 
794 
794 
796 

796 
796 
796 
797 
797 

796 
796 
799 
800 
800 

800 
801 
801 
802 
806 

808 
806 
806 
804 
806 

806 
806 
806 
806 
807 

806 
809 
809 
810 
810 

811 
811 
812 
813 
812 

814 
814 
814 
816 
816 

816 
817 
817 
817 
819 

818 
819 
820 
820 



9*9284206 
9*9283416 
9*9282626 
9-9281834 
9*9281048 
9*9280261 

0*9279469 
9*9278666 
9*9277878 
9*9277079 
9*9276286 

0*9876490 
9*9874696 
9*V278o99 
9*9878108 
9*9878806 

9*9871609 
9*9270711 
9*9269913 
9*9269114 
9*9268814 

0*9267614 
9*9266714 
9*9960918 
9*9266112 
9*9264810 

9*9268607 
9*9262704 
9*9261901 
9*9261096 
9*9260292 

9*9269487 
9-9266681 
9-9267076 
9*9267060 
9*9266261 

9*9266464 
9*9254646 
9*9253837 
9*9253028 
9*9262218 

9*9261406 
9*9260697 
9*9249786 
9*9248974 
9*9248161 

9*9247349 
9*9246636 
9*9246721 
9*9244907 
9*9244092 

9*9248277 
9*9242461 
9*9241644 
0*9240827 
9*9240010 

9*9239191 
9*9238373 
9*9237664 
9*9236734 
9*9236914 



60 
60 
66 
97 
66 
66 

64 

68 
62 
61 
60 

49 
48 
47 
46 
46 

44 

48 
42 
41 
40 

SO 
38 
37 
36 
86 

34 
33 
32 
31 
30 

29 
28 
27 
26 
26 

24 
23 
22 
21 
20 

19 
18 
17 
16 
16 

14 
18 
12 
11 
10 

9 
8 
7 
6 
6 

4 
3 
2 
1 




Cotang. DifP. Tang. Cosec. Diff. Sine 



67 Deg. 
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160. There is one point to be noticed in using the 
columns headed Diff. It has been pointed out that 2021 
(at the top of the second column) means '0002021. Now 
the 790 (at the top of the eighth column) means not 000790, 
but 0000790. The rule is this ; the right-hand figure of 
the Diff. must be placed in the seventh place of decimals 
and the requisite number of cyphers prefixed. Thus 

Diff. ^ 9 means that the difference is '0000009, 
Diff= 74 „ „ „ -0000074, 

Diff.= 735 „ „ „ -0000735, 

Diff.= 2021 „ „ „ -0002021, 

whilst Diff. = 12348 „ „ „ -0012348. 

161. Page 171 also gives the tabular logs, of ratios 
between 57° and 58°. Suppose we wanted L tan 57° 20'. 
We now start with the line at the bottom of the page and 
run our eye up the column which has Tang, at its foot. We 
go up this column until we arrive at the number which is 
on the same level as the number 20 in the extreme 
right-hand column. This number we fiind to be 101930286, 
which is therefore the value of 

L tan 57° 20'. 



EXAMPLES. XXV. 

1, Find ^, given that cos ^= -9726382, 

cos 13° 27' =-9726733, diff. for 1'= 677. 

3 

2. Find the angle whose sine is g , given 

sin 22^1'= -3748763, diff. for r=2696. 
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3. Given oo8eo66<> 24' -1*0998243, 

diff. for r=1464, 
find the valae of oosec GS^' 24' 3T\ 

and the angle whose ooseo is 1-0997938. 

4. Given I, tan 22*^37' =9-6197205, 

diflf. for l'=:3657, 
find the value of I. tan 22<' 37' 22^', 

and the angle whose L tan is 9*6195283. 

5. Find the angle whose L oos is 9*993, given 

icosl0°15'=9*9930131, diflf. for r=229. 

6. Pind the angle whose L see is 10-15, given 

JL see 44<> 55'= 10-1498843, diflf. for l'=1260. 

7. Prom the table on page 171 find the values of 

(1) I. sin 32° 18' 23", (2) X, cos 32^16' 49*, 

(3) Loot 32^29' 43", (4) i sec 32<' 52' 27", 

(5) L tan 57° 45' 28", (6) Lcoseo57°48'21", 

and (7) Loos 57° 58' 29". 

8. With the help of the same page soWe the equations 

(1) L tan ^ = 10*1959261, (2) Lcoseo^= 10*0738125, 

(3) I. cos = 9 -9259283, and (4) L sin ^ = 9 *9241352. 

9. Take out of the tables L tan 16° 6' 23" and calculate the value of 
the square root of the tangent. 

10. Change into a form more convenient for logarithmic computation 
{i,e, express in the form of products of quantities) the quantities 

(1) 1+tanxtany, (2) l-tanxtan^, 

(3) cot a; + tan y, (4) cot x- tan ^, 

._. l-cos2ar , .^. tanx + tani/ 

(5) r: z7-» *^d (6) — --^. 

* ' l+oos2a;' ^ cotx+cot|^ 



CHAPTER XIL 

RELATIONS BETWEEN THE SIDES AND THE TRIGONOMETRICAL 
RATIOS OF THE ANGLES OF ANT TRL^^GLE. 

162. In any triangle ABG, the side BC, opposite 
to the angle A, is denoted by a; the sides CA and AB, 
opposite to the angles B and C respectively, are denoted 
by b and c. 

163. Theorem. In any triangle ABG, 

sin A _ sin 5 _ sin C 
a "" 6 ~* 

i.e. the sines of the angles are proportional to the opposite 
sides. 






Draw AD perpendicular to the opposite side meeting 
it, produced if necessary, in the point D. 
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In the triangle ABD, we have 

AD 

-T-ji^sinB, so that -41) = c sin 5. 

A£ 

In the triangle ACD, we have 

AD 

-777 = sin G, SO that AD = 6 sin (7. 

AC 

[If the angle C be obtuse, as in the second figure, we have 

AT) 

=y-=sinii(7D=Bm(180«-C) = sin(7 (Art. 72). 

80 that AD=bBmC.] 

Equating these two values of AD, we have 

c sin £ = 6 sin G, 

* 

siaB sinC 
c 

In a similar manner, by drawing a perpendicular from 

B upon CA, we have 

sin C ^sinA 

c '^ a ' 

If one of the angles, G, be a right angle, as in the third 
figure, we have sin C7 = 1, 

sinJ.=-, and sin5 = -. 
c c 

„ sin -4 sin 5 1 sin (7 
Hence = — r — =- = . 

a c 

We therefore have, in all cases, 

sin A sin B sin C 



c • 



/ 



1 



^i 



I 
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164. In any triangle, to find the cosine of a/n angle in 
terms of the sides. 






D B 



Let ABG be the triangle and let the perpendicular 
from A on BG meet it, produced if necessary, in the 
point D. 

Fii'st, let the angle C be acute, as in the first figure. 

By Euc. II. 13, we have 

AB* = BG* + CA^-2BG.GD (i). 

GD 



But 



= cos(7, so that CZ) = 6co8c. 



GA 
Hence (i) becomes 

(j" = a« + 6*-2a.6cos(7, 
i.e. 2a6cosa=a« + 6»-c«, 



%.e. 



cos (7= 



2ab 



Secondly, let the angle G be obtuse, as in the second 
figure. 

By Euc. n. 12, we have 

AB^^BG^ + GA* + 2BG.GD (ii). 

CD 
But ^=cos^(7i) = cos(180''-O)=-cos(7, 

(Art. 72)^ 
so that GD = — 5 cos G. 
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Hence (ii) becomes ^ -^ 
(j"« a* + 6«+ 2a( - 6cos C) = a» + 6«- 2a6cos (7, 
80 that, as in the first case, we have^ 



cos (7— c.^ — . 
In a similar manner it may be shewn that 



cosAs 



abc 



and cos 5= „ 

2ca 

If one of the angles, C, be a right angle, the above 
formula would give (J"=a*+6*, so that cos (7 = 0. This 
is correct, since (7 is a right angle. 

The above formula is therefore true for all values of C 

Bac If asl5, 6=36, and c=S9, 

86a+8y-lffl 8»(12«+18«-g« )_ 2SS _12 
tnen oos.l- 2x86x39 ~ 2 x 8* x 12 x 13~ "" 2ixl3 " 18 ' 

165. To find ike sines of half the angles in terms of 
the sides. 

In any triangle we have, by Art. 164, 

^^^^ 26c ' 
By Art. 109, we have 

cos il = 1 — 2 sin* -^ . 

Hence 2sm'7r- = l — cos^ = 1 st 

2 2oc 

^ 26c-y-c' + a' ^ a«-(fe'-^c^-26c) ^ a«-(6-~cy 
~ 2hc ~ 2bc *" 26c 

_ [a + (6~c)][a-(6~c)] _ (a-f 6-c)(a~6 + c) .-v 
26c " 26c '"^ ^• 

L. T. 12 
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Let 28 stand for a + 6 + c, so that 8 is equal to half the 
sum of the sides of the triangle, ie, 8 is equal to the semi- 
perimeter of the triangle. 

We then have 

a + 6 — c = a + 6 + c — 2c = 2« — 2c = 2(« — c), 
and a-6 + c = a + 6 + c-26 = 2«-26 = 2(«-6). 
The relation (1) therefore becomes 

A _ 2(8-c)x2(8-b) i8-b)(8-c) 

... ^|-ySE^3 .«. 

Similarly, 
B_ / {8 -c)(8- a) , G _ / {8-a){8-b) 

166. To find the cosines of half the angles in terms of 
the sides. 

By Art. 109, we have 

A 

cos ^ = 2 cos'-^ — 1. 

„ « A ^ ^ ^ b^ + c^ — a* 

Hence 2cos*7r = l +oos-d. =1 H ttt 

• z loo 

_ 26c + 6« + c'--a' ^ (6 + cy~a' 
"■ 26c 26c 

_ [(6-fc) + a][(6 + c)-a] _ (a + 6 + c)(6 + c-a) .-. 
~ 26c " 26c '"^ ^' 

Now 6 + c — a = a + 6 + c — 2a = 25 — 2a = 2(5 — a), 
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SO that (1) becomes 



^ ^A 28x2(8 — a) ^8(8" a) 
2««'2 2fe-^ = 2-V^- 



A /b (s — a) ,a\ 

Similarly, 
S 



cos 



B /8<8-b) , G /T(s-c) 



167. To find the tcmgenU of Jvalf the angles in terms 

of the sides. 

. A 

A ®'^ 2 

Since tan -zr = . , 

cos-^ 

we have, by (2) of Arts. 165 and 166, 

A /^^6)5^) A(J^)_ / (B-b)(g-c) 

Similarly, 

2 Y 5 (5—6) 2 V 8(8 — 0) 

A 
Since, in a triangle, A is always < 180°, -x- is always 

<90^ 

The sine, cosine, and tangent of -^ are therefore always 

positive (Art. 52). 

The positive sign must therefore always be prefixed to 
the radical sign in the formulae of this and the last two 
articles. 

12—2 
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168. »x- If «=13, 6=14, and c=xl5, 

then ,=li±^5--21, ..a«8,,-6=7, 

and «-c=6. 

_ . A I 7x6 1 1 /r 

Hence «»^ 2 = V l^^'^T^'s^^* 

. B / 6x8 4 4 , 

''"2 = Vi6^^"766"65^^^* 

Q /2rx6" 8 8 ,-„ 



6x8 _4 
21x7 7* 



and **»f=V 

169. jTo express the sine of any (mgle of a triangle 
in terms of the sides. 

We have, by Art. 109, 

. g. . A. A. 
smA sszsin-^cos^. 

But, by the previous articles, 
. A /(s-6)(s-c) , A /s{s-a) 

Hence 



.\ ■lnA = ^VB(i-a)(i-b)(B-c). 

EXAMPLES. XZVI. 

In a triangle 

1. Given a =25, 5=62, and c=63, 

A H O 

find tan^, tan ^, and tang.. 
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2. Given asl26, b=123, and cs62, 

find the sines of half the angles and the sines of the angles. 

3. Given a =18, 6=24, and c= SO, 
find sin^, sin P, and sin C, 

4. Given a=d5, 6=84, and c=91, 
find tan A, tan B, and tan C. 

5. Given a =13, 6=14, and c= 15, 
find the sines of the angles. 

6. Given a = 287, b = 816, and c s 865, 
find the values of tan -^ and tan A, 

7. Given a=V3» &=V2, and c=^^^y^, 
find the angles. 

170. In any tricmgle, to prove that, 

a = 6cos (7+c cos5. 

Take the figures of Art. 164. 

In the first case, we have 

JSD 

-^ = cosJJ, so that 52) = ccosB, 

GD 
and TTj = cos (7, so that CD = b cos G, 

Hence a = 50»52) + jD0=cco85 + 6cos(7. 

In the second case, we have 

SD 

■H-T = cos£, so that J?2) = ccos5, 

GD 

and CA^^^ ^^^ "^ ^^^ ^^^^"^ "" ^ 

= - cos a (Art. 72), 
so that GD = — 6 cos (7. 
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Hence, in this case, 

a = B(7= 5D - CZ) = cco8 J?- (- 6cos (7), 
so that in each case 



Similarly, 



and 



a s b cos C + c cos B. 

6 = cos^ + a cos 0, 
c = a cos 5 + 6 cos A. 



17L In any triangle, to prove that 

B-G b-c ^A 

In any triangle, we have 

6 sin£ 



c sin C 



• • 



6 — c _ sin 5 — sin (7 
6 + c ~ sin -B + sin (7 



cos 



B+,C :. B-G 



$m 



iU^+^ 



cos 



2 



tan 



tan 



B-C 
2 



r 

tan 



B-G 



I 



tan (90 



T 



(90-4) 






Hence 



. B-C 

= 4— (Art. 69). 

cot-^ 

B-C b-c .A 

tan — ST— = r-T — cot rr. 
3 b + o 3 
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172. Bz. From the fonnulae of Art, 164 deduce those of Art. 170 
and vice versd. 

The first and tliird formulae of Art. 164 give 

&COBC + CCOsBs 5 + jr 

2a 2a 

2a* 

80 that assheoBC+cooBB. 

Similarly, the ol^er formulae of Art. 170 may be obtained. 
Again, the three formulae of Art. 170 give 

a=:&coB C+ccosP, 

5=ccos^+aco8C, 

and c=aoosP + &cosil. 

Multiplying these in succession by a, b, and - e we have, by addition, 
a^+h^-. e^ssa {h ooB C +c OOB B) + b {c Goa A + a GOB C) - c (aooB B+b COB A) 
=2a5oos(7. 

.*. COSCs jr-r . 

2db 
Similarly, the other formulae of Art. 162 may be found. 

173. ^e student will often meet with identities, which he is required 
to prove, which involve both the sides and the angles of a triangle. 

It is, in general, desirable in the identity to substitute for the sides in 
terms of the angles, ox to substitute for the ratios of the angles in terms 
of the sides. 

B" C A 

Hz. 1. Prove that a cos —^ — =(b+c) sin ~. 

By Art. 168, we have 

« . B+C B-C 
J. . • Tj . . ,7 2 sm — s— cos — 5— 
b + c sinP+smC 2 2 



sin^ ^ . A A 

2sm-cos^ 

A B-C B-C 

cos ^ cos —^ — COS — -5— 

" . ^ A ^ . A ' 
sm^cos^ sm-g 

.'. (o+c)sm~=acos— ^~. 
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2. In any triangle prove that 

(6«-c")ootil + (c«-a«)cotB + (a»-6«)ootC=0. 

By Art. 163 we have 

sin^ sinB sin(7 , . 

= — r- = =* (say). 

a b c ^ •'^ 

Henoe the given expression 

k L 2a6c ^ ' 2abe ^ ' 2a6c J 

=0. 

Bx. 8. In any triangle prove that 

(A B\ G 

tan-+tan-gjs2ccot--. 

The left-hand member 

2<y»(«-c) . c - _ . 

V(«-a)(«-6) 

s2ecot ^. 

This identity may also be proved by substituting for the sides. 
We have, by Art. 163, 

a+6 + c_sin4 + sinB+8in C 
c sin C 

ABC ^ A B 

4 cos -^ cos "s- cos -^ 2 cos -5 cos -5 

a C C ' ^ ^ ^** ^^^' = ^ • 
2sin-^oos-^ '^o 



Also 
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20Ot-5- 2 OOB ^ 008 ^ OOB -^ 



tan j+ tan- gin ^ 



r . A B A . Br\ 

[^8m^0OB-+0<)B^Bm-J 



^ A B C ^ A B 

2 COS ^ 008-^ 008 -^ 2 0O8 -^ C08 -^ 



. a . A+^ -T! — (^- «»•) 



Bin TT sin Bin — 

~^ 2 2 2 



We have therefore 



a^h^c 2^*? 



tan^+tan^ 



80 that (a+&+c) f tan -^4- tan-? j=2coot^. 



ft. If the gidea of a triangle be in Arithmetical Progreeeion, prove 
that 80 alio are the cotangente of half the angles. 

We have given that a+c=z2b (1), 

and we have to prove that 

oot^+oot^=2cot| (2). 

Now (2) is true if 

V (8-h){8-e)'^W (»-a)(«-6)"" V (»-c)(«-o)' 
or, by multiplying both sides by 



/ {8-a){8-b){8-c) ^ 



if («-a) + («-c)=2(«-6), 

i.e. if 2«-(a + c)=2«-26, 

ue, if a+c=2&, which is relation (1). 

Henoe if relation (1) be true, so also is relation (2). 
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EXAMPLES. XXVn. 



r 



4 ^ • 



In any triangle ABC, prove that 

_ . B-C b-c A 
j\. sin -^-=-^008 J. 

^^ a (6 cos C-c coSjBjsd^-c*. 
y 4. (& + c) COB -4 + (c + a) C08 B + (a+ 6) COB C=a+6+c. 

5. a(coBB+coBC7)=2(5+c)8inaj. ^fX^^\^r''- 



6. a(cosC-coB.B)=2(6-c)cos2^, 






2 /L' '^ 



\ ' 



r k > 



zlV 't-^ 



Bin(B-C) _ 6g-c« 
^/^' Bin(5 + C)"" fl* 



^^^ ^^6" 



fl+6 , ^+B ,il-B 



=tan — rr- cot 



2 — 2 



9. a8m^^+B)=(5+c)sm^. 



a«8m(Jg~C) ysinCC-^ii) c' sin (.i - JP) ^ 
Bin^+sinC 8in(7+sin^ Bin^+BmJB" 

(» Q\ A 

cot ^+cot ^ j =2a cot ^ . 

12. a*+6*+c'=2(6ccoSil+cacoBB+a6ooBC). 

13. (aa-6«+c«)tanB=(a«+6a-c2)tanC. 

14. c«=(a-6)«0O8«^+(a+6)a8in«j. 

15. a Bin (B--C) + 5sm (a-ii) + c Bin (i4-B)=0. 

flBin(B-(7) 6 Bin (C-ii) _ c sin (^-Jg) 
1®« pr^ - c^-a* "" a2-6» • 

. -4 . B-0 . . B . C--4 . . C . -4-B ^ 
17, aflm^Bin— 5— + 5sm^Bm— g— + cBing-Bm— -^ssO. 
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18. a3(OOB«B-OOB«C) + J»(oOB«C-0O8ail) + C«(oOBM-0OB*B) = 0. 

M^jA c^^a* a^^lfl 

19. ?l-^Bm2.4 + ?-^Bin2B+^-5?-Bm2(7==0. 
a* cr c* 

*^ *J^ xC' 

^j^ (a+o+c)» _ 2 2 2 

^' a«+6«+c« "cot iH- cot J+cot (7* 

21, a*oos(B-C) + &'oos(C-ii)+e'oo8(il-P)s8a&0. 

22. In a triangle whose sides are 3, 4, and ^88 feet respectively, 
prove that the largest angle is greater than 120°. 

23t The sides of a right-angled triangle are 21 and 28 feet ; find the 
length of the perpendicnlar drawn to the hypothenose from the right 
an|^ 

24. If in any triangle the angles be to one another as 1:2:8, 
prove that the corresponding sides are as 1 : /^8 : 2. 

25. In any triangle, if 

tan — = -s and t*-" — = — . 
2 6 2 37 • 

Q 

find tan ^, and prove that in this triangle a+c=25. 

26. In an isosceles right-angled triangle a straight line is drawn from 
the middle point of one of the eqnal sidai to the opposite angle. Shew 
that it divides the angle into parts whose cotangents are 2 and 8. 

27. ^e perpendicnlar AD to the base of a triangle ABC divides it 
into segments snob that BD, CD, and AD are in the ratio of 2, 8, and 6 ; 
prove that l^e vertical angle of the triangle is 46^ 

28. A ring, ten inches in diameter, is suspended from a point one 
foot above its centre by 6 equal strings attached to its ciroumf er^ice at 
equal intervals. Find the cosine of the angle between consecutive 
strings. 

29. If a'f ^f ftnd c' be in a.p., prove that cot ^1, cot B, and cot (7 are in 
A. p. also. 

A B 

30. If a> ^t ftnd e be in a. p., prove that cos il cot ^ , cos S cot ^ , 

(J 
and cos (7 cot ^ are in a. p. 
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31. If a, 5, and c are in h.p., prove that sin* -^ , ^^^'o* ^^^ ^^' q ^^^ 
also in h.p. 

32. The sides of a triangle are in a.p. and the greatest and least 
angles are $ and ; prove that 

4 (1 - cos ^)(1 - COS 0) = cos ^ + cos 0. 

33. The sides of a triangle are in a.p. and the greatest angle exceeds 
the least hy 90° ; prove that the sides are proportional to i^7 + 1, iJ7, and 

34. If C=60°, then prove that 

113 



a+e 6 + c a+b+c' 

35. In aiiy triangle ABC if D he any point of the hase Bd saoh that 
BD : DC ::m :n, prove that 

(ffi + n) cot ili)C7=n cot JB - m cot C, 

and (to + n)2 AD* =s[m+n) {mb* + nc^ - mna?, ^ 

36. If in a triangle the bisector of the side c be perpendicnlar to the 

side 6, prove that 

2tanil + tanC=0. 

37. ^ ftiiy triangle prove that, if ^ be any angle, then 

5 cos 9=c cos (il - 9) + a cos {0+ $). 

38. If P ftud q be the perpendiculars from the angnlar points A and B 

on any line passing through the vertex C of the triangle ABO, then 

prove that 

a V + 6^* - 2dbpq cos 0= a*b* sin* C. 

39, In the triangle ABC, lines OA, OB, and OC are drawn so that 
the angles OAB, OBO, and OCA are each equal to <a ; prove that 

cot w s cot il + cot B + cot C, 

and cosec' u = cosec' A + oosec^ B + coseo' 0, 



CHAPTER XIII. 



SOLUTION OF TRIANGLES. 



174. In any triangle the three sides and the three 
angles are often called the elements of the triangle. When 
any three elements of the triangle are given, provided they 
be not the three angles, the triangle is in general com- 
pletely known, i,e, its other angles and sides can. be 
calculated. When the three angles are given, only the 
ratios of the lengths of the sides can be found, so that the 
triangle is given in shape only and not in size. When 
three elements of a triangle are given the process of 
calculating its other three elements is called the Soluticii 
of the Triangle. 

We shall first discuss the solution of right-angled 
triangles, i.e. triangles which have one angle given equal 
to a right angle. 

The next four articles refer to such triangles, and C 
denotes the right angle. 

175. Case I. Given the hypothenuse and one side, to 
solve the triangle. 
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Let b be the given side and c the given hypothenuse. 
The angle B is given by the' 
relation 

c 

.'. i sin 5 = 10 + log b — log c. 

Since b and c are known, we 
thus have LainB and therefore B, 

The angle J. (= gO** - 5) is then known. 

The side a is obtained from either of the relations 




a 




cosJJ=:-, tan 5==-, or a = ^(c — 6)(c + 6). 

C Of 

176. Case II. Given the two sides a and b, to solve 
the triangle. 

Here B is given by a 

tan5 = -, 
a 

so that 

L tajiB= 10 + log 6 — log a. 

Hence L tan B, and therefore S, is known. 
The angle A (= 90"* — B) is then known. 
The hypothenuse c is given by the relation c = Va* +6l 
This relation is not however very suitable for loga- 
rithmic calculation, and c is best given by 

sm i> = - , t.e. c = -: — 75 . 
c sm i> 

/. log c = log 6 — log sin B 

= 10 + log6-Z8in£. 

Hence c is obtained. 



SOLUTION OF BIGHT-ANGLED TRIANGLEa 
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177. Case III. Oiven an angle B and one of the sides 
a, to solve the triangle. 

Here A (= 90^* - 5) is known. 
The side b is found from the rela- 
tion 

- = tan B, 
a 

and c from the relation 

- =cosi>. 




178. Case IV. Oiven an angle B and the hypothenvse 
c, to solve the triangle. ^f^ 

Here A is known, and a and b are ^ 

obtained from the relations 

- = cos-B, and - = sin5. 
c c 




EXAMPLES. XXVilL 

1. In a right-angled triangle ABO, where C is the right angle, if 
a= 50 and JBs 75^ find the sides, (tan 75^sz2+^S,) 

2, Solve the triangle of which two sides are eqnal to 10 and 20 feet 
and of which the inolnded angle is 90*" ; given that log 20 s 1*30103, and 

L tan 26* 33' =9-6986847, diff. for l'=3160. 

3. The length of the perpendicular from one angle of a triangle upon 
the base is 3 inches and the lengths of the sides containing this angle are 
4 and 5 inches. Find the angles, having given 

log 2= -80103, log 8= -4771213, 

L sin 36° 62'= 9-7781186, diff. for l'=1684, 

and L sin 48<' 35'= 98750142, diff. for 1'= 1115. 

4, Find the acnte angles of a right-angled triangle whose hypothennse 
is four times as long as the perpendicular drawn to it from the opposite 
angle. 
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179. We now proceed to the case of the triangle which 
is not given to be right angled. 

The different cases to be considered are ; 

Case I. The three sides given ; 

Case II. Two sides and the included angle given ; 

Case III. Two sides and the angle opposite one of 
them given ; 

Case IV. One side and two angles given ; 

Case V. The three angles given. 

180. Ca^e I. The three sides a, b, and c given. 

Since the sides are known, the semi-perimeter s is 
known and hence also the quantities « — a, 5 — 6, and 
s — c. 

A B C 

The half-angles g- . "o > and ^ are then found from the 

formulae 

Only two of the angles need be found, the third being 
known since the sum of the three angles is always 180^. 

The angles may also be found by using the formulae 
for the sine or cosine of the semi-anglea 

(Arts. 165 and 166.) 

The above formulae are all suited for logarithmic 
computation. 
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The angle A may also be obtained from the formula 
cos A = ^7 . (Art. 164.) 

This formula is not, in general, suits^le for logarithmic 
calculation. It may be conveniently used however when 
the sides a, b, and c are small numbers. 

az. The Hde$ of a triangle are 82, 40, and 66 feet ; find the angle 
opposite the greatest eide, having given that 

20^207=2-3169703, 2o^ 1078=80305997, 

L cot 66® 18^= 9*6424341, taibiUated difference for V= 3431. 

Here a=:82, 5=40, and c=66, 

so that «=??±^±^=:69, »-a=37, »-6=29, and»-c=3. 



207 
1073* 



Hence cotg = ./ 'i"^) - ^./^I^ = J 
2 V («-a)(«-6) V 37x29 V 

X cot ^= 10 + i [log 207 - log 1073] 

=10+1 *16798615 - 1-51529985 
=9-6426853. 

Q 

L cot — is therefore greater than L cot 66° 18', 
80 that ^ is less than 66'' 18'. 

Letthen^=66<'18'-a;". 

The difference in the logarithm corresponding to difference of o;^ in the 
angle therefore 

= 9-6426853 
- 9-6424341 

= -0002512. 
Also the difference for 60"= -0003431. 

L. T. 13 
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X -0002512 



Henoe 



60 " -0003431 • 



so that X =s ^j^^ X 60s nearly 44. 

.-. ^=66oi8'-44"=66°iri6", and henoe C= 132° 34' 32". 



EXAMPLES. XXTX, 

1, If the sides of a triangle be 56, 65, and 33 feet, find the greatest 
angle. 

2, The sides of a triangle are 7, 4i^8, and ^/l3 yards respectively. 
Find the number of degrees in its smallest angle. 

3, The sides of a triangle are a^+x+1, 2a;+l> and s^-l; prove that 
the greatest angle is 120°. 

4, The sides of a triangle are a, b, and Ja*+ab + lj^ feet ; find the 
greatest angle. 

5, If a=2, &=^6, and c= ^3 - 1, solve the triangle. 

6, If a B 2, 5 s ^6, and c = i^3 + 1, solve the triangle. 

7, If a=9, 5=10, and c=ll, find B, given 

log 2=: -30103, X tan 29° 29' =9*7523472, 
and X tan 29° 30'=: 9-7526420. 

8, The sides of a triangle are 180, 123, and 77 feet. Find the 
greatest angle, having given 

log2=-30103, I.tan38°39'=9-9029376, 

and L tan 38° 40' » 9*9031966. 

0, Find the greatest angle of a triangle whose sides are 242, 188, and 
270 feet, having given 

log2=-3010d, log 3 =-4771213, log 7= '8450980, 
£ tan 38° 20' =9-8980104, and L tan 38° 19'= 9 -8977507. 

10, The sides of a triangle are 2, 3, and 4 ; find the greatest angle, 

having given 

log 2 = -30103, log 3 = -4771213, 

L tan 52° 14'= 10-1108395, 

and L tan 52° 15'= 10-1111004. 
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Making use of the tables, find all the angles when 

11. a=25, 5=26, and c=27. 

12. a=17,5s20,andc=27. 

13. a=2000, 6 = 1050, and c= 1150. 

181. Case II. CUven two sides b and c and the 
included angle A. 

Taking b to be the greater of the two given sides, 
we have 

tan -^ = ^%ot -^ (Art 171). . .(1), 

and ^=90^-^ (2). g 

These two relations give us 

B-C , B+0 
___ and -^. 

and therefore, by addition and subtraction, B and G. 
The third side a is then known from the relation 

a b 




sin A sinB* 

, . , . , sinil 

which gives a = 6 - — = , 

° sin jB 

and thus determines a. 

The side a may also be found from the formula 

a* = 6* + c«--26cco8-4. 

This is not adapted to logarithmic calculation but is 
sometimes useful, especially when the sides a and b are 
small numbers. 

13—2 
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182. Bz. 1. Ifb=^B,c:=l, and A = 30°, solve the triangle. 

We have 

tan — jr— = -=-— cot -3 = ^.- . ^ cot 15°. 
2 b+c 2 v3+l 

Now ^^^^^'^^^Iri t^^-^^^)' 

80 that ^^^^^'^'^jl^l- 

Hence tan — ^ — =^' 

.-.—=46° (1). 

Also ?±^=90°-:|=90°-16°=76^ (2). 

By addition, B= 120°. 
By subtraction, C=30°. 
Since il = C, we have a=c = 1. 

OtherwiM. We have 

a^=h^+c^-2bcGoaA = 3 + l-2^S.'^ = l, 
so that a=l=c. 

/. C=A=dQP, 
and B = 180° - ii - C= 120°. 

Xlz. 2. 1/ 6=216, c=105, and A = 14? 27', /ind tft« remaining angles 
and also the third side a, having given 

log 2= -3010300, log 11 = 1-0413927, 

log 105= 20211893, log 212-476 =2-3273103, 

L cotzr 13' =10-1194723, dijf.for l'=2622, 

L tan 24° 20' =9-6663477, diff,foT l'=3364, 

L nn 14? 27' =9-9838062, 

and L cosec 28° 25' = 10-3226026, diff. f(yrV= 2334. 
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Here tan "^^ = ^ cot ^ = H cot 37° l^ 80". 



Now Loot 87** 13'= 10-1194723 

diff. for30"=- - 1311 

.-. L cot 37° 13' 80"= 10-1198412 
log 11= 10413927 

11-1607389 
log 82= 1-50516 

.'. L tan i (£ - C) = 9-6566839 

Bn t L tan 24° 20' = 9'6663477 

di£F.= 2862 

=diflP. forJIttofeO" 

= difl. for 42-1". 



2 



= 24° 20' 42". 



But ^±^ = 90° - ^ = 52° 46' 30". 

.-. by addition, B = 77° 7' 12", 
and, by subtraction, C=28° 25' 48". 



Again 



;=CCOBecC, 



' - \ 



sin il sin (7 

.-. a = 105 Bin 74® 27' coaeo 28° 26' 48". 

But L oosec 28° 25' = 10-3226025 

diff.for48"=- - 1867 

i cosec 28° 25' 48"= 10-8223158 

L sin 74° 27'= 9-9838052 

log 105= 20211893 

22-3273103 
20 

.-. loga= 2-3273103. 
.-. a =212 -476. 



•30108 

6 

1-50615. 



2362 
60 



3364) 141720 (421 
18456 

7160 
6728 



4320 



<2^ 



II X 2334 
=|x2334 
=1867. 
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#183. There are ways of finding the third side a of the triangle in the 
previous case without first finding the angles B and C. 

Two methods are as follows : 

(1) Since a2= 62 + c« - 26c cos A 

= 6»+ca-26c(2cos«^-l^ 
= (6+c)2-46coos»^. 



••• '"=(*+'')'t-(rS)5<'-'fl- 



Hence, if sin^ ^ = , _ — r^, oos^ — , 

(6 + c)* 2 

we have a2=(6 + c)«[l-Bin»^]=(6 + c)3cos2^, 

so that a =s (6 + e) cos $. 

If then sin ^ be calculated from the relation 

. ^ 2^/6c A 
em0=~^ — cos — , 
6 + c 2' 

we have a s (6 + c) cos $. 

(2) We have 

a''=6«+c»-26ccosii=6»+c«-26c^l-2sin«^'\ 
= (6-c)»+46csin«^ 



= (^-^)l^^(^»«^'l]- 



^®* (63^ "'''2 =**''' ^» 

so that tan 4>=-r^ — sm ~ , 

^ 6-c 2' 

and hence </> is known. 

Then a« = (6 - c)« [1 + tan« 0] =i^^ , 

cos 

so that a=(6-c)sec0, 

and is therefore easily found. 

An angle, such as ^ or ^ above, introduced for the purpose of 
facilitating calculation is called a subsidiary angle (Art. 129). 
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EXAMPLES. XXX. 

1. If ft=90, c:s70, and .i =72° 48' 30", find B and O, given 

log 2 s -80103, L oot 36<' 24' 15''= 101323111, 
L tan 9° 37' =9-2290071, 
and L tan 9"" 38'= 9*2297735. 

2. If a=21, 6=11, and C=34<' 42^30", find A and B, given 

log 2 =-30108, 
and L tan 1^ SS' 45" = 10-50515. 

3. If the angles of a triangle be in ▲. p. and the lengths of the greatest 
and least sides be 24 and 16 feet respectively, find the length of the third 
side and the other angles, given 

log 2= -30108, log 3 =-4771213, 

and L tan 19° 6'=9-5394287, diff. for 1' =4084. 

4. If a= 13, 6=7, and C=60°, find A and B, given that 

log 3 =-4771218, 
and L tan 27° 27' =9*7155508, difl. for 1' =8087. 

5. If a=26, and C=120°, find the values of A, B, and the ratio of c 

to a, given that 

log 3 =-4771213, 

and Ir tan 10° 53'= 9-2839070, diff . for 1' = 6808. 

6. If d = 14, c = ll, and il=60°, find B and C, given that 

log 2 = -30103, log 3 = -4771213, 
Ltanll°44'=9-3174299, 
and L tan 11° 45' = 9*8180640. 

7. The two sides of a triangle are 540 and 420 yards long respectively 
and include an angle of 52° 6'. Find the remaining angles, given that 

log 2 = •30103, L tan 26° 3'= 9-6891430, 

Ltanl4°20'=9-4074189, and L tan 14° 21' =9-4079453. 
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8. If 5=2) ft., 6=2 ft., and ii=22®20', find the other angles, and 
shew that the third side is nearly one foot, given 

log 2 = -80103, log 8 = -47712, 

L cot IV yy = 10-70466, X sin 22« 20' = 9-67977, 

L tan 29° 22' 20"=9-76088, L tan 29* 22' 30"=9-76048, 

and L sin 49'' 27' 84"=9-88079. 

9. If a=2, 6=1 + V3f and Cs60°, solve the triangle. 

10. Two sides of a triangle are V^ + 1 and ,JZ - 1, and the included 
angle is 60* ; find the other side and angles. 

11. If5=l,c=V8-l,and^=60°,findthelengthofthesidea. 

12. If6»91,e=126,andtan| = ^, prove that a=204. 

A o 

31 

13. If a=6, &s4, and cos (^ -B)=x^ , prove that the third side c will 

he 6. 

14. One angle of a triangle is 80* and the lengths of the sides 
adjacent to it are 40 and 40^8 yards. Find the length of the third 
side and the number of degrees in the other angles. 

15. The sides of a triangle are 9 and 3, and the difference of the 

angles opposite to them is 90*. Find the base and the angles, having 

given 

log 2 = -30108, log 8 = -4771213, 

log 76894 = 4 -8802074, log 76896 = 4-8802132, 

L tan 26* 33' =9*6986847, 

and L tan 26* 34' = 9 -6990006. 

16. If tan0=^cot|, 

. C 
prove that c = (a + 6) . • 

008 

If a=3, 6=1, and C=63*7'48", find c without getting A and B, 

given 

log 2 = -30103, log 26298= 4-4030862, 

log 26299 = 4-4031034, L cos 26* 33' 64" = 9-9616462, 

and L tan 26* 33' 64" =9-6989700. 
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17. Two sides of a triangle are 237 and 158 feet and the contained 
angle is 66° 40^ ; find the base and the other angles, having given 

log 2 = -30103, log 79 = 1-89763, 
log 22687 = 4 -36678, L cot 33° 20' = 10-18197, 
L sin 33° 20' = 9*73998, L tan 16° 64' = 9 -48262, 
L tan 16° 66' = 9-48308, L sec 16° 64' = 1001917, 
and L sec 16° 66' = 1001921. 

..»* . , • i. « B — C b+e . A 

[Uie either the formala eos —^ — «n -^ or the formula of the 

preceding question,'] 

In the foUowing four examples, the required logarithms must be taken 
from the tables. 



18. If o=242-6, 6=164-3, and C=64°36', solve the triangle. \ ; ^ ^. 

19. If 5 = 130, c = 63, and ii = 42° 16' 30", solve the triangle. ^ ' ^^ 




>20. Two sides of a triangle being 2266*4 and 1779 feet, and the 
induded angle 68° 17', find the remaining angles. 

y^l. Two sides of a triangle being 237-09 and 130-96 feet, and the 
indnded angle 67° 69', find the remaining angles. 

184. Ccbse HI. GHven two sides i andjLgmd the 
angle B opposite to one of them, /)/yi J^-""^ 

The angle is given by the relation 
sin (7 _ sin 5 

i.e. sinC7=rsin JS (1). 

Taking logarithms, we determine g 
0, and then A (= 180° -B-C) is 
found. 
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The remaining side a is then found from the relation n 



a 



sin A sinB* 



-^ / , sin-4 .^. 

i,e. iJ K K- r a^o—. — o (2). 






186. The equation (1) of the previous article gives in 
some cases no value, in some cases one, and sometimes 
two values, for C. 

First, let £ be an acute angle. 

(a) If 6 < c sin B, the right-hand member of (1) is 
greater than unity, and hence there is no corresponding 
value for C, 

()S) If 6 = c sin B, the right-hand member of (1) is 
equal to unity and the corresponding value of (7 is 90**. 

(7) If 6 > c sin B, there are two values of having 

c sin B 

-J— as its sine, one value lying between 0° and 90" 

and the other between 90® and 180®. 

Both of these values are not however always admissible. 

For if 6 > c, then B>G, The obtuse-angled value of 
C is now not admissible ; for, in this case, C cannot be 
obtuse unless B be obtuse also, and it is manifestly 
impossible to have Pwo obtuse angles in a triangle. 

If 6 < c and B be an acute angle, both values of G 
are admissible. Hence there are two values found for 
-4, and hence the relation (2) gives two values for a. In 
this case there are therefore two triangles satisfying the 
given conditions. 

Secondly, let B be an obtuse angle. 

If 6 be < or = c, then B would be less than, or equal 



/ » 
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to, c, SO that G would be an obtuse angle. The triangle 
would then be impossible. 

If b be >c, the acute value of (7, as determined from 
(1), would be admissible, but not the obtuse value. We 
should therefore only have one admissible solution. 

Since, for some values of h, c and B, there is a doubt 
or ambiguity in the determination of the triangle, this 
case is called the AmbigiiouB Case of the solution of 
triangles. 



^ 



186. The Ambiguous Case may also be discussed 

a geometrical manner. 

Suppose we were given the elements b, c, and B, and 
that we proceeded to construct, or attempted to construct, 
the triangle. 

We first measure an angle ABD equal to the given 
angle B. 

We then measure along BA a distance BA equal to 
the given distance c, and thus determine the angular 
point A, 

We have now to find a third point C, which must lie 
on BD and must also be such that its distance from A 
shall be equal to b. 

To obtain it, we describe with centre A a circle whose 
radius is b. 

The point or points, if any, in which this circle meets 
BD will determine the position of (7. 

Draw AD perpendicular to BD, so that 

AD = AB sin jB = c sin B. 

One of the following events will happen. 

The circle may not reach BD (Fig. 1) or it may 
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touch BD (Fig. 2), or it may meet BD in two points Ci 
and Cs (Figs. 3 and 4). 




FIg.l 




.-^ 



Fig. 2 





Ci\ B 



Fig. 4 



In the case of Fig. 1, it is clear that there is no 
triangle satisfying the given condition. 

Here b < AD, i.e. < c sin B. 

In the case of Fig. 2, there is one triangle ABD 
which is right-angled at D. Here 

b = AD = c sin B. 

In the case of Fig. 3, there are two triangles ABGi 
and ABC^. Here b lies in magnitude between AD and c, 
i,e. 6 is > c sin jB and < c. 

In the case of Fig. 4, there is only one triangle ABG^ 
satisfying the given conditions [the triangle ABG^ is 
inadmissible ; for its angle at B is not equal to B but is 
equal to 180° — 5]. Here b is greater than both csinB 
and 0. 
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In the case when jB is obtuse, the proper figures 
should be drawn. It will then be seen that when b<c 
there is no triangle (for in the corresponding triangles 
ABCi and ABG^ the angle at B will be 180° - B and not 
5). If b>c, it will be seen that there is one triangle, 
and only one, satisfying the given conditions. 

To sum up : 

Qiven the elements b, c, and j5 of a triangle, 

(a) If 6 be < c sin B, there is no triangle. 

(/8) If 6 = c sin jB, there is one triangle right-angled. 

(7) If 6 be > c sin £ and < c and B be acute, there are 
two triangles satisfjdng the given conditions. 

(S) If 6 be > c, there is only one triangle. 
Clearly if 6 = c, the points jB and G^ in Fig. 3 coincide 
and there is only one triangle. 

(e) If B be obtuse, there is no triangle except when 
b>c. 

187. The ambiguous case may also be considered 
algebraically as follows. 

From the figure of Art. 184, we have 

6' = c* + a' — 2ca cos B, 

.-. a^ — 2accosB + <^cos^B = b^'-c^ + (^cos^B 

= 6''-c«sin*J5. 



.-. a-ccos5= + V6»-c'sin*5, 

i.e. a = c cos 5 iVft'-c^sin^^ (1). 

Now (1) is an equation to determine the value of a 
when 6, c, and B are given. 
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(a) If J < c sin B, the quantity V6» - c* sin^ B is 
imaginary, and (1) gives no real value for a. 

(fi) If 6 = c sin B, there is only one value, c cos B, 
for a; there is thus only one triangle which is right- 
angled. 

(7) If 6 > c sin B, there are two values for a. But, 
since a must be positive, the value obtained by taking 
the lower sign affixed to the radical is inadmissible unless 

c cos jB — Vi^ — c^sin"£ is positive, 

i.e. unless V6' — c^sin^B < c cos B, 

i.e. unless 6* - c* sin' B<c^ cos* B , 

i.e, unless b^ < c*. 

There are therefore two triangles only when b is 
>csinj5 and at the same time < c. 

(S) If £ be an obtuse angle, then c cos j5 is negative, 
and one value of a is always negative and the correspond- 
ing triangle impossible. 

The other value will be positive only when 

c cos £ + Vi^ — c^sin'jB is positive, 

i,e, only when Vi* — c' sin* jB > — c cos 5, 
i.e. only when 6* x^ sin* jB + c* cos* B, 
i.e, only when b>c. 

Hence, jB being obtuse, there is no triangle if 6 < c, 
and only one triangle when b>c. 

188. Bx. Given 6 = 16, c = 26, and B = 88° 16', prove that the triangle 
18 ambiguoue and find the other angles, having given 

log 2= -SOlOS, L sin 33° 16' = 9-7390129, 
Lnn 68° 66' =9-9327616, 
and L sin 68° 67' = 9-9328376. 
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We have 



sin (7=18111 J?=?g am J5=^gin5=^ sin 83» 16'. 



Hence 



I,8in(7=:2+i:r8in33''16'-61og2 
s 9-9828329. 
Hence £ sin (7= 9-9828329 L sin 68'' 57' :» 9-9828376 

L sin 68<' 66' = 9-9327616 I. sin 68» 66' = 9*9327616 



Diff.= 713 


Diff. for 1 


/ 


760. 


.% angular difl.-H*x 60" 
= 66" nearly. 






718 
6 

76) 4278 (66 
380 

478 
466 



/. C=68«66'66" or 180° - 68° 66' 66". 
Hence (Fig. 3, Art. 186) we have 

Cj = 68° 66' 66", and C^= 12P 8' 4". 
/. / Bil Ci = 180° - 38° 16' - 68° 66' 66" = 87° 48' 4", 
and / BJC7a=180°-83°16'-121°8'4"=26°41'66". 



EXAMPLES. ZXXI. 

3 

1. If a=bt b=7, and sin ^=7, is there any ambiguity? 

2. If a = 2, c ss V^ + 1, and A = 46°, solve the triangle. 

3. If a = 100, c s 100 Vd> and A = 30°, solve the triangle. 

3 

4. If 2&=3a, and tan' J=^ • prove that there are two values to the 

o 

third side, one of which is double the other. 
6. If J=30°, 6=8, and a=6, find c. 

6. Given £=30°, c=160, and 5=60^3, prove that of the two 
triangles which satisfy the data one will be isosceles and the other right- 
angled. Find the greater value of the third side. 

Would the solution have been ambiguous had 

JB=s30°, c=160, and 6=76? 
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7, In the ambignons case given a, 6, and A, prove that the diflerenoe 
between the two valaes of c is 2ija^ - 6^ sin^ A. 

8. If a=5, &=4, and ^=45°, find the other angles, having given 

log 2» -30103, I, sin 880 29^= 9-7520607, 
and I,8in33<>80'39-7580993. 

9, If a=9, 5=12, and J =30^, find c, having given 

log 2 = -30108, log 3 = -47712, 

log 171 = 2-28801, log 368 = 2*56685, 

L sin IP 48' 89" = 9-81108, L sin 41° 48' 89" = 9-82891, 
and L sin 108° 11' 21" = 997774. 

10. Point out whether or no the solutions of the following triangles 
are ambignons. 

Find the smaller value of the third side in the ambigaoos case and 
the other angles in both cases. 

(1) il = 80^ c =s 250 feet, and a = 125 feet ; 

(2) J=80^ c=250 feet, and a=200 feet. 
Given log 2 = -80108, log 608898 = -7809601, 

1, 8m88<' 41'= 9-7958800, 
and X sin 8« 41' = 9-1789001. 

11, Given a = 250, b = 240, and A = 72^ 4' 48", find the angles B and 0, 
and state whether they can have more than one value, given 

log 2-5 =r -8979400, log 2 -4 = -8802112, 

L sin 72«4'=9-9788702, L sm 72° 6'= 9-9784111, 
and L sin 65® 59' » 9*9606789. 

12. Two straight roads intersect at an angle of SOP ; from the point 
of junction two pedestrians A and B start at the same time, A walking 
along one road at the rate of 5 miles i>er hour and B walking uniformly 
along the other road. At the end of 8 hours th^ are 9 miles apart. 
Shew that there are two rates at which B may walk to fulfil this 
condition and find them. 
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For the following three examples, a hook of tables will he required, 

13. Two sides of a triangle are 1015 feet and 732 feet, and the angle 
opposite the latter side is iO° ; find the angle opposite the former and 
prove that more than one value is admissible. , / ^ -t ( 

U ^^^ ' ^ -^^^^ ■ ^^^^ ^'^^ ^-'^ Pu /vU u t y 
yj.4. Two sides of a triangle being 5374*5 and 1586*6 feet, and tne 
angle opposite the latter being 15° 11', oaloulate the other angles of the 
triangle or triangles. 

15. Given 4^10°, a^2308-7, and &=s7903*2, find the smaller value t 

of c. -^v" </ '^ ^ h. L.:, ^^, -5 , i . 6 , ? /^ .M <- '^'-.-r 

189. Case IV. Given one side and two a/ngles, viz. 
a, B, and C. 

Since the three angles of a triangle are together equal 
to two right angles, the third angle 
is given also. 

The sides b and c are now obtained 
from the relations 

boa "^ 




sin B sin G sin ^ ' 

, sin jB , sin (7 

giving o = a- — j,andc = a-; — j. 

° ® sin -4 sin J. 



190. Gase V. The three angles A, B, and G given. 

Here the ratios only of the sides can be determined 
by the formulae 

a _ b ^ 
sin -4. sin jB"" sin (7* 

Their absolute magnitudes cannot be found. 

L. T. 14 



210 TRIGONOMETRY. 



EXAMPLES. XXXn. 

17 1 

1. If COB ^=^ and cos C^=7t > find the ratio of a:b :e. 

2. The angles of a triangle are as 1 : 2 : 7 ; prove that the ratio of 
the greatest side to the least side ia iJ5 + li ^5-1, 

8. If -4=46°, B = 76°, and C=60°, prove that a+c,j2=2b, 

4. Two angles of a triangle are 41° 18' 22" and 71° 19' 5'' and the side 
opposite the first angle is 55; find the side opposite the latter angle, 
given 

log 55 = 1-7403627, log 79063 = 4-8979776, 

L sin 41° 13' 22" =9-8188779, 
and L sin 71° 19' 6" = 9-9764927. 

5. From each of two ships, one mile apart, the angle is observed 
which is subtended by another ship and a beacon on shore ; these angles 
are found to be 52° 25' 16" and 76° 9' 30" respectively. Given 

L sin 76° 9' 30" = 9-9852635, 
L sin 62° 26' 16" =9-8990066, log 1-2197= -0862680, 
and log 1 -2198 = -0862886, 

find the distance of the beacon from each of the ships. 

6. The base angles of a triangle are 22}° and 112}° ; prove that the 
base is equal to twice the height. 

For the following five questions a book of tables is required, 

7. The base of a triangle being seven feet and the base angles 
129° 23' and 38° 86', find the length of its shorter side. 

8. If the angles of a triangle be as 6 : 10 : 21, and the side opposite 
the smaller angle be 3 feet, find the other sides. 

0. The angles of a triangle being 150°, 18° 20', and 11° 40', and the 
longest side being 1000 feet, find the length of the shortest side. 

10. To get the distance of a point A from a point B, a line BC and 
the angles ABC and BCA are measured, and are found to be 287 yards 
and SS"" 32' 10" and 61° 8' 20" respectively. Find the distance AB. 

11. To find the distance from ^ to P a distance, AB, of 1000 yards is 
measured in a convenient direction. At A the angle PAB is found to be 
41° 18' and at B the angle PBA is found to be 114° 38'. What is the 
required distance to the nearest yard f 
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191. In the present chapter we shall consider some 
questions of the kind which occur in land-surveying. 
Simple questions of this kind have already been considered 
in Chapter HI. 

192. To find the height of an inaccessible tower by 
means of observations made at distant points. 

Suppose PQ to be the tower and that the ground 
passing through the foot Q of the 
tower is horizontal. At a point A 
on this ground measure the angle 
of elevation a of the top of the 
tower. 

Measure off a distance AB(=a) 
from A directly toward the foot of 
the tower, and at B measure the angle of elevation fi. 

To find the unknown height x of the tower, we have 
to connect it with the measured length a. This is best 
done as follows : 

14—2 
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From the triangle PBQ, we have / 



" =sm/3 (1), 



BP 
and, from the triangle PAB, we have 

PB waPAB sin a 



.(2). 



a sin BPA sin (^ — a) 

since Z BPA^/lQEP-^/lQAP^^P-- a. 

From (1) and (2), by multiplication, we have 

a? _ sin a sin ^ 
a " sin (^ — a) ' 

__ sin a sin j8 
sm(^— a) 

The height w is therefore given in a form suitable for 
logarithmic calculation. 

Numerical Example. If a = 100 feet, a = 80®, and p= 60°, then 

,^ sin 30° sin 60° , ^a \/3 «/. « * * 

^=100 ;— 573 — = 100 x^ =86 '6 feet. 

Bin 30° 2 

193. It is often not convenient to measure AB 
directly towards Q. 

Measure therefore AB in any 
other suitable direction on the hori- 
zontal ground, and at A measure the 
angle of elevation a of P, and also 
the angle PAB (= 13), 

At B measure the angle PBA 

(=7) 

In the triangle PAB, we have then 

^ APB '^ 180" - /^ PAB -^ PBA = 180° -(fi + y). 
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TT AP sip. PBA _ sin 7 

^^^^® a "■sin£P^""sin(^ + 7)* 

From the triangle FAQ, we have 

. ^ . * sin a sin y 

sin(/3+7) 

Hence w is found by an expression suitable for 
logarithmic calculation. 

194. To find the distance between two inaccessible points 
by means of observations made at two points the distance 
between which is known, all four points being supposed to 
be in one plane. 

Let P and Q be two points whose distance apart, PQ, 
is required. 

Let A and B be the two known 
points whose distance apart, AB, is 
given to be equal to a. 

At A measure the angles PAB 
and QAB, and let them be a and fi 
respectively. 

At B measure the angle PBA and QBA, and let them 
be 7 and S respectively. 

Then in the triangle PAB we have one side a and the 
two adjacent angles a and 7 given, so that, as in Art. 163, 
we have AP given by the relation 

AP _ sin 7 __ sin 7 
a ""sinilPiJ""sin(a + 7)* 

In the triangle QAB we have, similarly. 




(1). 



AQ^ sin 8 
a sin(^ + S) 



(2). 
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In the triangle APQ we have now determined the 
sides AP and AQ ; also the included angle PAQ(= a — ^) 
is known. We can therefore find the side PQ by the 
method of Art. 181. 

If the four points A, B, P, and Q be not in the same 
plane, we must, in addition, measure the angle PAQ ; for 
in this case PAQ is not equal to a — /8. In other respects 
the solution will be the same as above. 



196. Bearings and Points of the Compass. The 

Bearing of a given point jB as seen from a given point 
is the direction in which B is seen from 0. Thus if 




;.' 



^ 



/ 



*V 



•> 






the direction of OB bisect the angle between Ea^ and 
North, the bearing of B is said to be North-East. 

If a line is said to bear 20° West of North, we mean 
that it is inclined to the North direction at an angle of 
20**, this angle being measured from the North towards 
the West. 









/ 
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To £EU!ilitate the statement of the bearing of a point 
the circumference of the mariDer's compass-card is divided 
into 32 equal portions, as in the above figure, and the sub- 
divisions marked as indicated Consider only the quadrant 
between East and North. The middle point of the arc 
between N. and E. is marked North-East (N.E.). The 
bisectors of the arcs between N.E. and N. and E. are 
respectively called North-North-East and East-North- 
East (N.N.E. and E.N.E.). The other four subdivisions, 
reckoning from N., are called North by East, N.E. by 
North, N.E. by East, and East by North. Similarly the 
other three quadrants are subdivided. 

It is clear that the arc between two subdivisions of 

the card subtends an angle of -k^» i»e. lli°, at the 
centre 0. 



EXAMPLES. XXXm. 

1. A flagstaff stands on the middle of a square tower. A man on 
the ground, opposite the middle of one face and distant from it 100 feet, 
just sees the flag ; on his receding another 100 feet, the tangents of eleva- 
tion of the top of the tower and the top of the flagstaff are found to be ^ 

the gronnd being horizontal. 

2. A man, walking on a level plane towards a tower, observes that 
at a certain point the angular height of the tower is 10°, and, after going 
50 yards nearer the tower, the elevation is found to be 15®. Having given 

L sin 15''=:9'4129962, L cos 5'' =9 '9988442, 

log25*783=l-4113334, and log 25*784=: 1-4113503, 

find, to 4 places of decimals, the height of the tower in yards. 
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3. DE is a tower standing on a horizontal plane and ABCD is a 
straight line in the plane. The height of the tower subtends an angle 
at A, 20 at B, and B0 at C If AB and BC be respectively 50 and 20 feet, 
find the height of the tower and the distance CD, 

4. A tower, 50 feet high, stands on the top of a mound ; from a 
point on the gronnd the angles of eleyation of the top and bottom of the 
tower are fotmd to be 75® and 45® respectively; find the height of the 
moimd. 

5. A vertical pole (more than 100 feet high) consists of two parts, 
the lower being ^rd of the whole. From a point in a horizontal plane 
throngh the foot of the pole and 40 feet from it, the upper part subtends 
an angle whose tangent is ^. Find the height of the pole. 

6. A tower subtends an angle a at a point on the same level as the 
foot of the tower, and at a second point, h feet above the first, the 
depression of the foot of the tower is p. Find the height of the tower. 

7. A person in a balloon, which has ascended vertically from flat 
land at the sea level, observes the angle of depression of a ship at anchor 
to be 30®; after descending vertically for 600 feet, he finds the angle 
of depression to be 15°; find the horizontal distance of the ship from the 
point of ascent. 

8. PQ is a tower standing on a horizontal plane, Q being its foot ; 
A and B are two points on the plane such that the zQAB is 90®, and AB 

is 40 feet. It is found that 

8 1 

ootPAQzrzj^ and cotPBQ=^. 

Find the height of the tower. 

J 0. A column is E^S.E. of an observer, and at noon the end of the 
shadow is North-East of him. The shadow is 80 feet long and the 
elevation of the column at the observer's station is 45®. Find the height 
of the column. 



Ve 



10. A tower is observed from two stations A and B. It is found to 
e due north of A and north-west of JB. JB is due east of A and distant 
from it 100 feet. The elevation of the tower as seen from A is the 
complement of the elevation as seen from B. Find the height of the 
tower. 



<^ 
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^ 11. The elevation of a steeple at a plaoe due sonth of it is 46® and 
at another place due west of the former place the elevation is 15°. If the 
distance between the two places be a, prove that the height of the steeple is 

a(N/3-l) 
24/3 • 

12. A person stands in the diagonal produced of the sqnare base of 
a chnrch tower, at a distance 2a from it, and observes the angles of 
elevation of each of the two outer comers of the top of the tower to be 
30°, whilst that of the nearest comer is 45°. Prove that the breadth of 
the tower is a {,J10 - ,J2), 

13. A person standing at a point A due sonth of a tower bnilt on a 
horizontal plane observes the altitude of the tower to be 60°. He then 
walks to B due west of A and observes the altitude to be 45°, and again 
at C in AB produced he observes it to be 30°. Prove that B is midway 
between A and C 

14. At each end of a horizontal base of length 2a it is found that 
the angular height of a certain peak is $ and that at the middle point it 
is 4>, Prove that the vertical height of the peak is 

g sin g sin 

^^d, ^ And B are two stations 1000 feet apart; P and Q are two 
stations in the same plane m AB and on the same side of it ; the angles 
PAB, PBA, QAB, and QBA are respectively 76°, 30°, 46°, and 90°; find 
how far P is from Q and how far each is from A and B. 

For thefoUowing seven examples a hook of tables wiU be wanted. 

^^JiQ, At a point on a horizontal plane the elevation of the summit of 
lb mountain is found to be 22° 15', and at another point on the plane, a 
mile further away in a direct line, its elevation is 10° 12'; find the height 
of the mountain. 

^^^ 17. From the top of a hill the angles of depression of two successive 
milestones, on level ground and in the same vertical plane with the 
observer, are found to be 6° and 10° respectively. Find the height of the 
hill and the horizontal distance to the nearest milestone. 

18. A castle and a monument stand on the same horizontal plane. 
The height of the castle is 140 feet, and the angles of depression of the 
top and bottom of the monument as seen from the top of the castle are 
40° and 80° respectively. Find the height of the monument. 



y 
/ 

/ 
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19. A flagstaff P^ stands on level gronnd. A base AB is measured 
at right angles to Al^y the points A^ B, and N being in the same horizontal 
plane, and the angles PAN and PBN are found to be a and /3 respectively. 
Prove that the height of the flagstaff is 

sin a sin /3 
Ao — . .. — • 

V sin (o - p) sin (a + p) 

UAB =100 feet, a=70^ and /3=50^ calculate the height. 

20. A man, standing due south of a tower on a horizontal plane 
through its foot, finds the elevation of the top of the tower to be 54° 16'; 
he goes east 100 yards and finds the elevation to be then 50° 8'. Find 
the height of the tower. 

21. A man in a balloon observes that the angle of depression of an 
object on the ground bearing due north is 33°; the balloon drifts 3 miles 
due west and the angle of depression is now found to be 21°. Find the 
height of the balloon. 

y 22. From the extremities of a horizontal base-line AB, whose length 
^islOOO feet, the bearings of the foot C of a tower are observed and it is 
found that z C?^J5=56°23', iCBA=^TU', and that the elevation of 
the tower from A is 9° 25' ; find the height of the tower. 

196. Ex. 1 - A flagstaff 18 on the top of a tower which 
stands cm a horizontal plane, A person observes the angles, 
a and ^, subtended at a point on tlie horizontal plane by the 
flagstaff and the tower ; he then walks a known distamce a 
toward the tower and flnd^ that the flxigstaff subtends the 
same angle a$ before; prove that the height of the tower 
and the length of the flagstaff are respectively 

a aia 13 cos(a+/3) , a sin a 
cos (a +2/3) ^^ Goa(a + 20y 
Let P and Q be the top and foot of the tower, and let 
PR be the flagstaff Let A and B be the points at which 
the measurements are taken, so that zPAQ = fi and 
zPAR = zPBR = a, Since the two latter angles are 
equal, a circle will go through the four points A, B, P> 
and R. 

) 
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To find the height of the flagstaff we have to connect 
the unknown length PR with the known length AB, 

This may be done by connecting each with the 
length AR. 

To do this, we must first 
determine the angles of the 
triangles ARP and ARB, 

Since A, B, P, and R lie on a 
circle, we have 

zBRP = Z^AP = fi, 
and ^ APB = Z ARB = (say). A 

Also Z APR = 90° 4- Z PAQ = W + fi 

Hence, since the angles of the triangle APR are 
together equal to two right angles, we have 

180° = a + (90° + /3) + (^ + i8), 

80 that ^ = 90°-(a + 2/3) (1). 

From the triangles APR and ABR we then have 

PR^ ^It ^_J^_ ±_ /^ 163) 

sin a sin-KPJ. %ixiRBA sin^ ^ • > 

[It will be found in Chap. XV. that each of theso 
quantities is equal to the diameter of the circle.] 

Hence the height of the flagstaff 

__ p P _ a sin a __ a sin a , ,- ^ 
■'^^~"S^""co8(a + 2/3)'^y^ ^' 

Again, ^ = cosBPQ = cos(a + i8) (2), 

, PB smPAB sin^S .«. 

and ^— — . r>p = -~= — 2 \yh 

a sin APB sm^ 

Hence, from (2) and (3), by multiplication, 

PQ _ sin ff cos (a + /3) _ sin ff cos (a + jS) , .^. 
a " sin^ ~ cos (a + 2/3) ' ^^ W- 
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Also, £Q = PQ tan BPQ = PQ tan (a + /8) 

_ sin )3 sin (g + ff ) 
" ^ cos (a + 2/8) ' 

and ^Q=.a + ^Q=a^^<^ + ^^>t'^^.f ^^""^^ 

cos (a H- 2)8) 

_ cos ff cos (g + jQ) 
"" ^ cos (g + 2/3) • 

If a, g, and )3 be given numerically, these results are 
all in a form suitable for logarithmic computation. 

Bz. S. At a dittance a from the foot of a tower AB, of known height 
b, a flagstaff BC and the tower subtend equal angles. Find the height of 
the flagstaff. 

Let O be the point of observation, and let the angles AOB and BOC 
be each 6; also let the height BC be x. 

We then have tan $=-, and tan 2$== — ^. 

a a 

Henoe »±y=tan2<»=.=^ton« « 

a l-tan'0 - W 

... b+y 2ab 

so that — ^ =: -5 — r^. 

a a^-lr 

If a and b be given nnmerically, we thus easily obtain y. 

197. Ex. A mem walks along a straight road a/nd 
observes that the greatest angle subtended by two objects is a; 
from the point where this greatest angle is subtended he walks 
a distance c along the road, a/nd finds that the two objects are 
now in a straight line tvhich makes an angle 13 with the 
road; prove that the distance between the objects is 

sm a sm p sec — ^ sec —5 — • 
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Let P and Q be the two points, and let PQ meet 
the road in B, 




If J. be the point at which the greatest angle is 
subtended, then A must be the point where a circle drawn 
through P and Q touches the road. 

[For, take any other point A' on AB, and join it to P 
cutting the circle in ff^ and join A'Q and B'Q. 

Then Z PA'Q < Z PFQ (Euc. I. 16), 

and therefore <aPAQ (Euc. III. 21).] 

Let the angle QAB be called 0, Then (Euc. IIL 32) 
the angle APQ is also. 

Hence ISO"* = sum of the angles of the triangle PAB 
^0 + (a + 0) + fi, 

a+/3 



so that 



^=90"- 



2 



From the triangles PAQ and QAB we have 



PQ sing 
^Q"sin«' 



and 



AQ sin/8 



sin/8 



G sinAQB sin(^ + a)* 
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Hence, by multiplication, we have 

PQ sin a sin 13 



c sin ^ sin (^ + a) 
sin a sin /3 



cos ^ COS ^^ 



/, PQ = c sm a Sin p sec ' sec — ^— 



EXAMPLES. XXZIV. 

1. A bridge has 5 eqnal spans, each of 100 feet measured from the 
centre of the piers, and a boat is moored in a line with one of the middle 
piers. The whole length of the bridge subtends a right angle as seen 
from the boat. Prove that the distance of the boat from the bridge is 
100^6 feet. 

2. A ladder placed at an angle of 75° with the ground just reaches 
the sill of a window at a height of 27 feet above the ground on one side 
of a street. On turning the ladder over without moving its foot, it is 
found that when it rests against a wall on the other side of the street 
it is at an angle of 15° with the ground. Prove that the breadth of the 
street and the length of the ladder are respectively 

27(3-V3) and 27 (s/6 - ^2) feet. 

3. From a house on one side of a street observations are made of the 
angle subtended by the height of the opposite house ; from the level of 
the street the angle subtended is the angle whose tangent is 3 ; firom two 
windows one above the other the angle subtended is found to be the 
angle whose tangent is -8; the height of the opposite house being 
60 feet, find the height above the street of each of the two windows. 

4. A rod of given length can turn in a vertical plane passing through 
the sun, one end being fixed on the ground ; find the longest shadow it 
can cast on the ground-N. 

Calculate the altitude of the sun when the longest shadow it can cast 
is 8^ times the leng^ of Uie rod. 

5. A person on a ship A observes another ship B leaving a harbour, 
whose bearing is then N.W. After 10 minutes At having sailed one mile 



[EZS. ZXXrV.] HEIGHTS AND DISTANCES. 223 

N.E., sees B due west and the harbour then bears 60° West of North. 
After another 10 minutes B is observed to bear S.W. Find the distances 
between A and B at the first observation and also the direction and rate 
ofB. 

^^/^, A person on a ship sailing north sees two lighthouses, which are 6 
miles apart, in a line due west ; after an hour's sailing one of them bears 
S.W. and the other S.S.W. Find the ship's rate. 

7, A person on a ship sees a lighthouse N.W. of himself. After 
sailing for 12 miles in a direction 15° south of W. the lighthouse is 
seen due N. Find the distance of the lighthouse from the ship in 
each position. 

8, A man, travelling west along a straight road, observes that when 
he is due south of a certain windmill the straight line drawn to a distant 
tower makes an angle of 80° with the road. A mile ftirther on the 

•bearings of the windmill and tower are respectively N.E. and N.W. Find 
the distances of the tower from the windmill and from the nearest point 
of the road. 

9, An observer on a headland sees a ship due north of him ; after a 
quarter of an hour he sees it due east and after another half-hour he sees 
it due south-east; find the direction that the ship's course makes with 
the meridian and the time after the ship is first seen until it is nearest 
the observer, supposing that it sails uniformly in a straight line. 

10, A man walking along a straight road, which runs in a direction 

30° east of north, notes when he is due south of a certain house ; when he 

has walked a mile further, he observes that the house lies due west and 

that a windmill on the opposite side of the road is N.E. of him ; three 

miles further on he finds that he is due north of the windmill; prove 

that the line joining the house and the windmill makes with the road 

the angle whose tangent is 

48-25^3 

11 • 

11, A^ J?, and C are three consecutive milestones on a straight road 
from each of which a distant spire is visible. The spire is observed to 
bear north-east at Ay east at B, and 60° east of south at C. Prove that 

the shortest distance of the spire from the road is — J^ miles. 

12, Two stations due south of a tower, which leans towards the 
north, are at distances a and h from its foot; if a and /? be the 
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eLevations of the top of the tower from these stations, prove that its 
inclination to the horizontal is 

^ , b cot a- a cot 3 

COt~* 7 ^ . 

b-a 

y J.3. From a point ^ on a level plane the angle of elevation of a 
'Iballoon is a, the balloon being south of A ; from a point B, which is at a 
distance c south of A^ the balloon is seen northwards at an elevation of 
p; find the distance of the balloon from A and its height above the 
ground. 

14. A statue on the top of a pillar subtends the same angle a at 

distances of 9 and 11 yards from the pillar ; if tan a= rrT , find the height 
of the pillar and of the statue. 

15. A fiagstaff on the top of a tower is observed to subtend the Bame 
angle a at two points on a horizontal plane, which lie on a line passing 
through the centre of the base of the tower and whose distance from one 
another is 2a, and an angle /3 at a point halfway between them. Prove 
that the height of the fiagstaff is 

2sini3 
a sm a ' '^ 



V < 



cos a sin (/3~ a)' 

16. An observer in the first place stations himself at a distance a 
feet from a column standing upon a mound. He finds that the column 

subtends an angle, whose tangent is ^ , at his eye which may be supposed 

to be on the horizontal plane through the base of the mound. On 

2 
moving ^a feet nearer the column, he finds that the angle subtended is 

unchanged. Find the height of the mound and of the column. 

17. A church tower stands on the bank of a river, which is 150 feet 
wide, and on the top of the tower is a spire 80 feet high. To an observer 
on the opposite bank of the river, the spire subtends the same angle that 
a pole six feet high subtends when placed upright on the ground at the 
foot of the tower. Prove that the height of the tower is nearly 285 feet. 

18. A person, wishing to ascertain the height of a tower, stations 
himself on a horizontal plane through its foot at a point at which the 
elevation of the top is 30°. On walking a distance a in a certain direction 
he finds that the elevation of the top is the same as before, and on then 

walking a distance » a at right angles to his former direction he finds the 

o 
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elevation of the top to be 60^. Prove that the height of the tower is 
either 




19. The angles of elevation of the top of a tower, standing on a 
horizontal plane, from two points distant a and h from the base and in 
the same straight line with it are complementary. Prove that the height 

of the tower is ^ah feet, and, if be the angle subtended at the top of 
the tower by the line joining the two points, then sin tf s — ^ . 

20. -A. tower 150 feet high stands on the top of a oliff 80 feet high. 
At what point on the plane passing through the foot of the cliff must an 
observer place himself so that the tower and the diff may subtend equal 
angles, the height of his eye being 5 feet? 

21. A statue on the top of a pillar, standing on level ground, is 
found to subtend the greatest angle a at the eye of an observer when his 
distance from the pillar is c feet ; prove that the height of the statue is 
2c tan a feet, and find the height of the pillar. 

22. A tower stood at the foot of an inclined plane whose inclination 
to the horizon was 9^. A line 100 feet in length was measured straight 
up the incline from the foot of the tower, and at the end of this line the 
tower subtended an angle of 54°. Find the height of the tower, having 
given log 2 = -30103, log 114-4123 = 2 -0584726, 

and L sin 54''= 9-9079576. 

23. A vertical tower stands on a declivity which is inclined at 15° to 
the horizon. From the foot of the tower a man ascends the declivity for 
80 feet, and then finds that the tower subtends an angle of 30°. Prove 
that the height of the tower is 40 (^6 - ^^2) feet. 

y_2Au The altitude of a certain rock is 47°, and after walking towards it 
1000 feet up a slope inclined at 80° to the Horizon an observer finds its 
altitude to be 77°. Find the vertical height of the rook above the first 
point of observation, given that sin47°=*78135. 

25. A man observes that when he has walked c feet up an inclined 
plane the angular depression of an object in a horizontal plane through 
the foot of the slope is a, and that, when he has walked a further distance 
of c feet, the depression is /3. Prove that the inclination of the slope to 
the horizon is the angle whose cotangent is 

(2 cot /3- cot a). 
L. T. 15 
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26. A regular pyramid on a square base has an edge 150 feet long, 
and the length of the side of its base is 200 feet. Find the inclination of 
its face to the base. 

• 

27. A pyramid has for base a square of side a ; its vertex lies on a 

line through the middle point of the base and perpendicular to it, and at 
a distance h from it ; prove that the angle a between the two lateral faces 
is given by the equation 

''"^"^ a^+U^ ' 

28. A flagstaff, 100 feet high, stands in the centre of an equilateral 
triangle which is horizontal. From the top of the flagstaff each side 
subtends an angle of OOP ; prove that the length of the side of the triangle 
is 50V6 feet. 

29. The extremity of the shadow of a flagstaff, which is 6 feet high 
and stands on the top of a pyramid on a square base, just reaches the 
side of the base and is distant 56 and 8 feet respectively from the 
extremities of that side. Find the sun's altitude if the height of the 
pyramid be 34 feet. 

30. The extremity of the shadow of a flagstaff, which is 6 feet high 
and stands on the top of a pyramid on a square base, just reaches the 
side of the base and is distant x feet and y feet respectively from the ends 
of that side ; prove that the height of the pyramid is 



y 



^^"i^tano-e. 



where a is the elevation of the sun. 

31. The angle of elevation of a cloud from a point h feet above 
a lake is a, and the angle of depression of its reflexion in the lake is 

fi i prove that its height is ^ 5EJ2±4. 

sm [p - a) 

32. The shadow of a tower is observed to be half the known height 
of the tower and sometime afterwards it is equal to the known height ; 
how much will the sun have gone down in the interval, given 

log 2 = -30103, L tan 63<» 26' = 10-3009994, 

and diff. for r= 3159? 
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33. ' An isosoeles triangle of wood is placed in a vertical plane, vertex 
upwards, and faces the sun. If 2a be the base of the triangle, h its 
height, and 30° the altitude of the sun, prove that the tangent of the angle 

at the apex of the shadow is ^ j ^ . 

34. A rectangular target faces due south, being vertical and standing 
on a horizontal plane. Compare the area of the target with that of its 
shadow on the ground when the sun is ^ from the south at an altitude 
ofa°. 

35. A spherical ball, of diameter d, subtends an angle a at a man's 

eye when the elevation of its centre is p ; prove that the height of the 

1 a 

centre of the ball is ^ d sin j3 cosec ^ . 

36. A man standing on a plane observes a row of equal and equi- 
distant pillars, the 10th and 17th of which subtend the same angle that 
they would do if they were in the position of the first and were 

respectively ^ and ? of their height. Prove that, neglecting the height 

of the man's eye, the line of pillars is inclined to the line drawn from his 
eye to the first at an angle whose secant is nearly 2*6. 

For the following four examples a book of tables wiU be wanted, 

>_37. -^ cmd B are two points, which are on the banks of a river and 
'^ opposite to one another, and between them is the mast, PN, of a ship ; 
the breadth of the river is 1000 feet, and the angular elevation of P at ^1 
is 14"" 2(y and at B it is 8° lO'. What is the height of P above AB ? 

38. AB is a line 1000 yards long ; B is due north of A and from B 
IT distant point P bears 70° east of north ; at ui it bears 41° 22' east of 
north ; find the distance from A to P. 

J^. ^ is a station exactly 10 miles west of B. The bearing of a 
'^-^l^ticular rock from A is 74° Id' east of north, and its bearing from B is 
26° 51' west of north. How fair is it north of the line AB ? 

40. ^be summit of a spire is vertically over the middle point of a 
horizontal square enclosure whose side is of length a feet ; the height of 
the spire is h feet above the level of the square. If the shadow of the 
spire just reach a comer of the square when the sun has an altitude 0, 
prove that 

^^2=a tan^. 

Calculate h, having given a =1000 feet and d = 25° 15'. 

16—2 




CHAPTER XV. 



PROPERTIES OF A TRIANGLE. 



198. Area of a given triangle. Let ABG be any 

triangle, and AD the perpen- 
dicular drawn from A upon the 
opposite side. 

Through A draw EAF parallel 
to BGy and draw BE and OF per- 
pendicular to it. By Euc. i. 41, 
the area of the triangle ABG 

= i rectangle BF = \BG ,GF=^,AD. 

But AD = -45 sin 5 = c sin B. 

The area of the triangle ABG therefore = ^ca sin jB. 
This area is denoted by A. 

Henc^ A = |ca8lnB = |ab8lnC = |bc8lnA...(l). 




By Art. 169, we have sinA = j-- Vs (s — a) (« — 6) (5 — c), 

so that ^ A = J6c sin A = Vs (8 - a) (s - b) (s - c).. .(2). 
This latter quantity is often called S. 
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EXAMPLES. ZZZV. 

Find the area of the triangle ABC when 

I. a=13, 5=14, and e=15. 2. a=lS, &=24, and c=80. 
3. a=25, &=52, and c=63. 4. a=125, 6=123, and c=62. 
5. a=15, 5=36, and e=39. 6. a=287, 5=816, and e=866. 

7. a=35, 5=84, and e = 91. 

8. a=V3, 5=V2. andc= ^^^^^ . 

9. If B=45^ (7=60°, and a=2 (^3 + 1) inohes, proTe that the area 
of the triangle is 6+2/^3 sq. inches. 

10. The sides of a triangle are 119, 111, and 92 yards ; prove that its 
area is 10 sq. yards less than an acre. 

II. The sides of a triangular field are 242, 1212, and 1450 yards ; 
prove that the area of the field is 6 acres. 

12. A workman is told to make a triangular enclosnre of sides 50, 41, 
and 21 yards respectively ; having made the first side one yard too long, 
what length mast he make the other two sides in order to enclose the 
prescribed area with the prescribed length of fencing ? 

13. Find, correct to -0001 of an inch, the length of one of the equal 
sides of an isosceles triangle on a base of 14 inches having the same area 
as a triangle whose sides are 13*6, 15, and 15*4 inohes. 

14. Prove that the area of a triangle is ia^ • — ^ — . 

• ° " sin-4 

If one angle of a triangle be 60°, the area 10^3 square feet, and the 

perimeter 20 feet, find the lengths of the sides. 

15. The sides of a triangle are in a.p. and its area is ■= ths of an 

o 

equilateral triangle of the same perimeter ; prove that its sides are in the 
ratio 3:5:7, and find the greatest angle of the triangle. 

16. In a triangle the least angle is 45° and the tangents of the angles 
are in a.p. If its area be 3 square yards, prove that the lengths of the 
sides are 3^5, 6/^2, and 9 feet, and that the tangents of the other angles 
are respectively 2 and 3. 
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17. The lengths of two sides of a triangle are one foot and ^2 feet 
respectively, and the angle opposite the shorter side is 30° ; prove that 
there are two triangles satisfying these conditions, find their angles, and 
shew that their areas are in the ratio 

V3 + 1:V3-1. 

18. Find hy the aid of the tables the area of the larger of the two 
triangles given by the data 

Ass31°16', as5inB., and bssVios. 

199. On the circles connected with a given 
triangle. 

The circle which passes through the angular points of 
a triangle ABC is called its circumscribing circle or, more 
briefly, its circumcircle. The centre of this circle is 
found by the construction of Euc. IV. 6. Its radius is 
always called JR. 

The circle which can be inscribed within the triangle 
so as to touch each of the sides is called its inscribed 
circle or, more briefly, its incircle. The centre of this 
circle is found by the construction of Euc. IV. 4. Its radius 
will be denoted by r. 

The circle which touches the side BG and the two 
sides AB and AC produced is called the escribed circle 
opposite the angle A, Its radius will be denoted by Ti, 

Similarly r, denotes the radius of the circle which 
touches the side CA and the two sides BC and BA 
produced. Also r, denotes the radius of the circle touch- 
ing AB and the two sides CA and CB produced. 

200. To find ike magnitude of jB, the radius of the 
circumcircle of any triangle ABC. 

Bisect the two sides BC and CA in D and E respec- 
tively, and draw DO and EO perpendicular to BC and CA, 
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By Euc. IV. 6, is the centre of the cireumcircle. 
Join OB and OC. 






Fig. 1. Fig. 2. Fig. 3. 

The point may either lie within the triangle as in 
Fig. 1, or without it as in Fig. 2, or upon one of the sides 
as in Fig. 3. 

Taking the first figure, the two triangles BOD and 
COD are equal in all respects, so that 

zBOD = /:COD, 

.-. ZB0D = ^ZB0C = ^BAC (Euc. iii. 20), 

Also BD = B09inB0D. 

/. ^ = it Sin A 

If A be obtuse, as in Fig. 2, we have 
Z BOD = i Z BOG = Z BLC = 180^ - -4 (Euc. iii. 22), 
so that, as before, sin BOD = sin A, 

and iv = 75 — : — J- . 

2 sm -d 

If -4 be a right angle, as in Fig. 3, we have 
22=0.1 = 0(7=1 



a 
2sinii 



, since in this case sin A=l. 
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The relation found above is therefore true for all 
triangles. 

Hence, in all three cases, we have 

a b c 



B = 



2slnA*~2 8inB'*2slnC 



(Art. 163). 



201. In Art. 169 we have shewn that 



2 



where S is the area of the triangle. 

Substituting this value of sin A in (1), we have 

abc 



B = 



48 



giving the radius of the circumcircle in terms of the sides. 

202. To find the value of r, the radius of the indrde 
of the triangle ABC, 

Bisect the two angles B and G by the two lines BI 
and CI meeting in I. 

By Euc. III. 4, 7 is the 
centre of the incircle. Join 
I Ay and draw 7D, IE, and 
IF perpendicular to the 
three sides. 

Then7Z)=7^=/^=r. 

We have 

area of A IBG = \ID.BG = \r.a, 

area of A IGA^\IE ,GA=^\r,b, 

and areaof A7il5 = i7^.^5 = Jr.c. 
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Hence, by addition, we have 

^r,a + i^r.b + ^r,c= sum of the areas of the triangles 

IBC, IGA, and lAB 

■= area of the A ABO, 

a+b+c o 
%.e. r — Y — =S, 

so that r.8 = S. 

S 

203. Since the angles IBD and IDB are respectively 
equal to the angles IBF and IFB, the two triangles IDB 
and IFB are equal in all respects. 

Hence BD = BF, so that 2BD = BD + BF. 

So also AE=AF, so that 2AE= AE+AF, 
and CE = CD, so that 2CE = CE + CD. 

Hence, by addition, we have 
2BD + 2AE+2CE=(BD +GD)+ (GE+ AE) + {AF-^- FB\ 
i.e. 2BD + 2AG = BG+GA + AB. 

A 2BD + 2b = a-\-b + o^ 28. 

Hence BD = 8-b = BF; 

so CE = 8'-c = CD, 

and AF=8'-a = AE. 

Now -nj^ = tan IBD = tan ^ . 

/. r = /i)=5i) tan^ = (5-6)tan^. 
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So r = IE=CEta.jiICE=(s-c)ta.n^, 

A 

and also r = /F=^^ tan/il^=(fi-a)tan =^. 

ABC 

Hence r=(8-a) tan^ = (8-b) tan^= (8-c)tan^. 

204. A third value for r may be found as follows : 
we have a = jBD + DC = /jD cot IBD + ID cot IGD 

= ?• cot -^ + r cot -5- 



= r 



B 



Cn 



COS -^ COS -^ 



. B . c r.c B. C.BI 

/. a Sin -5- sm -^ = r sm -^ COS g- + cos -^ sm -^ 



/. r = a 



Cor. Since a = 2i2sinil = 4i2sin-^cos-^, 



• sm ay- - -^ 


= rcc 


«2- 


sm ^ sin -g 






A ' 
cos 2 







we have 



r = 4ic sm -^ sm -5- sm -5- . 



206. To find the value of ri, the radius of the escribed 
circle opposite the angle A of the triangle ABC. 
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Produce AB and AC to L and M. 

Bisect the angles CBL and 
BCM by the lines BI^ and 01^ 
and let these lines meet in /i. 

Draw IiDj, IJE^, and I^F^ 
perpendicular to the three sides 
respectively. 

The two triangles IiDyB and 
IiFiB are equal in all respects, . , 

so that /iFi = IJ)i. 

Similarly IiE^ = /j A- 

The three perpendiculars 
IJ)^y IiEi, and I^Fi being equal, the point /i is the centre 
of the required circle. 

Now the area ABI^C is equal to the sum of the 
triangles ABC and IiBG\ it is also equal to the sum of 
the triangles I^BA and IJJA, 

Hence 

A^jB(7+ AI^BC= AI.GA +AI,AB. 
.-. 8 + ^I^D,.BG=^I,E,.CA+iI,F,.AB, 
i.e. S + i^i . a = ^ri . 6 + Jri . c. 

6 4- c — a' 



S 



..n 



n_-^ fft + c + g 1 , . 
J ^1 2 =n(«-a). 



• • 



S 



Similarly it can be shewn that 



S 



s 



Fj = — r- , and r. SB — 
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206. Since AEi and AFi are tangents, we have, 
as in Art. 203, AE^ = AF^. 

Similarly, £^i = fiA, and a^i = CA- 
.'. 2AE^=^AE, + AF^=^AB + BF^ + AC + CE^ 

= AB + BD, + AG+CD,^AB + BG+CA=28. 
:. AE^ = 8=:AF^. 
Also, BD, = BF^ = AF^-AB = 8-c, 
and GD^ = GE^ = AE^-'AG = 8'-b. 

:. I^Ei = AE^tanI^AE^ 

* A 

t.e. ri = 8taii =-• 

207. A third value may be obtained for Vi in terms of 
a and the angles B and G. 

For, since IiG bisects the angle BGEi, we have 
^ I^CD^ = i(180° - O = 90° - ^ . 

So Z7,£A = 90°-|. 

= /,A cot Ji^A + /lA cot J,CA 

5 



= riftan-2 



+ tan 




. B . C 

cos — COS -^ 
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B C ( . B G B . C\ 

.'. a cos "o cos -g = n ( sm "o cos -^ + cos -^ sm -^ 1 



A 
cos -^. 



£ 
cos -^ cos -^ 

••• ri = a j^ 

cos -2 

-4 ^ 
Cor. Since a = 2iJ sin A = 4iR sin -^ cos -^ , 

we have Vi = 4iJ sin -^ cos -^ cos -^ . 



EXAMPLES. XXZVI. 

1. In a triangle whose sides are 18, 24, and 80 inohes respeotively, 
prove that the circumradins, the inradins, and the radii of the three 
escribed circles are respectively 15, 6, 12, IS, and 36 inches. 

2. The sides of a triangle are 13, 14, and 15 feet ; prove that 

(1) R^Si ft., (2) r=4 ft., (8) ri=:10J ft., 
(4) rj=12 ft., and (5) rj=14 ft. 

3. In a triangle ABC if a= 13, 6=4, and cos 0= - jg , find 

Rf r, ri, rg, and r,. 

4. In the ambiguous case of the solution of triangles prove that the 
circumcircles of the two triangles are equal. 

Prove that 

5. ri(«-o)=ra(«-6)=r3(«-c)=r«=fif. 

6. --i=tan»^. 7. rrirjr,=S«. 

8. rirargsfScota-oot'-gCot^^. 9. rriCot^=flf. 
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10. 


Vs+Vi+^i^j 


=«». 11. i + 


111a 
— + =0. 

fa rg r 


12. 


a(rrx+rjrj)=i 


(rri+r^ri)=:e (iT,+rirj). 






13. 


(ri+rj tan^= 


(r,-r)cot2=c. 







14. 8=2B*BmABinBBmC. 

15, 4128inil8in£Bm(7sacosil + &coBB+ec08(7. 



>4 B C 

16. 5f=4Rroofl-5-cos-5-ooB^. 

,„ 1 1 1 1 a« + 6>+c» 

17. 3 + ni + ri + ra = - 



f« ' ri> 



S^ 



18. ri+r2+r,-r=4R. 



19. (rx-r)(ra-r)(r,-r)=4Br». 

i- -1 1 _ 1 

^"- 6c "^ ca ■*■ aft ~ 2i2r • 



^•'- bc^ea^ab r 2E' 



22. r3+ri2+ra»+V=1612'»-a»-6«-c». 

208. Orthocentre and pedal triangle of any 
triangle. 

Let ABC be any triangle, and let AK, BL, and CM be 
the perpendiculars from A, B, and C 
upon the opposite sides of the tri- 
angle. It can be easily shewn, as 
in most editions of Euclid, that 
these three perpendiculars meet in 
a common point P. This point P 
is called the orthocentre of the 

triangle. The triangle KLM, which is formed by joining 
the feet of these perpendiculars, is called the pedal 
triangle of ABO. 

209. Distances of the orthocentre from the angular 
points of the triangle. 
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We have PK = KBUm PBK = KB tau (90» - O) 

= AB COS B cot C = -r— 75 COS B cos G 

smC 

= 2ie cos B cos (Art. 200). 

Again AP = ili . sec KA 

= c cos -4 . cosec (7 

s=-^ — TC.COS-d. 

sinC/ 
= 2ie COS ^ (Art. 200). 

So JBP = 222 cos JB, and GP = 2R cos 0. 

The distances of the orthocentre from the angular 
points are therefore 222 cos il, 2i2 cos B, and 2i2 cos C; its 
distances from the sides are 2i£ cos B cos C, 2R cos G cos A, 
and 2R cos A cos £. 

210. To find the sides and angles of the pedal triangle. 

Since the angles PKG and PLG are right angles, the 
points P, i, G, and -BT lie on a circle. 

/. z PEL = z P(7Z (Euc. m. 21) 
= 90° - A. 
Similarly, P, K, B, and M lie on a circle, and therefore 

ZPKM= z,PBM 
= 90^ - A. 
Hence Z ifiTi = 180° - 2A 

= the supplement of 2 A. 
So zZiif=180°-2£, 

and ziifjK'=180°-2a 
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Again, from the triangle ALM, we have 

LM _ AL ^ ABgosA 
Bin A" sin AML cos FML 

c cos A c cos A 



coa PAL sin (7 



.*. LM= — — 7;, sin A cos A 

sin C 

s a cos il. (Art. 163.) 

So MK= b cos -B, and KL = c cos 0. 

The sides of the pedal triangle are therefore a cos A, 
bcosB, and ccosC; also its angles are the supplements 
of twice the angles of the triangle. 

211. Let / be the centre of the incircle and /i, /g, and 
/, the centres of the escribed circles 
which are opposite to ^, jB, and 
respectively. As in Arts. 202 and 
205, IC bisects the angle A GB, and 
IiO bisects the angle BGM. 

.'. zIOI^-=^/.IGB + /:I,GB 

= ^ /:AGB + ^zMGB 

= ^[zACB+ ^MGB] 

= J . 180° = a right angle. 

Similarly, Z ICI% is a right 
angle. 

Hence /lO/, is a straight line to which IG is perpen- 
dicular. 

So 1^1% is a straight line to which lA is perpen- 
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dicular, and T^BIi is a straight line to which IB is perpen- 
dicular. 

Also, since I A and IiA both bisect the angle BAG, 
the three points A, I, and /i are in a straight line. 
Similarly BII^ and CIIs are straight lines. Hence /i/j/s 
is a triangle, which is such that A, B, and are the feet 
of the perpendiculars drawn from its vertices upon the 
opposite sides, and such that / is the intersection of these 
perpendiculars, i.e. ABO is its pedal triangle and / is its 
orthocentre. 

The triangle IilJt is often called the excentric triangle. 

212. Centroid and Medians of any Triangle. 

If ABG be any triangle, and D, E^ and F respectively 
the middle points of BG, GA, and 
AB, the lines AD, BE, and GF are 
called the medians of the triangle. 

It is shewn in most editions of 
Euclid that the medians meet in a 
common point 0, such that 

AO^^AD, BO = ^BE, 
and GG = ^GF. 

This point is called the centroid of the triangle. 

213. Length of the medians. We have, by Art. 164, 

Al>^AG^ + GI>^2AG.GDcosO 

= 6^ + -7 — a6 cos C, 

and c* = 6» + a2-2a6cosa 

L. T. 16 
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a« 



Hence ^AD'-c^^h'- ^, 



80 that AD = \ V262 + 2c* - a\ 

Hence also AD = \ V6* + c* + 26c cos il. (Art. 164.) 
So also 



jB^=iV2c» + 2a*-6«, and GF=\^/2a?■^2¥-d'. 

214. Angles that the median AD makes loith the sides. 
If the Z BAD = )8, and Z GAD = 7, we have 

sin 7 _ DC _ a 
8inC"Z5"2i* 

a sin C a sin (7 

/. sm 7 = —^ = -j=====^, 

^. ., , . r% asinB 

Similarly, sm p = . , == , 

Again, if the Z -4 DC be ^, we have 

sin^ AC b 



/. sin = 



sin (7 AD x ' 
6 sin 26 sin (7 



^ s/262 4- 2c^ - a» ' 



The angles that J.-D makes with the sides are therefore 
found. 

216. The centroid lies on the line joining the circumr- 
centre to the orthocentre. 



CIRCUMCENTRE AND ORTHOCENTRE. 
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Let and P be the circumcentre and orthocentre 
respectively. Draw OD and 
PK perpendicular to BC. 

Let AD and OP meet in G. 

The triangles OGD and 
PGA are cleaily equiangular. 

Also, by Art. 200, 

Oi? = iJcosJ 

and, by Art. 209, 

AP = 2R cos A. 

Hence, by Euc. vi. 4, 

AG_AP_ 
GD" OD^ ' 

The point G is therefore the centroid of the triangle. 
Also, by the same proposition, 

OG_qD_\ 
GP''AP''2' 

The centroid therefore lies on the line joining the 
circumcentre to the orthocentre, and divides it in the ratio 
1 :2. 

It may be shewn by geometry that the centre of the 
nine-point circle (which passes through the feet of the 
perpendiculars, the middle points of the sides, and the 
middle points of the lines joining the angular points 
to the orthocentre) lies on OP and bisects it. 

The circumcentre, the centroid, the centre of the 
nine-point circle, and the orthocentre therefore all lie on a 
straight line. 

216. Distance between the circumcentre and the ortho- 
centre. 

16—2 
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If OF be perpendicular to AB^ we have 

z OAF=^ 90° - z ilO^= 90° - G. 
Also zP^i = 90'-a. 

.-. /.OAP=-A-'^OAF''^PAL 

= ^-2(90°- (7) = 4 + 2(7-180° 
= ^ + 2a-(il+5 + C) = (7-i?. 
Also OA = iJ, and, by Art. 209, 

PA = 2iJ cos A. 

OF" = 0^» + PA^ - 20^ . PA cos O^P 

= i? + 4i? cosM - 4i? cos ^ cos ((7 - JB) 
= iJ» + 4iJ» cos il [cos ^ - cos (C - £)] 

= i? - 4i? cos il [cos (i? + 0) + cos (G - P)] 

(Art. 72), 
= i? - 85^ cos iL cos jB cos (7. 

/. 0P = iJ Vl - 8 cos il cos 5 cos a 



• • 



*217. To find the distance between the circvmcentre 
and the incentre. 

Let be the circumcentre, and 
let OF be perpendicular to AB. 

Let / be the incentre, and IE 
be perpendicular to AC. 

Then, as in the last article, 

ZO^P=90°-a 

.-. zOAI=:^zIAF-'ZOAF 
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IE t B . G 

Also AI=s = . = 4jR sin tt sin tt (Art.204. Cor.). 

, A . A 2 2^ 

.\ OP = OA^ + AP-20A. AI cos OAI 
= iJ«+16iJ"8in«^siii»^-8i?sin^8in^cos^^. 

^.5. or 5 G . B . CI 
— 8 sm -^ sm -^ h^<^s -^ cos -x- + sm -^ sin -^ 

^ ^ . B . G ( B G , B . G\ 

e 1 - 8 sm -^ sin -^ (cos g- cos -^ — sin ^ sm -^ 1 

, ^ . B . G B + G 

=s 1 — 8 sin -^ sin-^ cos — ^ — 

B G A 
= 1 — 88in Y sin^sin -^ (Art. 69) (1). 



.*. 01 = B hj 1 — 8 sin -^ sin "5^ sin "5^ . 

Also (1) may be written 

OP^B^-iR X 4iJ sin ^ sin f sin^ 

= iJ2 - 2Rr. (Art. 204. Cor.) 

In a similar manner it may be shewn that, if I^ be the 
centre of the escribed circle opposite the angle Ay we shall 
have 

Oil = iJ a/ 1 4- 8 sin -^ cos -^ cos -^ , 
and hence OA* = i? + ^Rr^. (Art. 207. Cor.) 
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AUter. Let 01 be prodnced to meet the circuznoirole of the triangle 
in S and T, and let AIIi meet it in H. 
By Euc. III. 35, we have 

SI.IT^AI.IH (2). 

But SI. IT= (R ■\'OI)(R^ OI)=R'^ - 01 -. 

Also I HIC= L ICA + zIAC=:l ICB + Z RAB 

= LICB+ iHCB 

= Z HCI. 
.% HI=HC=2R sin^. (Art. 200.) 

Al AT JR. ^ 

Also ^I=_- = _-. 

sin-^ Bin- 

Substitating in (2), we have 

ija-OI«=2i2r, 
i.e. 0I^:=R!^'2Rr. 

Similarly, we can shew that IjH—IiC, and henoe that 

Ij^0^-R^=:I^n.IiA=2Rr^, 
i.e. Ii02=i2«+212ri. 

218. Bisectors of the angles. 

If AD bisect the angle A and 
divide the base into portions x and 
y, we have, by Euc. vi. 3, 
X _AB _c 
y^ ACb' 

. os_y_x±y a_ . 

••c-fc-fc + c "6 + c ^"^^^ 

giving X and y. 

Also, if S be the length of AD and the angle it 
makes with BG, we have 

AABD-\'AAGD = A ABC. 

2 cS sin ^ + 2 6S sin y = ^ be sin -4, 




• • 
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^ be sin. A 26c A 
sin- 

Also = zDAB + B = ^-\-B (3). 

We thus have the length of the bisector and its 
inclination to BG. 



EXAMPLES. XXXVn. 

If I, Jj, Jg, and J, be respeotively the oentres of the inoircle and the 
three escribed circles of a triangle ABC, prove that 

1, iilsi* cosec—. 

ABC 

2, lA .IB , IC=abc tan -^ tan — tan ^ . 

A A 

3, iili=ri ooseo ^ . 4. IIi=aseo ^. 

6. I^Ti^^aQoaeo^, 6. Ui-IIa. Jri,=16BV. 

7. I^^^=iR{r^+r^. 8. 11^1^1^=^. 

10. Area of Al^J^rss: 8B^ cos -s- cos -jr cos ^r- = ^— . 

' sin -4 sinB ~ sinC 

If J, 0, and P be respectively the inoentre, circumoentre, and ortho- 
centre, and O the oentroid of the triangle ABC, prove that 

12. 102=122 (3-2 cos ^ -2 cosB- 2 cos C). 

13. IP2= 2r» - 4JB2 cos ^1 cos B cos C. 

14. OGf2=lJ2-i(a8+6«+c2). 

15. Area of AIOP=2B2 sin ^^ sin ^^ sin ^^, 
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16. Areaof AlP(?=|i2«sm^^sin^sm^^. 

17. Prove that the distance of the centre of the nine-point circle from 
the angle -4 is — /jT+S^oBABrnW^nq. 

18. DEF is the pedal triangle of ABC; prove that 

(1) its area is 28 cos ^1 cos B cos (7, 

JR 

(2) the radius of its circumcircle is -^ , 

and (3) the radius of its incircle is 2R cos A cos B cos C. 

19. OiO^O^ is the triangle formed by the centres of the escribed circles 
of the triangle ABC; prove that 

A B G 

(1) its sides are 4H cos -^ , 4H cos -^ , and 422 cos ^^ 

i€%\ 'i. 1 IT A IT B . r C 

(2) itsanglesare^ - g, ^-^,and^- 2' 

and (3) its area is 2R8, 

20. DEF is the triangle formed by joining the points of contact of 
the incircle with the sides of the triangle ABC ; prove that 

A B C 

(1) its sides are 2r cos — , 2r cos — , and 2r cos ^ , 

..... , IT A v B . v C 

(2) itsanglesare--^, 2 -^,and--^, 

2S» 1 r 

and (3) its area is — j^ , t.e. 7:-:=^ 8, 
^ ' abc8 2 jB 

21. D, E, and JP are the middle points of the sides of the triangle 
ABC; prove that the centroid of the triangle DEF is the same as that of 
ABC, and that its orthocentre is the circumcentre of ABC, 

In any triangle ABC, prove that 

22. The perpendicular from A divides BC into portions which are 
proportional to the cotangents of the adjacent angles, and that it divides 
the angle A into portions whose cosines are inversely proportional to the 
adjacent sides. 

23. The median through A divides it into angles whose cotangents 
are 2 cot il +cot C and 2 cotil+oot J?, and makes with the base an angle 

whose cotangent is ^ (cot C ~ cot B). 
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24. ^e distanoe between the middle point of BC and the foot of the 
perpendicular from A is — ^ — . 

25. is the orthocentre of a triangle ABC ; prove that the radii of 
the circles oircumsoribing the triangles BOC, COA, AOB, and ABC are 
all equal. 

26. ^I^f BE, and CF are the perpendiculars from the angular points 
of a triangle ABC upon the opposite sides ; prove that the diameters of 
the circumcircles of the triangles AEF, BDF, and CDE are respectively 
acoiA,h cot B, and c cot C, and that the perimeters of the triangles DEF 
and ABC are in the ratio r : jR. 

27. Prove that the product of the distances of the incentre from the 
angular points of a triangle is ISr^. 

28. The triangle DEF circumscribes the three escribed oirdes of the 
triangle ABC ; prove that 

EF _ FD _ DE 
a COB A ~ h cos B ~ c cos C ' 

29. If a circle be drawn touching the inscribed and oircnmsoribed 
cirdes of a triangle and the side BC externally, prove that its radius is 

— tan' — . 
a 2 

80. I^ <ii &» and c be the radii of three circles which touch one another 
externally, and r^ and r, be the radii of the two circles that can be drawn 
to touch these three, prove that 

1 12 2 2 

= _ + _ + _. 

Ti r2 a c 

31. If Aq be the area of the triangle formed by joining the points of 

contact of the inscribed circle with the sides of the given triangle, whose 

area is A, and A^, Aj, and A3 the corresponding areas for the escribed 

circles, prove that 

Ai+Aa+A3-Ao=2A. 

32. I^ the bisectors of the angles of a triangle ABC meet the opposite 
sides in A', B', and C, prove that the ratio of the areas of the triangles 
A'B^C and ABC is 

^ . A . B . C A-B B-C C-A 

2 sm -5 sm -^ sm — : cos — ^ — cos — g— cos -g— . 
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33. Through the angular points of a triangle are drawn straight 
lines which make the same angle a with the opposite sides of the triangle; 
proTe that the area of the triangle formed by them is to the area of the 
original triangle as 4 cos^a : 1. 

34. Two circles, of radii a and &, out each other at an angle 0. 
Prove that the length of the common chord is 

2ah sin 6 



35. Three equal circles touch one another ; find the radius of the 
circle which touches all three. 

36. Three circles, whose radii are a, h, and c, touch one another 
externally and the tangents at their points of contact meet in a point ; 
prove that the distance of this point from either of their points of contact is 



( abc \h 
a+b+cj 



37. In the sides BC, CA, AB are taken three points A\ B', C such that 

BA' I A'C=CB' : B'A=A(y : CB^m : n; 

prove that if AA\ BB', and CC be joined they will form by their inter- 
sections a triangle whose area is to that of the triangle ABC as 

(m - fi)' : m* + TOW + n'. 

38. The circle inscribed in the triangle ABC touches the sides BC, 
CA, and AB in the points Ai, Bi, and C^ respectively; similarly the 
drcle inscribed in the triangle AiBiCi toudies the sides in J,, B,, C^ 
respectively, and so on ; if AJB^C^ be the nth triangle so formed, prove 
that its angles are 

|+(-2)-(^-r).|+(-2)-(B-|). 

and |+(-2)-»(c-|). 

Hence prove that the triangle so formed is ultimately equilateral. 

39. -^i^i^i ^ the triangle formed by joining the feet of the perpen- 
diculars drawn from ABC upon the opposite sides; in like manner 
AjiJJ^ is the triangle obtained by joining the feet of the perpendiculars 
from A^^B-^i and C^ on the opposite sides, and so on. Find the values of 
the angles A^^B^^ and C^ in the nth of these triangles. 



CHAPTER XVI. 



ON QUADRILATERALS AND REGULAR POLYGONS. 

219. To find the area of a quadrilateral which is 
inscribdble in a circle. 

Let ABGD be the quadrilateral, the sides being a, 6, c, 
and d as marked in the figure. 
The area of the quadrilateral 

=area of A-4£(7+area of A J.D(7 

= \ahsinB-\-lcd sin D (Art. 198.) 

= i (a6 + cd) sin B, 




since, by Euc. ill. 22, 

z£ = 180°- ZD, 

and therefore 

sin 5= sin D. 

We have to express sin B in 
terms of the sides. 
We have 

a* + 6^-2a6cos5 = ^C2 = c^ + d!2-2ccZcosi). 

But cos D = cos (ISO** - 5) =: - cos B. 
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Hence 

a» + 6' - 2a6 cos 5 = c» + d^ + 2cd cos B, 

so that cos x> = — c^ / T 7^^ — • 

2 {ab + cd) 

Hence 

sin' 5 = 1— cos'' 3 = 1— (c. y 1 ,,^/ 

{2 (a6 + cd)}» 

2 (a6 + cd)}»- {a^ + 6» - c* - d»}» 



4 (oi + cd)* 
2 (oi +cd)+(a»+6*-c»-d»)} {2(a6 + cd)-(aH6*-c'-d')} 



4 (oft + cd)* 
(a*+2a6+6*)-(c*-2cd+d*)|{(c»+2cd+d')-(a*+6*-2a6)} 



4 (oft + cd)* 
(a + 6)'-(c-d)*}{(c + d)'-(ci-6)*} 



4 (a6 + cdy 
(a + b + c-d) (ci+6-c+d)}{(c+d + a-6)(c+d--a+ b)] 



4 {ab + cdy 
Let 

a + 6 + c + d=25, 
so that 

a + 6 + c-d = (a + 6 + c + d)-2d = 2(s-d), 

a + 6 — c + d=2(5 — c), 

a-6 + c + d=2(5-6), 
and — a+6 + c + d=2(« — a). 

Hence 
. ,„ 2(«-d)x2(5-c) X 2(5-6)x2(5-a) 

4 (a6 + cdy * 

so that 

(a6 + cd) sin5= 2 V(« -a) {a- b)(8 - c)(8-d). 
Hence the area of the quadrilateral 
= J(a6 + cd) sin B = V (s - a) (s - b) {b - c) (s - d) . 
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220. Since cosB^ 2(ab + cd) ' 
we have AC^ = a^ + ¥-2ab cos 5 



^a'^ + b^-ab 



ab + cd 



"" ab + cd 

_ (ac + 6d) (ad + be) 
"^ a6 + cd 

Similarly it could be proved that 

ad + 6c 
We thus have the lengths of the diagonals of the 
quadrilateral 

It follows by multiplication that 

AC^.BD'^^iac + bdy, 
i.e. AG. BD^AB. GD+BG.AD. 

This is Euc. vi. Prop. D. 
Again, the radius of the circle circumscribing the 

quadrilateral = J -= — ^ 

_ / {ac + bd) {ad + be) , . / {a -a){8- b) {$ - c) (^ - d) 
"V ab + cd V {ab + cdy 

__. / ( {ab + cd) {ac + bd) {ad + 6c) ] 

221. If we have any quadrilateral, not necessarily 
inscribable in a circle, we can express its area in terms of 
its sides and the sum of any two opposite angles. 
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For let the sum of the two angles B and D be denoted 
by 2a, and denote the area of the k 

quadrilateral by A. 

Then 

A = area of ABC + area of ACD 

= ia6sinS + icdsini), 

so that b 

4A = 2ab sin B + 2cd sin D. . .(1). 
Also a* + 6' - 2ab cos JB = c" + d« - 2cd cos D, 
80 that 

aa+6a-c«-d» = 2a6cos5-2cdcosD (2). 

Squaring (1) and (2) and adding, we have 
16A» + (a* + 6^ - c« - d'y = 4a262 + 4c«d« 

— 8a6cd (cos JB cos D — sin JB sin Z)) 
= 4ia^¥ + iid'd^ - 8a6cd cos (B + 2)) 
= 4a*6^ + 4(^d» - 8a6cd cos 2a 
= 4a%2 + iic^d^ - 8a6cd (2 cos» a - 1) 

= 4 (a6 + cdy — 16a6cd cos' a, 
so that 

16A» = 4 (a6 + cd)« - (a» + 6^ - c* - d^)' - IQabcd cos« a 

(3). 

But, as in Art. 219, we have 

4 {ab + cdy - (a»+ 6» - d'-d^y 
= 2 (s - a) . 2 (s - 6) . 2 (5 - c) . 2 (5 - d) 
= 16 (s - a) (5-6)(s~ c) (s-d). 
Hence (3) becomes 

A2 = (5 - a) (s — b)(8 — c) (5 — d) - abed cos* a, 
giving the required area. 

Cor. 1. If d be zero, the quadrilateral becomes a 
triangle, and the formula above becomes that of Art. 198. 
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Cor. 2. If the sides of the quadrilateral be given in 
length, we know a, b, c, d and therefore 8. The area A is 
hence greatest when abed cos' a is least, that is when cos' a 
is zero, and then a = 90°. In this case the sum of two 
opposite angles of the quadrilateral is 180° and the figure 
inscribable in a circle. (Euc. ill. 22.) 

The quadrilateral, whose sides are given, has therefore 
the greatest area when it can be inscribed in a circle. 

222. Bz. Find the area of a quadrilateral which can have a circle 
inscribed in it. 

If the quadrilateral ABGD can have a cirde inscribed in it so as to 

touch the sides AB^ BC, CD, and DA in the points P, Q, R, and S, we 

should have 

AP=A8, BP=BQ, CQ=CR, and DR=DS, 

.'. AP + BP+CR + DR=AS + BQ + CQ+DS, 

i.e. AB + CD=BC+DAt 

i.e. a+c=s& + <i. 

„ a-h-h-h-c + d _ _ 

Hence «= 5 =« + c=6 + d. 

.•. 8''a=c, »-6=d, 8-c=a, and 8-d=b. 
The formula of the last article therefore gives in this case 

A' = abed - abed cos' a = ahcd sin' a, 
i.e. the area required = *Jabcd sin a. 

If in addition the quadrilateral be also inscribable in a circle, we have 

2a = 180°, so that sin a = sin 90° = 1. 
Hence the area of a quadrilateral which can be both inscribed in 
a circle and circumscribed about another circle is tjabcd, 

EXAMPLES. XXXVm. 

1, Find the area of a quadrilateral, which can be inscribed in a circle, 

whose sides are 

, (1) 3, 5, 7, and 9 feet ; 

and (2) 7, 10, 5, and 2 feet. 

2. The sides of a quadrilateral are respectively 8, 4, 5, and 6 feet, and 
the sum of a pair of opposite angles is 120° ; prove that the area of the 
quadrilateral is 3 i^30 square feet. 
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3. The sides of a quftdrilateral which can be inscribed in a circle are 
3, 3, 4, and 4 feet ; find the radii of the inoircle and oircamoircle. 

4. Prove that the area of any quadrilateral is one-half the product of 
the two diagonals and the sine of the angle between them. 

5. If a quadrilateral can be inscribed in one circle and circumscribed 
about another circle, prove that its area is »Jdbcdf and that the radius of 
the latter circle is 

2^Jabcd 
a+h+c-\-d' 

6. A quadrilateral ABCD is described about a circle ; prove that 

AB sm — sm ■5-= CD sm ^ sin -5" . 

7. a, ht c, and d are the sides of a quadrilateral taken in order, and a 
is the angle between the diagonals opposite to b or d ; prove that the area 
of the quadrilateral is 

l(aa-6« + c«-da)tana. 

8. If a, b, c, and d be the sides and x and y the diagonals of a 
quadrilateral, prove that its area is 

i[4a^2_(58+da-a2-c«)l*. 

9. If a quadrilateral can be inscribed in a circle, prove that the angle 
between its diagonals is 

sin-i [2/^(» - o) (« - b) (« -e)(8- d)-i-{ac + bd)]. 

If the same quadrilateral can also be circumscribed about a circle, prove 

that this angle is then 

ac^bd 



<ic + bd 

10. The sides of a quadrilateral are divided in order in the ratio 
m : n, and a new quadrilateral is formed by joining the points of division ; 
prove that its area is to the area of the original figure as m^+n* to 

11. If ABCD be a quadrilateral inscribed in a circle, prove that 



5_ /(^-aH^-6) 



and that the product of the segments into which one diagonal is divided 

by the other diagonal is 

(ibcd{ae+bd) 

(ab + cd) {ad-^-bc}* 
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12. If a, bf e, and d be the sides of a qnadrilateral, taken in order, 
prove that 

<P= a' + &> + c' - 2a6 cos o - 26c cos j8 - 2«a cos 7, 

where a, p, and y denote the angles between the sides a and &, b and e, 
and c and a respectively. 



223. Begular Polygons. A regular polygon is a 
polygon which has all its sides equal and all its angles 
equal. 

If the polygon have n angles we have, by Euc. I. 32, 

Cor., n times its angle + 4 right angles = twice as many 

right angles as the figure has sides » 2n right angles. 

2?t "" 4 2?^ ^4 TT 

Hence each angle = right angles = x 75 

n n z 

radians 

224. Radii of the inscribed and drcimisci^ng circles 
of a regular polygon. 

Let AB, BC, and CD be three successive sides of the 
polygon, and let n be the . 
number of its sides. 

Bisect the angles ABC 
and BCD by the lines BO 
and CO which meet in 0, 
and draw OL perpendicular 

to 5a 

It is easily seen that is the centre of both the 
incircle and the circumcircle of the polygon, and that 
BL equals LC. 

Hence we have 0B — 0C=^ R, the radius of the circum- 
circle, and OL = r, the radius of the incircle. 

L. T. 17 




L 
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The ancrle BOG is -th of the sum of all the angles 
subtended at by the sides, 

n n 

Hence Z50i = iz50(7 = ^. 

If a be a side of the polygon, we have 

a = B0^2BL = 2iJsin BOL = 2R sin - . 

n 

.•. jR = =^cosec- (1). 

2sin — 
n 

Again, 

a = 2BL = 20i tan B0L^2r tan - . 

.% r = = oC0t- (2). 

w 2 n 
2tan- 

226. Area of a Begular Polygon. 

The area of the polygon is n times the area of the 

triangle BOG. 

Hence the area of the polygon 

^nx^0L.BO^n.0L.BL=-n.BLcotL0B.BL 

= ^'4^^*n ^^^' 

giving the area in terms of the side. 
Also the area 

« n'^OL.BL^n . OL . Oi tan BOX = nr* tan^...(2). 
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Again, the area 

= n.0L.BL = n.0BcosL0B.0B8mL0B 

=Bwi?cos- sin — = 5 i2°sin — (3). 

n n z n 

The formulae (2) and (3) give the area in terms of the 
radius of the inscribed and circumscribed circles. 

226. Bx. The length of each side of a regular dodecagon is 20 feet ; 
find (1) the radius of its inscribed circle, (2) the radius of its circumscribing 
circle, and (3) its area. 

The angle snbtended by a side at the centre of the polygon 

Henoe we have 10 s r tan 15^ = i2 sin 15°. 

/. r= 10 cot 15° 

= 10{2+V8) = 37-32... feet. 

Also n=.J^ = iOxl^ (Art. 106) 

8inl5° /^3-l ^ ' 

= 10.^2 (V3+l) = 10(>/6+V2) 
= 10 (2-4495... + 1-4U2...)=88'637... feet. 
Again, the area =12 xr x 10 square feet 

s 1200(2+^3) =4478-46... square feet 



EXAMPLES. XZXDL 

1. Find, correct to *01 of an inch, the length of the perimeter of a 
regular decagon which surrounds a circle of radius one foot. 

2. Find to 3 places of decimals the length of the side of a regular 
polygon of 12 sides which is circumscribed to a circle of unit radius. 

3. Find the area of (1) a pentagon, (2) a hexagon, (3) an octagon, 
(4) a decagon and (5) a dodecagon, each being a regular figure of side 
1 foot. 

4. Find the difference between the areas of a regular octagon and a 
regular hexagon if the perimeter of each be 24 feet. 

17—2 
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5. A square, whose side is 2 feet, has its comers cnt away so as to 
form a regular octagon ; find its area. 

6. Compare the areas and perimeters of octagons which are respec- 
tively inscribed in and circumsoribed to a given circle, and shew that the 
areas of the inscribed hexagon and octagon are as ^^27 to ^^2. 

7. Prove that the radins of the oircle described about a regular 
pentagon is nearly ^^ths of the side of the pentagon. 

8. If an equilateral triangle and a regular hexagon have the same 
perimeter, prove that their areas are as 2 : 3. 

9. If a regular pentagon and a regular decagon have the same 
perimeter, prove that their areas are as 2 : ^5. 

10. Prove that the sum of the radii of the circles, which are respec- 
tively inscribed in and oironmscribed about a regular polygon of n sides, is 

where a is a side of the polygon. 

11. Of two regular polygons of n sides, one circumscribes and the 
other is inscribed in a given circle. Prove that the three perimeters are in 
the ratio 

IT IT T - 

sec - : - cosec - : 1, 
n n n 

and that the areas of the polygons are in the ratio cos' - : 1. 

n 

12. Given that the area of a polygon of n sides circumsoribed about 
a circle is to the area of the circumscribed polygon of 2fi sides as 3 : 2, 
findn. 

13. Prove that the area of a regular polygon of 2n sides inscribed in a 
circle is a mean proportional between the areas of the regular inscribed 
and circumscribed polygons of n sides. 

14. The area of a regular polygon of n sides inscribed in a circle is to 
that of the same number of sides circumscribing the same circle as 3 is to 
4. Find the value of fi» 

15. The interior angles of a polygon are in a. p.; the least angle 
is 120° and the common difference is 5° ; find the number of sides. 
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16. There are two regular polygons the number of sides in one being 
double the number in the other, and an angle of one polygon is to an angle 
of the other as 9 to 8 ; find the number of sides of each polygon. 

17. Show that there are eleven pairs of regular polygons such that 
the number of degrees in the angle of one is to the number in the angle of 
the other as 10 : 9. Find the number of sides in each. 

18. The side of a base of a square pyramid is a feet and its vertex is 
at a height of h feet above the centre of the base ; if and be respec- 
tively the inclinations of any face to the base, and of any two faces to one 
another, prove that 



t»ntf=^.nat«n|=^l + ^,. 



19. A pyramid stands on a regular hexagon as base. The perpendi- 
cular from the vertex of the pyramid on the base passes through the 
centre of the hexagon, and its length is equal to that of a side of the base. 
Find the tangent of the angle between the base and any face of the 
pyramid, and also of half the angle between any two side faces. 

20. A regular pyramid has for its base a polygon of n sides, each of 
length a, and the length of each slant side is { ; prove that the cosine of 
the angle between two adjacent lateral faces is 

4Pcos— +a2 
n 



CHAPTER XVn. 

TRIGONOMETRICAL RATIOS OF SMALL ANGLES. AREA OF 
A CIRCLE. DIP OF THE HORIZON. 

227. If be the number of radians in any angle, 
which is less than a right angle, then sin 0, 0, and tan are 
in ascending order of Tnagnitvde. 

Let TOP be any angle which is less than a right 
angle. 

With centre and any radius OP 
describe an arc PAP' meeting OT 
in A, 

Draw PN perpendicular to OA, 
and produce it to meet the arc of the 
circle in P'. 

Draw the tangent PT at P to 
meet OA in T, and join TF. 

The triangles PON and P'ON are 
equal in all respects, so that PN^^ NP* and 

8JCC PA = Arc AR. 

Also the triangles TOP and TOP' are equal in all 

respects, so that 

TP = TF. 
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The straight line PP' is less than the arc PAP', so 
that NP is < arc PA. 

We shall assume that the arc PAP' is less than the 
sum of PT and TF, so that arc PA < PT. 

Hence NP, the arc AP, and PT are in ascending 
order of magnitude. 

r^ . NP Q^rc AP . PT . ,. 

Therefore jyp* — 7)W* ^ 7TP ^® ^^ ascending 

order of magnitude. 

NP 

But jyp = sin J. OP = sin 0^ 

— jyp- = number of radians in Z.AOP = (Art. 21), 

PT 
and -^ = tan POT= tan AOP = tan ft 

Hence sin 0, 0, and tan ^ are in ascending order of 
magnitude, provided that 

228. Since sin ^ < ^ < tan 0, we have, by dividing 
each by the positive quantity sin 0, 

1 



sin cos tf * 

Hence — — j. always lies between 1 and s, 

sm ^ -^ cos ^ 

This holds however small may be. 

Now, when is very small, cos ^ is very nearly unity, 

and the smaller becomes, the more nearly does cos^ 

become unity, and hence the more nearly does tl, 

•^ ^ cos^ 

become unity. 
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Hence, when is very small, the quantity -: — ^ lies 

between 1 and a quantity which differs from unity by an 
indefinitely small quantity. 

In other words, when is made indefinitely small the 

quantity -: — ^ , and therefore -^— , is ultimat'ely equal to 

unity, i.e. the smaller an angle becomes the more nearly 
is its sine equal to the number of radians in it. 

This is often shortly expressed thus ; 

sin tf = ^, when is very small 

So also tan 0^0, when is very small. 

Cor. Putting ^ = - , it follows that, when is indefi- 
nitely small, n is indefinitely great, 

. a 
sin- 

Hence — is unity, when n is indefinitely great. 

n 
So w sin - = o, when n is indefinitely great. 

Similarly, n tan - = a, when n is indefinitely great. 

229. In the preceding article it must be particularly 
noticed that is the number of radians in the angle 
considered. 

The value of sin a^ when a is small, may be found. 
For, since tt* = 180°, we have 






a' =i7r— ^ I 



"V"i8oy 

by the result of the last article. 
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230. From the tables it will be seen that the sine of 
an angle and its circular measure agree to 7 places of 
decimals so long as the angle is not greater than 18". 
They agree to the 5th place of decimals so long as the 
angle is less than about 2°. 

231. If he the numher of radians in an angle^ which is less than a 
right angle, then sin 6\b->$ - — and cos is^l - ^r- » 

By Art. 227, we have 

. e e 

. $ 9 
/. 8m^>2C08^. 

9 
Hence, sinoe siii^=:2sin^oos^, 

we have 8in^>^cos3^, t.e. >^( l-sin*- j . 

But since, by Art. 227, 

. 9 9 

therefore 1 - sin* h> 1 - ( h ) » *•*• > 1 ~ x • 

1 - j-ji «.«. '>9- J. 
Again, co8^=l-28in^^; 

therefore, since sin* 2 "^ ( 2 ) » 

wehave l-2sm>g>l-2 ( ^J , t.c. >1-^. 

It will be proved in Fart II. that 

^ , ^ 9^ 9^ 

8in^>tf-g-, and cos^<l - T + oi' 

232. 1S& I- Find the values of sin Kf and cos !(/. 
Since 10'= V = 



6 "180x6' 
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we haTe fdii W^idn {j^^^ = —^ 

Also COB IC = Vl - sin' IC 

=[1- -000008468...]* 
«l-i [-000008468...], 

approximately by the Binomial Theorem, 

= 1- -000004234... 
= •9999958.... 

Bz. 9. Solve approximately the equation 

sin $ = '52. 

Sinoe sin ^ is very nearly equal to ^ , 9 most be nearly equal to ^ 

Let then $ s s+x, where x is smalL 
o 

/. -52=Binf g + x jssin^cosx+coBgsino; 

=5 008 Jp + ^sma;. 

Since x is Tory small, we have 

COB 07=1 and sin xs a; nearly. 

/. «= -02 x-Tx radians = ^ =1-32® nearly. 
Hence 0= SV 19^ nearly. 



EXAMPLES. XL. 

Taking r equal to 3*14159265, find to 5 places of dedmals the 
▼alue of 

L Bin 7'. 2. sin 16". 3. sinl'. 

4. cos 15'. 5. coBecd*. 6. 8ec5'. 
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Solve approximately the equations 

7. sin ^« -01. 8. sin ^=-48. 

9. coB(^ + e\ = 'i9. 10. 008 ^=-999. 

11. Find approzimatelj the distance at which a halfpenny, which is 
an inch in diameter, most be placed so as to just hide the moon, the 
angular diameter of the moon, that is the angle its diameter subtends at 
the observer's eye, being taken to be SO'. 

12. A person walks in a straight line toward a very distant object, and 
observes that at three points A, B, and C the angles of elevation of the 
top of the object are a, 2a, and 8a respectively ; prove that 

^B=3J3C nearly. 

13. If be the number of radians in an angle which is less than 

a right angle, prove that 

0* 0^ 
cos ^ IS <1"2"*"16* 

14. Prove the theorem of Euler, viz, that 

6 

Bm0=i0,ooBj: .cos^ •oos;s ad. inf. 

2 2* 2^ 



We have sin ^= 2 sin - cos 5=22 sin -^ cos ^ cos ^ 

s23BmgjCOSgjCOSj3COS^;= 

^ . 

= 2*sm^xco82.cos^j,.co8 28 cos—. 

Make n indefinitely great so that, by Art. 228 Cor., 

2«sin^=^. 
2* 

0' *n 

Hence sin 0= ^ . cos ^ . cos ^2 cos ^ ad inf. 

15. Prove that 
(1 - tan»0 (1 - tan« J) (l - ten« ^^ ad Inf. 

B0.oot9. 



[ 
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233. Area of a circle. 

By Art. 225, the area of a regular polygon of n sides, 

which is inscribed in a circle of radius R, is 

n T^ , 2'rr 
5 i? sm — . 
2 n 

Let now the number of sides of this polygon be inde- 
finitely increased, the polygon always remaining regular. 

It is clear that the perimeter of the polygon must more 
and more approximate to the circumference of the circle. 

Hence, when the number of sides of the polygon is 

infinitely great, the area of the circle must be the same as 

that of the polygon. 

. 27r . 27r 

Q o 8^ — sin — 

Now rji^sm — = oiP. — . a =7riP. ^ 
2 n 2 n ZTT zir 

n n 

= 7rl?.— ;=— , where 5= — . 
n 

When n is made infinitely great, the value of becomes 

infinitely small, and then, by Art. 228, — g— is unity. 

The area of the circle therefore =* ttR* = ir times the 
square of its radius. 

234. Area of the sector of a circle. 

Let be the centre of a circle, AB the bounding arc 
of the sector, and let Z. AOB » a radians. 

By Euc. Yi. 33, since sectors are to one another as the 
arcs on which they stand, we have 

area of sector AOB _ arc AB 
area of whole circle circumference 

_ RcL _ a 
"■2^"2^* 
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axea of sector AOB = tt- x area of whole circle 

ZTT 






EXAMPLES. XLI. 

1, Find the area of a circle whose circumference is 74 feet. 

2, The diameter of a circle is 10 feet ; find the area of a sector whose 
arc is 22}''. 

3, The area of a certain sector of a circle is 10 square feet ; if the 
radius of the circle be 3 feet, find the angle of the sector. 

4, The perimeter of a certain sector of a circle is 10 feet ; if the 
radius of the circle be 8 feet, find the area of the sector. 

5, A strip of paper, two miles long and '003 of an inch thick, is rolled 
up into a solid cylinder ; find approximately the radius of the circular ends 
of the cylinder. 

6, A strip of paper, one mile long, is rolled tightly up into a solid 
cylinder, the diameter of whose circular ends is 6 inches ; find the thick- 
ness of the paper. 

7, Given two concentric circles of radii r and 2r; two parallel 
tangents to the inner circle cut off an arc from the outer circle ; find its 
length. 

8, The circumference of a semicircle is divided into two arcs such 
that the chord of one is double that of the other. Prove that the sum of 
the areas of the two segments cut off by these chords is to the area of the 
semicircle as 27 is to 55, 



["?•] 



9, If each of three circles, of radius a, touch the other two, prove that 

4 
the area included between them is nearly equal to -^ a*. 
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[Exs. xn.] 



10. Six equal oircles, each of radios a, are placed so that each 
touches two others, their centres being all on the circumference of 
another circle ; prove that the area which they enclose is 

2a«(3V8-T). 

11, From the vertex ^ of a triangle a straight line AD is drawn 
making an angle $ with the base and meeting it at 2>. Prove that the 
area common to the dronmscribing circles of the triangles ABD and 
^CD is 

j(&*y+c*/3-6c sinil) cosec*^, 

where /3 and y are the number of radians in the angles B and C respec- 
tively. 

236. Dip of the Horizon. 

Let be a point at a distance h above the earth's 
surface. Draw tangents, such as OT p n n 

and 0T\ to the surface of the earth. 
The ends of all these tangents all 
clearly lie on a circle. This circle is 
called the OflOng or Visible Horizon. 
The angle that each of these tangents 
OT makes with a horizontal plane POQ 
is called the Dip of the Horizon. 

Let r be the radius of the earth, 
and let B be the other end of the diameter through A. 

We then have, by Euc. ill. 36, 

so that OT = VA(2rH-A). 

This gives an accurate value for OT. 

In all practical cases, however, h is very small com- 
pared with r. 

[r = 4000 miles nearly, and h is never greater, and 
generally is very considerably less, than 5 miles.] 




Ilh 
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Hence I? is very small compared with hir. 
As a close approximation, we have then 

07= V2AF. 
The dip = Z TOQ 

= 90° -Z COT =z OCT. 

Also, tanOOr = S^=^!-?^ 

vx r 

so that, very approximately, we have 

Z OCT = a/^ radians 
/ /2A180\° ri80x 60x60 /2AT' 

= lV"rirJ =L — ^ — VTJ • 

236. Bz. Taking the radius of the earth at 4000 miles, find the dip 
at the top of a Ughthotue which is 26^ feet above the sea, and the distance 
of the offing. 

Here r=4000 miles, and %s264 feet =^ mile. 

In} 

Hence h is very small compared with r, so that 

Or= ^i X 4000= ^400=20 mUes. 

Also the dip= . / — radians = ^rj^^r radian 
V »• 200 

EXAMPLES. XT,n. 

[Unless otherwise stated, the earth's radius may he taken to he 4000 
miles,'] 

1, Find in degrees, minntes, and seconds, the dip of the horizon from 
the top of a moxmtain 4400 feet high, the earth's radius heing 21 x 10^ 
feet. 

2. The lamp of a lighthouse is 196 feet high ; how far off can it be 
seen? 
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3. If the radius of the earth be 4000 miles, find the height of a 
balloon when the dip is 1°. 

Find also the dip when the balloon is 2 miles high. 

4. From the top of the mast of a ship, which is 66 feet above the 
sea, the light of a lighthonse which is known to be 182 feet high can 
just be seen; prove that its distance is 24 miles nearly. 

5. From the top of a mast, 66 feet above the sea, the top of the 
mast of another ship can just be seen at a distance of 20 miles; prove 
that the heights of the masts are the same. 

6. From the top of, the mast of a ship which is 44 feet above the 
sea-level, the light of a lighthouse can just be seen; after sailing for 
15 minutes the light can just be seen from the deck which is 11 feet 
above the sea-level ; prove that the rate of sailing of the ship is nearly 
16*88 miles per hour. 



7, Prove that, if the height of the place of observation be n feet, the 



distance that the observer can see is \/ -^ miles nearly. 




8. There are 10 million metres in a quadrant of the earth's circum- 
ference. Find approximately the distance at which the top of the Eiffel 
tower should be visible, its height being 800 metres. 

9. Three vertical posts are placed at intervals of a mile along a straight 
canal, each rising to the same height above the surface of the water. The 
visual line joining the tops of the two extreme posts outs the middle post 
at a point 8 inches below its top. Find the radius of the earth to the 
nearest mile. 
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237. If sin ^ = a, where a is a known quantity, we 
know, from Art. 82, that d is not definitely known. We 
only know that 6 is some one of a definite series of 
angles. 

The symbol "sin""^a" is used to denote the smallest 
angle, whether positive or negative, that has a for its/sine. ^ 

The symbol "sin-^a" is read in words as "4»a^"^^"-^ - ' 

ftjnfi (ir and must be carefully distinguished from -; — 

sm a 

which would be written, if so desired, in the form (sin a)~\ 

It will therefore be carefully noted that "sin~*a" is an 
angle, and denotes the smaUest numerical angle whose 
sine is a. 

So "cos~^a" means the smallest numerical angle 
whose cosine is a. Similisirly "tan""^a," "cot~^a," "co- 
sec"^ a," "sec~^ a," " vers""* a," and "covers"^ a," are defined. 

Hence sin*"* a and tan~* a (and therefore cosec~* a and 
cot"* a) always lie between — 90*^ and + 90°. 

But COS"* a (and therefore sec"* a) always lies between 
0^ and 180". 

L. T. 18 



-Cw 
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238. The quantities sin"* a, oos""* a, tan""*a, ... are 
called Inverse Circular Functions. 

The symbol sin~*a is often, especially in foreign 
mathematical books, written as ''arc sin a"; similarly 
cos"* a is written " arc cos a," and so for the other inverse 
ratios. 

239. When a is positive, sin"* a clearly lies between 
0'' and 90° ; when a is negative, it lies between — 90'' and 

o^ 

When a is positive, there are two angles, one lying 
between 0** and 90° and the other lying between —90° 
and 0°, each of which has its cosine equal to a. [For 
example both 30° and —30° have their cosine equal to 

^.] In this case we take the smallest positive angle. 

Hence cos"* a, when a is positive, lies between 0° and 90°. 
So COS"* a, when a is negative, lies between 90° and 
180°. 



cos-* -4 = 46« ; 008-1 f . g) «120^ 



When a is positive, the angle tan"* a lies between 0° 
and 90° ; when a is negative, it lies between — 90° and 0°. 

taii-*V8=60°; tan-i ( - 1) =» - 46«. 

Prove that «» * ■= - co»-* -^ ss fin"* ^^ . 

5 18 65 

D 

8m"*7sa, 80 that sir 



240. Hz. 1. 
Let 

and therefore 



r*-=sa, 80 that sinaaB-r, 
o 5 




Now tan 2a s 



1-tan^a 
2 

8 6_3 
8"i* 



Also, tan(2a+«^**^^+**^^ 



l-tan2atan/3 



8 1 

J"*"? 21+4 26 , ^ T 



- 8 1 28-3 26 — 4 

/. 2a+/3=^. 



u 
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r 

Let OOB~^Yq==/^* ^^^^ ^B/^^Tq* 

»nd therefore sm^=>^l- ig = A. ^JtI ' 

Let \ Bin~i gfi"'^' "® *^** ^ '^ ~ 65 ' 

We have then to prove that 

i. «. to shew that sin (a - /3) = sin y. 

Now Bin(a-/3)ssinaoos/3-oo8aBin/3 

_8 12 4 6 _ 86~20 _16 . 
"613"6*18^ 66 "66"^"^'y* 

Henoe the relation is proved. 

, Sz. 9. Frcve that 2 tan"^ = + tan"* = = j . 
/ 3 7 4 

^ 1 1 

Let tan-*g=:a, so that tan a = ^ , 

andlet tan~*==/3, so that tan /3 = = . 

We have then to shew that 

2«+/3=^. 

2tana 



18—2 



i 
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^ ^ Sx. 8. Prove that 

Let tftn~^ g=ai so that tan a=g • 

2 

2tana 5 5 

Then tan 2a=^ — rrr' = i = To » 

1-tan'tt 1 i ^* 

25 

10 

and tan4a= ^=ri9* 

^~lH 

80 that tan 4a is nearly unity, and 4a therefore nearly ^ . 

Let 4tt=j + tan~ia?. 

A J??=tang + tan-i^) = ^ (Art. 100). 

_ 1 
•*• *""239* 

Hence ^**°'''g-**^"'239= i* 



4. Prove that 

/ ton~i a + f anT* 6 s= tan~^ ■= ; • 

L-ah 

Let tan~^a=:a, so that tana=a. 

Let tan'^&s/S, so that tan/3=&. 

Alflo, let tan-i ( fr^ )=% so that tan7=j-^. 

We have then to proye that 

a+/3=7. 

^, tana+tanfl a + 5 . ^ 
Now ton('+P)= i-to.tan^ =r:^6°*"'^' 

80 that the relation is proved. 
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The above relation is merely the fonmila 

.... tanx+tany 
^ "' l-tana;taiiy 
expressed in inverse notation. 

For pat tan X as a, so that a;=tan'~^a, 

and tany = 5, so that y=tan~i&. 



Then 



t.e. 



tan(a;+y) = j--^. 

••. «+y=tan *^ t% 

tan~i a + tan"^ 6 = tan"* ^ i • 

In the above we have tacitly assumed that a5 < 1, so that ^ =- is posi- 



l-a6 



tive, and therefore tan"^ ^ =- lies between 0^ and 90°. 

l-a6 



If, however, a& be> 1, then 



l-a6 



and therefore according to oar defini- 



tion tan*"^ r is a negative angle. Here 7 is therefore a negative angle 

and, since tan (ir +7)=: tan 7, the formula should be 

tan-^ a + tan"* 6 = r + tan-* -5 r • 

1-ao 



6. Vrwt thaX 



COS 






66 • 6 

Since 65^ - 68^ == 163, we have 

cog-itt=tan-iH. 
Also, as in Ex. 1, sin-H=tan-*f. 
We have therefore to shew that 

tan-i H + 2 tan-i J = tan-i J. 

tan[2tan-U]= ^^l^^"tt =-^^A 
^ tJ i-tan»[tan-ii] l-i»s ' 

2tan-4=tan-» A- 




Now 
so that 



v> 



278 TBIGONOMETRY. 

Thua tan [tan"* H+2 tan-i i]=tan [ton-i H+<»n~^ Al 

_ H+A _ 1924-815 _ 

t.e. tan-iH+2tan-ii=tan-iJ. 

Bz. 6. £>o{t;« the equation I, 



ian'^ 



■man 



Taking the tangents of both sides of the equation, we hare 
. 4J^-.i±a.*»n[tan->i^^] 
1 - tanftan-i^J] tan rton-i^l 

=tan{tan-i(-7)} 

«-7, 

x+1 «-! 
x-1 X 

1-05 

80 that x=2. 

This value makes the left-hand side of the given equation positive, so 
that there is no value of x strictly satisfying the given equation. 
The value x=2 is a solution of the equation 

tan-i^^ + tan-i2^=T+tan-i(-7). 

«-l X ' 



\ 
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'--. 



EXAMPLES. XT.m. 

Prove that Jy • . ^ 

a _,4 ^ ,8 . ,27 - ,4, ,12 .88 

3. oo8->3+tMi-»g=tan->jj. 4,^B-'g+oos->j3=oor-igg. 

6. cos-i »=2 rin-> aJ^=^ ooB-'>y/i±f . 

6. 2co«-i-»l+oot-.J§+lc«r>^=r. 

7. tan-ii+tMi-igsBin-'i+oot-iSsiS". 



^0. tan-ii+taii-i| = ico8->5. 



0-^j n ' "> 



11. 2taii-ii+tan-ii+2tan-ii = ^. ^~ ' 

12 tan-i?+tBn-»?-tan-i— = -. 

^ X^, WMl ^TMMl g tail j^ ^. 

13. tan-i|+tan-ig+tftn-ii+tan-il = j. 

1 It 1 

14. 8tan->j+tan->g5 = j-tan-i35^. 

15. 4tan-»i-tan->i+t«i-»i=f. 

16. t« >jjj = 2«n ij-j. ^17. *«,-»- -tan->,^ = J. 

if «<-7g or >^8, and=T+t8n-i j--^ if «> ^^ and < ^3. 



7 
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[Exs.XIiin.] 



^ 



19. t«-V"-^^±|i^+*"-V'-^^^> 

a— o—e 



e^a 



21, taa-in+oot-i(n+l)=tan-i(n«+n+l). 

22. oos(2tan-ii)=Bin(4tftn-iiy 

■ 

24. tan"^ « = 2 tan"* [ooseo tan~* x - tan cot~* «]. 

26. 2tan-irtan^tan(;.g^>tan-i !^/^»^ , 
L 2 \^ 2jj mn/S+ooBo 

26. Shew that 

^1 iWl^ESEES 



a-& 



.-il?- 



27. If COS"* - + ooB~* I = o, prove that 

X* 2xu v^ 

-s ^008 a +25= sin* cu 

a' ab b* 

Solve the equations 

28. tan-» >^I±g- >^ =<». 

29. tan-i2a;+tan-i3a: = 5. 30. tan-i^ + tan-i^=^. 

31. tan-i(x + l) + cot-i(a?-l)=8in-ig + cos-i|. 

32. tan-i(a;+l)+tan-i(«-l)=tan-i^. 

33. 2 tan~* (cos x) = tan'* (2 coseo x) . 
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2 1 

34. tan-ia; + 2cot-i« = gir. 36. tancos-i^sBinoot-ig. 

36. cot-ia;-cot-i(«+2)=16^ 

«*-l , 2a; 2ir 

37. <»08-^^^+to^"'i5ri = T- 

38. cot-i « + cotri (n« - a; + 1) = oot-^ (n - 1). 

39. flm-i«+Bm-i2aj=|. 40. sm-i -+sin-i~ = |. 
41. tan-i-+tan-i- + tan-i- + tan-i-s=^. 



X 



« _-.« 



a; 2 



42. Beo-i - - seo~i r = ^^"^ * - ^eo"^ a. 

43. ooseo""^ X = cosec"^ a + cosec"^ 6. 

44. 2tan-ia;=co8-ij^,-co8 ij^-j^,. 






CHAPTER XIX. 

ON SOME SIMPLE TBIGONOMETBICAL SEBIES. 

241. To find the swm of the sines of a series of angles, 
the angles being in arithmetical progression. 

Let the angles be 

a,a + ^, a + 2^, {a + (n-l)^}. 

Let 

flfs8ma + 8m(a + ^) + 8in(a + 2^)...+sin{a + (n-l)/8} 
By Art. 97 we have 

2 8inasin^ = cosfa -^j-cosfa +^j, 
2 sin (a + /8) sin ^ = cos (« + ^) - cos fa + -— j , 
2sin(a + 2/3)sin| = cos(a+^)-cos(a + ^), 

2 sin {a+(n-2)i8} sin| =cos {a+ (n-|)i8} -cos {a+(n-f ))8}, 

and 

2sin{a+(w-l)i8}sin|=cos{a+(n-f)/8}-cos{a+(ri-J))8}. 

By adding together these n lines, we have 

2sin|.i8 = cosfa-|)-cos{a + (n-J)^}, 
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the other terms on the right-hand sides cancelUng one 
another. 

Hence, by Art. 94, we have 

ring 

Bz. By patting /3 s 2a, we have 

sina+sin Sa+sin 5a+ ... + 8in (2n- 1) a 

_ 8in{tt+(n-l)tt} BinnttBJn'fitt 
"" sin a "* sina ' 

242. To find the mm of the cosines of a series of 
angles, the angles being in arithmetical progression. 

Let the angles be 

a,a + i8,a + 2/8, ...a + (n-l))8. 

Let 

fif=co8a + cos(a+i8) + cos(a+2/8)+... + cos{a + (n-l))8}. 
By Art. 97, we have 

2 cos a sin 2 = sin fa +^j — sinfa ""^)» 

2co8(a + i8)8in| = sinra + y)"®"^(" "^ l)' 
2cos(a + 2/3)sin| = sin(a+^)-sin(a + ^V 

2cos{a+(n-2)i8}sin|=sin{a+(n-J)/8}-8in{a+(n-$)/8}, 
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and 

2cos{a+(w-l)/3}sin| = 8m{a+(n-J)/3}-8in{a+(n-f)/3}. 
By adding together these n lines, we have 

2flfx8in| = 8in{a + (n-i))8}-sin[a-|l, 

the other terms on the right-hand sides cancelling one 
another. 

Hence, by Art. 94, we have 

2£fxsin| = 2cos|a+^/3lsin^, 



i.e. 8 = 






i.e, when -^^i^w*, 



243. Both the expressions for 8 in Arts. 241 and 242 
vanish when sin -— is zero, i,e, when -^ is equal to any- 
multiple of TT, 

"2 

where p is any integer, 

i.e. when P^P' — . 

n 

Hence the sum of the sines (or cosines) of n angles^ 

which are in arithmetical progression, vanishes when 

the common difference of the angles is any multiple 

c 27r 
of — . 
n 



cos 



a+cos f a+— j+oosf o+ — ) + ... ton term8=0, 
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and 



sina+sinf a+ — j + Binf a+ — j+... tontermssO. 



sin a - sin (a+/3) +«tn (a+ 2/3) -.„ ton terms. 
We have, by Art. 73, 

sin (a + /5 + t) = - Bin (a + /3), 

sin (a+2/3+2ir)=8in (a+2/3), 
8m(a + 3/3 + 3ir)= -8in(o+8/3), 

Hence the Beries 

= sin a + sin (a +/3 + t) + sin {o + 2 (/S + t)} 
+sin{a+8(/3+T)} + ... 



sin I 



a+^OS+T) 



. n{p+r) 
sin — !-= — ^ 



Bin 






, by Art. 241, 



. nOS+T) 



Bz. 2. i^nd 1EA« «um 0/ the series 

cos* a +c(mI^ 2a +eotfi 3a + ton terms. 

By Art. 107, we have 

COB 3a=:4 cob' a - 8 cos a, 

so that 4 cob* a =8 cos a + cos 8a. 

So 4 cos* 2a = 3 cob 2a + cos 6a, 

4 cos* 3a = 3 cos 8a + cos 9a, 



Hence, if £f be the given series, we have 
45 = (3 cos a + COB 3a) + (3 cos 2a + cos 6a) + (8 cos 3a + cos 9a) + ... 

=3(oosa+cos2a + cos3a + ...) + (cos3a+oos6a+coB9a+...) 

f n-1 \ , na L . **-! o I • » • 3a 

-^a + -s— . aj- sm -J cos -j8a+— 5— .8a}- sin — 5 — 



COB <a + 



s3 



. a 
sin^ 



. 3a 

sin-^ 



n+1 . na 3(n+l) . 8na 

COS— s-osin-s- cos— i-^ — -'asin-g- 

=8 ————+ — 



Bin 



. 8a 

sin^ 
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In a similar manner we can obtain the sum of the cubes of the sines 
of a series of angles in a. p. 

Gov. Since 

2 sin' a =1-008 2a, and 2cos'a=:l + cos2a, 

we can obtain the smn of the squares. 

Since again 8 sin* a=:2 [1 - cos 20]* 

=2 - 4 cos 2a+ 2 cos' 2a=:3 - 4 cos 2a + cos 4a, 

we can obtain the sum of the 4th powers of the sines. Similarly for the 
cosines. 

Bz. 8. Sum to n temu the 8erie$ 

co« a n'n /9 + CM 8a nn 2/3+ CM 5a <tn 3/3+... to n temu. 
Let 8 denote the series. 
Then 

2£r=: {sin (a+/3) - sin (a -/3)} + {sin (8a+2/3) - sin (3a > 2/3)} 

+ {sin(5o+3/3)-sm(6a-8/3)} + ... 
= {sin(a+/3)+sin(3a+2/3) + Bin(5a+3/3)+...} 
-{Bin(a-/5)+sin(3a-2/3) + 8in(6a-3/3) + ...} 



sm - 



I* 



(a+/5)+^(2a + /3) 



. 2o+/3 
sm — TT-^ 



smn 



2a+/3 



Bin i(a-/3)+^(2a-/3)l sinn?^ 
' ^ V ^ i =- . by Art. 241, 



. 2a-/3 
sm '^ 



iin -ji 



. , . n+1^ 
sm -{iia+— ^-/3 



. 2a+i8 
sm — =-!- 



2 
. n(2a+/3) 



sin -Ina- 



»+i^) 



2 

. 2a-/3 



. n(2a-/5) 



sm 
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4. AiA^.^^A^ is a regular polygon of n sides inscribed in a circle^ 
whose centre is O, and P is any point on the arc A^Ai such that the angle 
POAi is $: fiitd the sum of the lengths of the Unes joining P to the angular 

points of the polygon. 

2r 
Each of the angles A^OA^, AfiA^t...AjOAi is — , so that the angles 

I* 

POAi, POA^,„. are respectively 

. - 2t « 4t 
' n n 

Hence, if r be the radius of the cirde, we have 

J,. „ . POA^ ^ . 6 

->. « . POA. n - (B v\ 
PJa=ar sin — ^=2r Bin ^^ + - j , 

„^ ^ . POA. « . (6 2r\ 
PJ,=2r sin -2-»=2r sin (^^ + -J , 

Hence the required sum 



. r* n-l tT . n r 
"L2 + -rnJ'°°2-n 



Sin 
s2r L.^ ^ ^*-J -> » ^j^ 241) 

2n 



2rcosec5^.sinL5 + 5-2;^J 

V (e v\ 
25i^^na"2SJ- 



s:2rco6eo 



EXAWrPLEfl. ZLIV. 

Sum the series : 

1. cos^+oos3tf + oos5^+... ton terms. 

A lA 

2. cos ^+ cos 2il H-'pos •^+... ton terms. 

Prove that 

3sina+Bin2a+sin8a+...+8inna . n+1 
cos a + COB 2a+...+ cos na 2 



« 
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. Bina+8in8a+8iii5a + ...+Bin(2n-l)a . 
oosa+oos8a+oos6a+...+coB(dfi-l)a 
B intt»Bin(tt+/3)+ain(tt+2/3)4-... tonterms 
0O8a-co8(a+/3)+00B(a+2/9) + ... ton terms 

«tan|o+~-(ir+i3)|. 



5. 



Sam the following series : 

7. 008 a -008 (a +/3)+ COS (a +2/3)-... to 2n terms. 

«« • /. • ** — 4- . . 11—6- . . 

8, srn^+sm — x^+sm — tr^-f... ton terms. 

n-2 n-2 

0, 0O8«+8in3«+0O8 5as+8in7a;+...+8in(4n-l)x. 

10. sin a sin 2a + sin 2a sin 8a + sin 8a sin 4a +... ton terms. 

11. 008 a sin 2a + sin 2a 008 da +008 3a sin 4a 

+ 8in4acos 5a+ ... to 2n terms. 

12. sin a sin da + sin 2a sin 4a + sin 8a sin 5a +... to n terms. 

13. COS a cos /3+ COB 8a cos 2/3 +008 5a COS 3/3 + ... ton terms. 

14. sin' a + sin' 2a + sin' 3a +... ton terms. 

15. 8in«^+8in'(^+a) + 8in'(^+2a) + ... tonterms. 

16. sin' a +sin^ 2a + sin' 3a +... tonterms. 

17. sin' a + sin* 2a + sin* 8a +... ton terms. 

18. 008* a +008* 2a + cos* 3a +... tonterms. 

19. cos ^008 2^ cos 3^ +0082^008 8^ cos 4^ + ... tonterms. 

20. sin a sin (a + /3) - sin (a +/3) sin (a +2/3) + ... to 2n terms. 

21. From the sum of the series 

8ina+8in2a+sin3a+... tonterms, 
dednce (by making a very small) the sum of the series 

l + 2 + 8 + ...+n. 

22. From the result of the example of Art. 241 dedaoe the sam of 

1+3+5... tonterms. 

23. H "=1^' 

prove that 2 (cos a + cos 2a + cos 4a + cos 8a) 

and 2 (oo6 3a +008 5a +008 6a + 008 7a) 

are the roots of the equation 

«'+»-4=s0. 
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24. ABCD.., is a regalar polygon of n sides which is inscribed in a 
oirole, whose centre is and whose radios is r, and P is any point on the 
arc AB snoh that POA is 0, Prove that 

PA . PB+PA . PC+PA . PD + ,,.+PB . PC+,.. 



=r»[2co8«g-^)cosec«^-»] 



25. Two regular polygons, each of n sides, are oircmnscribed to and 
inscribed in a given circle. If an angular point of one of them be joined 
to each of the angular points of the other, then the sum of the squares of 
the straight lines so drawn is to the sum of the areas of the polygons as 

2 : sm — , 
n 

26. ^if A^t.,.A^^i are the angular points of a regular polygon in- 
scribed in a circle, and is any point on the circumference between Aj 
andi^an+iy prove that 

27. ^ perpendiculars be drawn on the sides of a regular polygon of n 
sides from any point on the inscribed circle whose radius is a, prove that 



?2(y.3,.a?s(|)U 



L.T. 19 



CHAPTER XX. 



ELIMINATION. 



246. It sometimes happens that we have two equa- 
tions each containing one unknown quantity. In this 
case there must clearly be a relation between the 
constants of the equations in order that the same 
value of the unknown quantity may satisfy both. For 
example, suppose we knew that an unknown quantity 
X satisfied both of the equations 

flw?+6 = and ca?"+da? + e = 0. 
From the first equation, we have 

b 

x = , 

a 

and this satisfies the second, if 

%,e, if b^c - ahd + a*e = 0. 

This latter equation is the result of eliminating x 
between the above two equations, and is often called their 
eliminant. 
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246. Again, suppose we knew that an angle 
satisfied both of the equations 

8in'tf = 6, and qo^O^g, 

so that sin tf = 6*, and cos = c . 

Now we always have, for all values of 0, 

sin« + cos' tf = 1, 

so that in this case 6^ -f- c* = 1. 

This is the result of eliminating 0. 

247. Between any two equations involving one 
unknown quantity we can, in theory, always eliminate 
that quantity. In practice, a considerable amount of 
artifice and ingenuity is often required in seemingly 
simple cases. 

So, between any three equations involving two un- 
known quantities, we can theoretically eliminate both 
of the unknown quantities. 

248. Some examples of elimination are appended. 

Bz. !• Eliminate B from the equations 

aco8 6 + b8in0=e, 
and deo8 6^e8in$=f. 

Solving for oos^ and sin 9 by cross multiplication, or otherwise, 

we have 

cosg __ sintf 1 

6/- ce" cd-af^bd-ae' 

{bd - aef 
so that (6/ - m)> + {cd - a/)» = (U - ae)\ 
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2. Eliminate $ between 



ax 



__^-„._6. 



COS $ ain $ 



(1). 



_ ax8in6 ,byco»$ ^ _. 

and =-^ + ^ a^ =0 (2). 

eo8*B 8in^$ * ' 

From (2) we have ax sin^ $=s -by oos^ 0, 

fane _ COB g _ Jmn^e + coB^e 

(Hall and Knight's Higher Algebra, Art. 12) 
1 

's/(6y )* + (««)* 

1 __ *^{by)^ + {ax)^ 



Hence 



1 _ 'J(by)^ + {ax)^ 



and 

80 that (1) becomes 

= '^(6y)*+(ax)l{(aa;)* + (6y)^} 
= {(ax)l + (6y)t}*, 

The student who shall afterwards become acquainted with Analytical 
Geometry will find that the above is the solution of an important problem 
concerning normals to an ellipse 

Bz. 8. Eliminate Bfrom the equationt 

-co$e-^8in$=eo$2$ (1), 

a b ^ ' 

and - sin ^ + | co« $=2sin20 (2). 

a ^ ' 
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Multiplying (1) by eos $, (2) by sin $, and adding, we hayo 

-=008^ cos 2^+2 sin^sin 2$ 
a 

=ooa $+ fan $ sin 2$ :=<iOB$-^ 2 mn^0ooa$ (3). 

Multiplying (2) by cob $, (1) by sin $, and sabtraoting, we have 

|=2 8in2tfco8^-oos2^sin^ 

a 

=sin2^costf+Bintf=sin^+2sin^ooB'^ (4). 

Adding (3) and (4), we have 

- + |=(8in^+coBtf) [1+2 sin $ oostf] 

= (sin tf + cos 0) [sin' ^+ cos' ^+ 2 sin 9co8 9] 
8(8in^+co8tf)'» 

that 8intf+oo8^=r- + |j (6). 

Sabtraciing (4) from (8), we have 

^-|=(QOBtf-8in9)(l-2 8in9oostf) 
=(coBtf-sintf)*, 

so that oostf-sin^=^--|^ (C). 

Squaring and adding (6) and (6), we have 



«=(M)*-(M)*- 



BXAMPT.E8. XLV. 

Eliminate from the equations 

1. acos9 + &8in^=c, and &cos^'asin^=d. 

2. d;=acos(9-a), and y=:&C06(^-/3). 

3. acos 2^=6 sin ^, and c8in2tfs(2oostf. 

4. a8ina-5co8a=2&sin^, and a sin 2a -6 cos 2^= a. 

a- o^ «'+|/' 



19—3 
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and a? sin ^ - y cos ^= Ja^ sin' tf + 6* cob* d. 

7. 8in^-cos9=|), and coseo^-sin^sg. 

8. £=aoos^ + &co8 2tf, and y=a8in^ + &Bin2^. 

9. If fn=oo8ectf-8in^, and n=sec^-cos^, 

prove that m* + n* = (wm) - *. 

10. Prove that the result of eliminating from the equations 

X cos (^+ a)+y sin (0+ a)=a sin 2^, 
and yoo8(tf + a)-a;Bin(^+a)=2acos29, 

is (« cos a +y sin a)> + (a; sin a - y cos a) > = (2a)>. 

Eliminate and ^ from the equations 

11. Bin9+sin0=a, oos9+co80=&, and ^-0=a. 

12. tan9+tan0=«, cot9+cot0=y, and 0+4>=cl, 

13. acos*^ + &sin*0sc, &oos'^+asin'0=(i, 
and atan^s&tan^. 

14. cos^+cos0=a, cot^+cot0=&, and cosec9+co8ec^=c. 

15. a8ind=&sin0, aoos^ + &cos0=c, and a;=:y tan(^+0). 

16. -cos^+^sind=l, -cos^+rsin^aly 
and a' sin 2 sin ^ + 62 cos 5 cos I =c*. 
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249. Let PQ be any straight line, and from its ends, 




o u 





O N 




P and Q, let perpendiculars be drawn to a fixed straight 
line OA, Then MN is called the projection of PQ 
on OA. 
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If MN be in the same direction as OX, it is positive ; 
if in the opposite direction, it is negative. 

260. If 6 he the angle between any straight line PQ 
and a fixed line OA, the projection of PQ on OA is 
PQ cos 0. 

Whatever be the direction of PQ draw, through P, 
a straight line PL parallel to OA and let it and QN, both 
produced if necessary, meet in R. 

Then, in each figure, the angle LPQ or the angle A UQ 
is equal to 0, 

Also MN=PR==PQco8LPQ=-PQcos 0, 

by the definitions of Art. 50. 

Similarly, the projection of PQ on a line perpendicu- 
lar to OA = RQ 

= PQ sin iP(2 = PQ sin ^. 

The projections of any line PQ on a line to 
which PQ is inclined at any angle 0, and on a 
perpendicular line, are therefore PQ cos and 
PQsin^. 

261. We might therefore, in Art. 50, have defined 
the cosine as the ratio to OP of the projection of OP on 
the initial line, and, similarly, the sine as the ratio to 
OP of the projection of OP on a line perpendicular to 
the initial line. 

This method of looking upon the definition of the 
cosine and sine is often useful. 

262. The projection of PQ upon the fiaed line OA 
is equal to the su/m of the projections on OA of any 
broken line beginning at P a/nd ending at Q. 
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Let PEFOQ be any broken line joining P and Q. 
Draw PM, QN, ER, F8, and OT perpendicular to OA. 




The projection of PE is MR and is positive. 

The projection of EF is RS and is negative. 

The projection of FO is ST and is positive. 

The projection of OQ is TN and is negative. 

The sum of the projections of the broken line PEFGQ 

therefore 

= MR-{-R8 + 8T-{-TN 

^MR^SR + ST-NT 

= MS, 

A similar proof will hold whatever be the positions of 
P and Q, and however broken the lines joining them 
may ba 

Cor. The sum of the projections of any broken 
line, joining P to Q, is equal to the sum of the projections 
of any other broken line joining the same two points; 
for each sum is equal to the projection of the straight 
Une PQ. 

263. Oeneral Proofs, by Projections, of the Addition 
and Subtraction Theorems, 

Taking the construction of Art. 88, the projection of OP 
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on OA is equal to the sum of the projections on OA of 
ON and JVP; but ON and NP are the projections of 
OF on OB and a perpendicular line. 





A'" M 



Hence the projection of OP on OA 

= cos AOB X projection of OP on OB 

+ cos (90** + -405) X projection of OP on a perpen- 
dicular to OBf [since the direction NP is inclined to OA 
at an angle 90^ + ^105]. 

.-. OP cos il OP 

=cosilOPx 0Pcos50O-sinJ.05x OPsinPOG (Art. 260.) 

i.e. cos (A+B) = cos J. cos P — sin J. sin P. 

So, projection of OP on a line perpendicular to 
OA 

= sum of projections of ON and NP on a line perpen- 
dicular to OA 

= sin AOB X projection of OP on OB 

+ sin (90** + -4 OP) x projection of OP on a perpendicular 
to OP, 
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ie, OPBinAOP 

^8mA0Bx0PcosB0G+ cos AOB x OPsinBOG, 

i.e. sin (A + B)== sin -4 cos 5 + cos A sin B. 




A N 




The above proof holds, as in the subjoined figures, for 
all positions of the bounding lines OB and 00. 

264. In the case of the subtraction theorem, taking 
the construction of Art. 90, the line 00 is inclined to OB 
at an angle which, with the proper sign prefixed, is — B. 

The projections of OP on OB and a perpendicular 
to OB are therefore OP cos (-5) and OP sin (-5), 

i.e. OP cos B and — OP sin B. 



K 




R 




X. 1 


A5> 




P 


T.^^^^ 
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Since OB and its perpendicular make angles AOB and 
(90^ + AOB) with 0-4, we thus have 
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OPcoa(A-B) 

= projection of OP on OA 

= sum of the projections on OA of the projections of OP 
on OB and a perpendicular 

= OP cos 5 X cos il OS + (- OP sin B) x cos (90° + AOB) 

= OP cos S cos -4. + OP sin S sin A, 

i.e. cos (J. — JB) = cos A cos S + sin ^ sin S. 

Similarly, projecting the same lines on a perpendicular 
to OA, we have 

OP sin (il -JB) = OP cos S x sin AOB 

+ (- OP sin B) sin (90° + ilOS) 

= OP cosBsin -4 — OPsinPcosil, 

i.6. sin (il — S) = sin J. cos JB — cos ^ sin JB. 

These proofs hold whatever be the positions of the 

. N A 




bounding lines OB and 00, as, for example, in the sub- 
joined figure. 



ANSWEKS. 



I. (Paged.) 

3' ^' 360* ^* 6i800' 

4. lA^ 6. 2.^i^. 6. 4,^5ft^. 

7. 33«33'33•3^ 8. 90». 9. 153»88'88S'\ 

10. 39«76'38S'\ 11. 261 34'444'\ 

12. 528* 3^ 33 S". 13. 1^ rt. ^ ; 108'. 

14. -453524 rfc. z ; 40' 49' 1-776". 

15. -394536 rt. z ; 35** 30' 29-664". 

16. 2-550809 rt. z ; 229" 34' 22116". 

17. 7-590006 rt. z ; 683' 6' 1-62". 

28. 5** 33' 20" ; 66° 40'. 29. 473^' ; 42^'. 

3L 33^*20'; 10' 48'. 

n. (Page 10.) 

1. 25132-74 mnes nearly. 

2. 19-28 miles per hour nearly. 

3. 12-85 miles nearly. 

4. 3-14159... inches. 5. 581,194,640 miles nearly^ 
6. 14*994 miles nearly. 

UL (Pages 13, 14.) 

1. 60'. 2. 240^ 3. 1800*. 

4. 57' 17' 44-8". 5. 458° 21' 58-4". 6. 160». 

L.T. 20 



U TRIGONOMETRY. 
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7. 233»33'33-3^ 8. 2000^ 9. ^. 10. ^ir. 

o 360 

„ 703 ,„ 3557 ., 79 

U. ^^. 12. YggoQ^-. Id. 3gT. 

17.. 81'; 9'. 18. 24% 60% and 96% 

19. 132** 15' 12-6". 20. 30% 60% and 90% 

21. o > "q » and -^ — ^ radians. 



22. 



14* 



(1) ^i 108-. (2) ^; 128|-. 

(3) ^; 135'. (4) ^; 150°. (5) ^; 158if 
23. 8 and 4 24. 10 and 8. 25. 6 and 8. 

26. ^. 27. (1) ^ = 75' = 83j»j 

(2) ^ = 70' = 77f»; (3) ^=112J»=125^ 

28. (1) At 7^^ and 36 minutes past 4; (2) at 28^ and 
48 minutes past 7. 

IV. (Pages 17, 18.) 
rTakeir=314159... and ^=-31831.1 

1. 20-454° nearly. 2. | radian ; 34** 22' 38-9". 

3. 68*75 inches nearly. 4. '05236 inch nearly. 

5. 24-655 inches nearly. 6. V 25' 57" nearly. 

7. 3959-8 mUes nearly. 8. tt ft. = 3-14159 ft. 

9. 5:4. 10. 31416. 

„ iir dir Utt 19ir , 247r ,. 

^^' 35'35'T5-'^'^^^"S5"''^^'^'''- 

12. 65' 24' 30-4". 13. 2062-65 ft. nearly. 

14. 1-5359 ft. nearly. 15. 262-6 ft. nearly. 

16. 32142-9 ft. nearly. 17. 38197-2 ft. nearly. 



ANSWERS. lU 

18. 19-099'. 19. 1105-8 miles. 

20. 238,833 miles 21. 21600; 6875 5 nearly. 

22, 478 X 10" miles. 



VI. (Page 31.) 

^' 4 V15' 5M3* ^* 60'6r60* 5'3' 

^ 40 41 ,^3415 ,,3 

9 ' 40' 5' 6' 5' 3' 4' 

12. 17^ -3- • 13. 2\/^; 5n/5. 14. 1 <>r 5- 

ic 3 5 ,« 5 ,„ 12 ,« 1 , 

15. -or^. 16. ^. 17. jg. 18. -^^orl. 

19. I. 20. -i.. 21. 1 + ^2. 



22. 



2a;(a;+l) 2a;+l 

2ar' + 2a;+l' 2a^+2a;+l' 



Vm. (Pages 44-46.) 



1. 34-64... ft.; 20 ft. 2. 160ft. 3. 225ft. 

4. 136-6 ft. 5. 146-4... ft. 

6. 367-9... yards; 454-3... yards. 7. 86-6... ft. 

8. 115-359... ft. 9. 87-846... ft. 

10. 43-3... ft.; 75 ft. from one of the pillars. 

11. 94-641... ft.; 54-641... ft. 12. 1-366... miles. 
13. 30°. 15. 13-8564 miles per hour. 

16. 25-98... ft; 70-98... ft.; 85-98... ft. 

17. 32^5 = 71-55... ft. 19. 10 miles per hour. 
20. 86-6... yards. 21. 692-8... yards. 

IX. (Page 63.) 



- 2250 2500 , 81 

^' 6289''' 6289'' ^^331'' ^*^'*'''- 
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IV 



TRIGONOMETRY. 



2. 68' 45' U'8". 
1 



8. 



4. 

6. 

8. 
10. 
12. 
14. 
16. 
19. 
22. 
25. 
28. 
31. 
34. 

36. 



1. 
3. 
5. 
8. 
11. 



- tan* A, 



tanM 
10. In li^ minutes. 



^ 2xy ^ 2gy 
9. e = 60\ 



X. (Pages 74^ 75.) 
-•366...; 2-3094.... 5. -1-366...; -2-3094. 



0; 2. 

1-366...; -2-3094.... 
120' and 240^ 
150' and 330°. 
210' and 330^ 



sin 6^ 
8inl7^ 
- cos 28\ 
cot 26'. 
negative, 
zero, 
positive. 
1 



7. 

9. 
11. 
13. 
15. 

- tan 43^ 

- cot 24'. 
23. cot 25". 

26. - cosec 23^ 
29. negative. 
32. positive. 



17. 
20. 



1-4142...; -2. 
45' and U5\ 
135'^and 315*. 
150' and 210'. 
— cos 25°. 

18. 

21. 

24. 

27. 

30. 

33. 



sin 12*. 
cos 33*". 
cos 30*. 
— coseo36*. 
positive, 
positive. 



35. negative. 
^2 



XL (Pages 83, 84.) 



nir + (-l)»^. 



v - , ,,_ir 



2. nir-(-lf-s. 



TT 



ir 



nir + { — l)^j. 4, 27iir*-5-. 



2wir ± ^ . 
6 

3ir 

7i7r + -7-. 
4 



„^+(_i)«^. 



^ rt 3ir _ V 

6. 2n'7r * -r . 7. wtt + ^ . 

4 o 



IT 



9. nir + -r. 
4 



IT 



IT 



12. WTT ± -^ . 



10. 27iir ± « . 

in '^ 

13. WIT * rt . 



ANSWER& ^ 

14 WIT* -T. 15. WIT* o. 18. W7r*y. 

DO 4 

17. nfl-ig. la (2n+l)ir + j. 19. 2n7r-g. 

20. 105'and45'; (n+^)7r*g + (-l)"^,and 

where m and n are any integers. 

21. 187 J** and U2J' ; 

^•*-2-j''*-8*12^n'*"2;'-8*T2- 

22. (1) 60' and 120'; (2) 120' and 240''; (3) 30* 
and 210'. 

23. (1)2; (2)1; (3)1; (4)1; (5)1. 

Xn. (Page 86.) 

1. «ir + (-l)*^. 2. 2n7r*-^. 

3. nir + (-l)*J. 4. costf = ^5^^^. 



5. nir + (- 1)* ^ornir- (- 1)* ^ (Art. 120). 



10 ^ ^ 10 



3ir 
10 

6. 6 = 2n'jr^-^. 7. ^=nir + -7 or wir + ^. 

u 4 u 

o/i 27r 6ir /»x/il 1 

o. ^ = 7Mr + -5- or nir + -^. 9. tan^=- or -t. 

3 6 a 6 

10. ^ = TOTT * - . 11. = 2nir or 2nir + -r . 

4 4 

12. nir * ^ . 13. nir or 2nir ± -^ • 

o 

14. 2wir*^ or 2wir*^. 15. sin0»l or -;j. 

^ o o 



VI TRIGONOMETRY. 

lo. 2wir or ^ =— ^ — , 19. or 

(2n + 1) I or 2«,r - 1 . 21. 2n^ or ^"^ 



20. 



2a 



9 • 

22. (2r+l)-!^or(2r-l)^!-. 
\ 2/m + n \ 2jm-n 

(••4)5: «• (•"♦j)^- 

qa fo«/3 2n + l±V4n» + 4w-15 . , 

oA, tan c' = , where n > 1 or < — 2. 

4: 

34 l[(6m-4«)^*|,^]; l[(6„_4«,)^*,,g. 
35. 45" and 60°. 36. 5 or |. 

Xm. (Pages 91, 92.) 
I _ 133. 84 „ 1596 3444 



3. 



205' 205* *"• 3445' 3445* 

220 171 220 



221' 221' 21 • 

XIV. (Pages 96, 97.) 
30. 2Bm{e + n<l>)sin^. 31. 2sin(tf + w<^) cosf • 



2 



ANSWERS. Vii 

XV. (Pages 96» 99.) 

1. cos 2^ -cos 12ft 2. sin 12^ -sin 2ft 
3. cosl4tf + cos8ft 4. cos 12* -cos 120'. 

ZVL (Page 102.) 

^> To* 8. 1. 

XVn. (Pages 109, 110.) 
1 /n ^24 .^. ^120 .0^2016 

^ .-. 161 .^. 7 ,5, 119 * ^ 

2. (1)28§; (2) -25 ; (3)^^. 3. a. 

ZVm. (Pages 123-126.) 

^' 6 ' 18 • 

o ^13 ^n/13 ^13 169 

12^ 2^3' 120* 

305' 305* * 5V2' 3' 4* 



6. 



3 
*4' 

7 74-V2-V6 , ^44-^24-^6 . ^ 

^' 2^2 ' 2^2 ' V^-^> 

-(V2 + l) + 74 + 2V2. 

/4. _ /tS — Aa 

8. ^/ , ra ' 23. +and-. 24. -and-. 
25. — and — • 

q Q R 

29, (1) 2w7r+jand 2nir+-^; (2) 2n7r+ -j- and2nir+-j-; 
(3) 27wr--j and 2riir + j; (4) 2n'7r+ j and 2wir+ j-. 
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30. (1) 2nir-| and 2nT + |; 

(2) 2nir-\--j- and 211^ + -^} 

(3) 2nir + 'Y ^'^^ 2nir + — . 



:. (Page 130.) 
12. The sine of the angle is equal to 2 sin 18*. 

IS. ^ » (u.\)l 

ZXI. (Pages 143) 144.) 

3. (^ + o) f or 2nw. 4. f w + -^ j ^ or wir + (— 1)* g 

- 2n^ / 1\ /. 1\ 

0. —5- or (w + 7Jir or ( 2w-^Jir. 

« WIT /ft 1\ ^ _ / 1\ IT ^ 27r 

8. w«^ or f n * ^ j ir. 9. 27iir or f -^ + ^ j w. 

10. 7Wr+(-l)*g or n7r + (-l)*Yg or W7r-(-l)"Yg. 

12. nvjT or =■ wir-(-l)"*^ . 13. 2wir or r- 

n-lL "J ^*1 

14 Jr^ or (2r + l)— !^. 15. (2r+l) '^ 



Wit 



-_ mit / 1\» 

16. mm or =^ or (w + 7;)-. 

n - 1 \ 2/ /» 

17. 1mc-\; 5(2«ir-|). 



ANSWERS. IX 



18. w^ + (-l)*^-^. 19. 27i7r + j. 

20. wir + ^+(-l)*|. 21. 2n7r + ^^A. 

22. -2r48' + n.l80'+(-l)"[68'12']. 
2a 2w . 180* + 78'58' ; 2n . 180' + 27'18'. . 

24. n.l80'+45';w.l80'+26°34'. 25. 2nir or 2nv+^. 

26. 2nv or 2n7r + 7r. 27. . 2n7r + -^ or 2mr — -^, 

28. 2wir+^ or 2n7r-^. 29. nir. 

6 2 

30. sin^=: *^^J-^ 31. costf = ^^^i^. 

o 4 

32. wir±-5 or nir+^. 33. 2wir ± ^ ; 2w'7r * j . 

34. (^ + T)f« 35. nir*?. 36. wit + t. 



4 4 



37. ^ = -5- or »ir±Q-; also ^=:wir±^, where cos a = 5^. 
Jt o 2t o 



("^Di- 



38. (n + ^l~. 39. wir=fc^. 



XXm. (Pages 157, 158.) 

1. 1-90309; 3-4771213; 2-0334239; T;4650389. 

2. -1553361; 2-1241781; -5388340; 10759623. 

3. 2; 2; 0; 4; 2; 0; 3. 4. -312936. 
6. 1-32057; 5-88453; -461791. 

6. (1) 21 ; (2) 13 ; (3) 30 ; (4) the 7th ; (5) the 2l8t ; 
(6) the 32nd. 

^- V^^ c-6-a' ^"^^ 4c-36-2a' ^^^ a^Zh--2c' 

26 (2a ^6) 2a6 

^^ 5a6 + 3ao - 26«-6c 5a6 + 3ac- 26«- 5c' 

where a = log 2, 6 = log 3, and c = log 7. 
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8. -22221. 9. 8-6415. 10. 9-6192. 
11. 1-6389. 12. 4-7162. 13. -41431. 

• XXIV. (Pages 168-170.) 

1. 4-5527375; 1-5527394. 

2. 4-7689529; 3-7689502. 

3. 478-475; -004784777. 4. 2-583674; -0258362. 

6. (1) 4-7204815; (2) 2-7220462; (3) 4-7240079; 

(4) 5273-63; (5) -05296726; (6) 5-26064. 

6. -6870417. 7. 43'*23'45". 

8. -8455104; -8454509. 9. 32'16'35"; 32U6'21". 

10. 4-1203060; 4-1218748. 

11. 4-3993263; 43976823. 12. 13'*8'47". 
13. 9-9147334. 14. 34'*44'27". 

15. 9-5254497; 7r27;43". 16. 10-0229414. 
17. 18''2ri7". 18. 36° 52' 12". 

XXV. (Pages 172, 173.) 

1. 13° 27' 31". 2. 22°1'28". 

3. 1-0997340; 65* 24' 12-5". 

4. 9-6198509; 22°36'28". 

6. 10° 15' 34". 6. 44° 55' 55". 

7. (1) 9-7279043; (2) 99270857; (3) 10-1958917; 
(4) 10-0757907; (5) 10-2001337; 

(6) 10-0725027; (7) 9-7245162. 

8. (1) 57°30'24"; (2) 57°31'58"; (3) 32°3ri5"; 
(4) 57° 6' 39". 

9. -5373602. 

10. (1) cos (aj — y) sec 05 secy; (2) cos (a; + y) sec a; sec y ; 

(3) cos (x — y) cosec x sec y ; 

(4) cos (x + y) cosec x sec y ; 

(5) tan^o;; (6) tan a? tan y. 



ANSWERS. XI 

XZVL (Pages 180, 181.} 

ill ,9 
L g, 2, and ^. 

4 3 8 40 24 496 

^- VJl' 6' 5741' iT' 25' "** 1025' 

8. ? 9 ? 9 and 1. 
5 5 

. 6 12 J - 4 56 , 12 

*• I2' T' *'''^'^- ^- 5' 65 ^'''^la- 

6. ' and i?i. 7. 60% 45', and 75% 

41 816 

ZZVn. (Pages 186—188.) 
23. 16* ft. 25. |. 28. |i|. 

XXVUI. (Page 191.) 

1. 186-60... and 193-18. 

2. 26'33'54"; 63''26'6"; 10^5 ft. 

3. 48^*35' 25", 36** 52' 12" and 94** 32' 23". 

4. 75' and 15% 

XXTX. (Pages 194, 195.) 
1. 90% 2. 30% 4. 120% 

6. 45', 120' and 15% 6. 45% 60% and 75% 

7. 58* 59' 33". 8. 77* 19' 11". 9. 76*39' 5". 

10. 104* 28' 39". 

11. 56* 15' 4", 59* 51' 10" and 63' 53' 46". 

12. 38*56'33% 47* 41' 7" and 93* 22' 20". 

13. 130*42'20-5'% 23*27'8-5", and 25*50'31". 

XXX. (Pages 199-201.) 
1. 63*13'2"; 43*58'28". 2. 117*38' 45"; 27*38'45". 

3. 8^7 feet ; 79* 6' 24" ; 40* 53' 36". 

4. 87* 27' 25-5"; 32* 32' 34-5". 
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5. 40° 63' 36" ; 1 9" 6' 24" ; J1 : 2. 

6. 7 r 44' 30" : 48*' 1 5' 30". 7. 78° 1 7' 40" ; 49* 36' 20". 

8. 108'12'26"; 49''27'34". 

9. ^ = 45° ; -5 = 75** ; c = ^6. 10. je ; 16" ; 105'. 
11. -8966. 14. 40 yds.; 120'; 30'. 

15. 7-689467; 108''26'6"; 18'26'6"; 53'7'48". 

16. 2-629823. 17. 226-87; 73'34'50"; 39*46' 10". 

18. ^ =83'r39"; ^ = 42-16'2r'; c= 199099. 

19. -5 = 110' 48' 16"; (7 = 26*^56' 16"; a = 93-5192. 

20. 73'r61" and 48'41'9". 

21. 88'30'1" and 33'30'69". 

XXXI. (Pages 207-209.) 

1. There is no triangle. 

2. ^1=30', (7a = 105^ and b^ = J2; B^ = eO\ (7, = 76', 
and 6a =^6. 

3. ^1=30', (7^ = 120', and 6^ = 100; ^,=90', (7a = 60', 
and 6a = 200. 

5. 4^3*2^5. 

6. 100^3 ; the triangle is right-angled. 

8. 33'29'30" and 10r30'30". 9. 171 or 3-68. 

10. (1) The triangle is right-angled and £ = 60'. 
(2) 6 = 60-3893; A = S** 41' and Cj-Ur 19'; 

11. 65'59' and 41'66'12". B^=UV 19' and 38' 41'. 

12. 5-988... and 2-6718... miles per hour. 

13. 63' 2' 12" or 116'57'48". 

14. 62'31'23" and 102'17'37", or 117'28'37" and 47'20'23". 

15. 5926-61. 

XXXn. (Page 210.) 

1. 7 : 9 : 11. 4. 79-063. 

5. 1 mile; 1-219714... miles. 7. 20 97616... ft. 

8. 6-85673... and 5-4378468... feet 9. 404-4362 tt. 

10. 233-2883 yards. 11. 2229 yards. 



ANSWERS. XIU 



:♦:#:« 1 1 



(Pages 215—218.) 
L 100 ft high and 50 ft. broad ; 25 feet. 

2. 26-7834 yds. 3. 3307... ft.; 17 J ft 

4 18-3... ft. 5. 120 ft 6. A tan a cot j5. 

7. 1939-2... ft 8. 100ft 9. 61-224... ft 

10. 100^2 ft. 

15. PQ = BP=-BQ^lOOOtt.; AP = bOO (J6 - J2) it ; 

AQ^ 1000 J2 ft. 

16. -32119 nules. 17. -1736482 miles ; -9848078 miles. 
18. 119-2862 ft 19. 132-266 ft. 

20. 235-8034 yds. 21. 1-42771 miles. 

22. 125-3167 ft. 

XXXrV. (Pages 222—227.) 

3. 20 ft; 40 ft 

2 
4u I oosec y, where y is the sun's altitude ; sin y = ^ . 

5. 3-732... miles; 12-342... miles per hour at an angle, 
whose tangent is ^3 + 1, S. of E. 

6. 10-2426... miles per hour. 

7. 16-3923... miles; 14*697... miles. 

8. 2-39 miles; 1-366 miles. 

2 9 

9. It makes an angle whose tangent ^-stKn hour. 

13. c sin )9 coseo (a + )9) ; csinasinj9oosec(a + jS). 

14. 9 yds.; 2 yds. 16. |; y. 

20. At a distance -j^ ft from the cliff. 

21. c(l-sina)seoa. 22. 114-4123 ft 24. 1069-745645 ft. 

26. The angle whose tangent is ^ . 29. 45°. 

32. 18^*26' 6''. 34. tanaseci3:l. 

37. 91-896 ft. 38. 1960-95 yds. 

39. 2-45832 miles. 40. 333*4932 ft 



XIV TRIGONOMETRY. 

XXXV. (Pages 229, 230.) 

1. 84. 2. 216. 3. 630. 4. 3720. 

5. 270. 6. 117096. 7. U70. 

8. 1-183.... 12. 35 yds. and 26 yds. 

13. 14-941... inch. 14. 5, 7, and 8 ft. 15. 120'. 

17. 45° and lOS**; 135° and 15°. 

18. 17-1064... sq. ins. 

XXXVI. (Pages 237, 238.) 
3. 8|^, 1^, 8, 2, and 24 respectively. 

XXXVIL (Pages 247—250.) 
35. 2*1547... or -1547 times the radius of each circle. 



39. 



A.=i^i-ir.2^.(A^l), 



XXXVm. (Pages 255—257.^ 
1. (1) 3 ^105 sq. ft. ; (2) 10 ^7 sq. ft. 3. 1| and 2^ ft. 

XXXIX. (Pages 259—261.) 
1. 77-98 ins. 2. -5359. 

3. (1) 1-720... sq. ft.; (2) 2-598... sq, ft.; 
(3) 4-8284... sq. ft.; (4) 7-694... sq. ft.; 
(6) 11-196... sq. ft. 

4. 1-8866... sq. ft^ 5. 3-3136... sq. ft. 

6. 2 + V2: 4; 72 + ^^2:2, 12. 3. 
14. 6. 15. 9. 16. 20 and 10. 

17. 6 and 5, 12 and 8, 18 and 10, 22 and 11, 27 and 12, 

42 and 14, 54 and 15, 72 and 16, 102 and 17, 162 and 18, 

2 
342 and 19 sides respectively. 19. o >/3; J6. 

XL. (Pages 266, 267.) 

1. -00204. 2. -00007. 3. -00029. 

4. '99999. 5. 25783-10077. 6. 10000011. 

7. 34' 23". 8. 28°40'37". 9. 39'42". 
10. 2° 33' 44". 11. 114-59... inches. 



ANSWERS. . XV 

XLI. (Pages 269, 270.) 

1. 435-77 sq. ft. 2. 4-9087... sq. ft. 

3. 127^9' 26". 4. 6 sq. ft. 

5. 11-0004 inches. 6. -00044625 inch. 

7. « irr. 

XTiTT. (Pages 271, 272.) 
L mO'8". • 2. 17-14 miles. 

3. -61 miles; 1'48' nearly. 

8. About 61800 metres = about 38 J miles. 

9. 3960 miles. 

XLin. (Pages 279-281.) 

28. *^iS^. 29. |. 30. *-L. 31. *4 /|. 

1 «• 

32. - 8 or ^ . 33. wir, or wtt + -r . 34. ^Z, 

35. ^-. 36. ^3 or -(2 + ^3). 37. ^Z. 

1 /3 
38. w, orn*-n + l. 39. o\/7* ^' ^^' 

41. X is given by the equation 

ix^ — x^(ab+ac + ad + bc + bd + cd) + oftcc? = 0. 

42. x = ah. 

43. a6 ^ [^;?3T + ^jTTT]. 44. ^^. 

XLIV. (Pages 287-289.) 

1. ^ sin 2n0 cosec ^. 

„ 3w-l . . Sn . 3 . ^1 

2. cos — - — A sin -^ A cosec -7 -4. 6- h • 

4 4 4 ^ 



7. sin a+rw-^])8 sin7i)8sec^. 8. 

9. sin 2nx (cos 2912; + sin 292a;) (cos x + sin x) cosec 2a;. 
10. J [(rn- 1) sin 2a — sin (2n + 2) a] cosec a. 
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